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ABSTRACT

An approach to the kinetic theory of gas flows is developed which
starts with Maxwell's original integral equations of transfer, rather than
with the Maxwell-Boltzmann equation for the velocity distribution function
itself. In this procedure the Maxwell-Boltzmann equation is satisfied in
a certain average sense, rather than at every point, The advantage of
this method is that relatively simple distribution functions are utilized
which contain a small number of unknown functions to be determined by
applying the conservation laws, plus several additional higher moments.
For simplicity a "two-stream Maxwellian' is employed, which is a natural
extension and generalization of Mott-Smith's function for a normal shock,
but differs from it in certain essential respects. As an illustration, the
method is applied to linearized plane Couette flow and Rayleigh's problem.
Reasonable results are obtained for macroscopic quantities such as mean
velocity and shear stress over the whole range of densities from free-
molecule flow to the Navier-Stokes regime. This technique is now being

applied to some typical non-linear rarefied gas flows.
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LIST OF SYMBOLS

a.I isothermal speed of sound, ) (R 1

b impact parameter, or perpendicular distance from particle
""" to initial trajectory of particle "j''; also distance between
two parallel plates

=
relative particle velocity, g - u

c mean molecular speed, Y (8/7) R T

CD » S drag coefficient or skin friction coefficient, pxy_/-;-pUZ
d characteristic length
%, fl velocity distribution functions for '"probe'' and colliding

particles, respectively

fi m, Ni-fi(l) , single particle velocity distribution function
(fi = f for a pure pas)

single particle probability functions
joint probability density of two interacting particles

f(n) 8 -f(n) simultaneous probability density for n particles (n < N)
f(N)(P, Q;t) simultaneous probability density for all N particles

-f(N)(P, Q;t) time-smoothed probability density

fo local full-range Maxwellian

fF-M free molecule flow distribution function

fl 3 fz components of two-stream Maxwellian

e

F vector external force acting on a single particle

Fi component of F in the ith direction

Fu interparticle force exerted on particle a by all other
Fuﬂ force exerted on particle a by particle B

% vector external force per unit volume

v



AQ

stretching factor (Appendix A)

Boltzmann constant
constant in expression for central force field, F = (m1 m, K)/x5

collision integral (Section Il 2.)

characteristic length

mass of a particle

Mach number, U/ Y7y®R T

particle number density, per unit volume

number density functions in two stream Maxwellian

number of particles in system

number of particles of the jth species

nkT = p®RT
defined by the relation Pii =-P 4+ Py
shear stress, i#j, pij = = rnffci Cj dg

momentum of a particle in k- direction

vector in momentum space

normal stress, P..= - rnf f c.2 d;
ii i
vector momentum of particle a

T > 2 >
heat flux vector, g=m | c (¢ /2)fd £

heat flux in j- direction
generalized coordinate in k- direction

vector in configuration space; also arbitrary function of
particle velocity

change in Q produced by collisions

vi
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radii of inner and outer cylinders, respectively

radius vector

pU(r,-1,)
Reynolds number, pUb//u. or — . in cylindrical
F Couette flow

sensible range of interparticle force field, R, = 2 =3 0_0
radius vector of particle a (Section II)

gas constant, k/m

time variable; also (u - uw) / Y2® T , non-dimensional
relative velocity (Section III. 4)

time

characteristic flow time
absolute temperature, 3/2nk T = mJ’ (cZ/Z) f dé’-; also t/’C‘f

temperature functions in two stream Maxwellian

- >~ >
mean velocity vector, pu=m jfs d £

components of mean velocity parallel to x- and y- axes,
respectively

ORPTII | , T i
component of mean velocity in i direction
vector velocity functions in two-stream Maxwellian
free stream velocity vector

plate velocity
> o
relative velocity between two interacting particles = | £+ 8

u/U

coordinates along and normal to mean flow direction
: . .th :

coordinate in i  direction

external force acting on particle a

y/a; T

vii
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scattering angle parameter (Section IIL 3.);
also energy accommodation coefficient

curvilinear coordinate

-1
w1 ——
/20t = [/ 2T ) (Re/M))
ratio of specific heats, cp/cv
small parameter; also angle between plane of the orbit
and plane containing the original relative velocity and the

x- axis in a binary collision

scattering angle, or angle between relative velocity before
and after collision

Maxwell mean free path

viscosity

kinetic viscosity, /U./p

vector particle velocity, §2 = | 3 |2'

dj—;‘i dgj ds

component of particle velocity in j- direction

velocity of colliding particle

nm, mass density, p = mj f dg

tangential and normal momentum exchange coefficients, respectively

separation distance between two interacting particles at
which potential energy is a minimum

time interval

average duration of a binary collision

mean free time between two successive collisions

perturbation on local Maxwellian; also property @(P, Q) (Section II.)

angle between plane containing OG and the k-~ axis, and the
plane containing OG and the x- axis, where k=x, y, z
(Section III. 3. and Appendix B)

viii



instantaneous local angular velocity vector associated with
coordinate curvature

s D)

—_—
. VP gradient operators with respect to coordinates and momenta,
respectively

The subscripts '"'1'" and '"2" generally denote the two components
of the two-stream Maxwellian. A prime denotes quantities evaluated after
a collision, while unprimed quantities refer to conditions before a
collision. A dot denotes differentiation with respect to time. The
subscript '""o'' denotes ambient conditions, while the subscript "'w"
denotes surface values, and the subscript '"o'' denotes free stream
quantities far ahead of the body.
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I. INTRODUCTION

We are so accustomed to the universality and success of the
Navier-Stokes stress-rate of strain relations and Fourier's "law' of
heat conduction for Newtonian liquids, and for gases at normal density,
that the purely empirical character of these relations is often forgotten,
The conditions of zero velocity ""slip'" and temperature '""jump'' at a solid
surface are equally empirical. They were finally accepted only after
the practical success of the no-slip condition had been demonstrated, and
experimental investigations in liquids had shown that the velocity slip at
a solid boundary must be extremely small, if not zero.* On the macro-
scopic level the coefficients of viscosity and heat conduction must be
determined experimentally. Here one performs an exercise in circular
logic: The Navier-Stokes relations and the no-slip boundary conditions
are accepted as correct, so that the viscosity (for example) is regarded
as a local property of the fluid, and not of the flow. Then analytical
solutions based on these same empirical relations are utilized to obtain
the viscosity from measurements of mass flow and pressure drop in a
pipe flow, or from the measured torque on a rotating cylinder. The
values of viscosity so determined are then utilized in all other flows.

The justification for this procedure is purely operational.

This same empirical procedure could also be followed for rarefied
gas flows. The viscosity would then depend not only on the temperature of
the gas, but also on the density and some characteristic length. For
example, .]'ea.nsza points out that for highly rarefied gas flow w~vp < d,
because the average path length traversed by the molecules between
successive collisions is of the order of some relevant dimension of the
apparatus, d, rather than the mean free path, *¥ Historically, an alternative
approach to highly rarefied gas flows was developed,based on the kinetic
theory rather than macroscopic concepts. In this '"free-molecule' flow
regime collisions between particles in the gas are regarded as secondary

compared with collisions between gas particles and the solid boundaries.

i ; ’ g
% Goldstein” has given a short account of the interesting history
of this question. (Superscripts denote references at the end of the text.)

** See also Liepmann’ and Roshko, Chapter 14.



The probability that a molecule emitted from a body surface has not
collided with another molecule is roughly proportional to e-rA, where
r is the distance traversed and >\ is the mean free path. Thus, if the
mean free path is much larger than a characteristic body dimension

(/\ > > R) few collisions occur in the vicinity of the body. Of course
far from the body (r : A ) collisions in the gas can never be neglected.
But the sensible influence of the body is not expected to extend outward
more than 10 - 20 times the relevant body dimiension. Therefore this
approach should provide a good first approximation to the drag, headt
transfer and flow field near the body when A>> R , even though the basic
question of a proper ""matching' to the '"far field" is ignored.

At present there is no general agreement concerning the connection
between gas kinetics ()\ > > R) and gas dynamics as described by the
Navier-Stokes equations. . Yet the kinetic theory ought to provide a
framework that includes both of these limiting cases, and the transitional
regime in between. The difficulties involved in constructing such a
kinetic theory for liquids and dense gases are well known. However, for
dilute, unionized, monatomic gases the statistical mechanical approach
is greatly simplified, because the sensible range of intermolecular forces
is orders of magnitude shorter than either the average distance between
molecules, or the mean free path. For example, the average range of
intermolecular forces is of the order of 3 K = 3 x 10"8 cm., and the
duration of a representative collision is of the order of 10-12 seconds at
room temperature. Both values are virtually independent of gas density.
Now the mean free path in air at one atmosphere is about 5 x 10-6 cm. ,
and the average time interval T‘)f between successive collisions is about

10-10 seconds. . At 7 i atm, A =5 x 10-2 cm., and ng 10-6 sec.;
at 10

-loatm, A=5x 104 cm., or 500 meters, and Z"fg 1 second. * Thus,
the duration of a collision is very short compared with the mean free time,
and the probability of a ternary collision is negligibly small compared with
the probability of a binary collision. By introducing a time average over
an interval long compared with the duration of a collision, but short

compared with the mean free time, Liouville's equation for the

% At this pressure the statistical fluctuation in density in a
volume of 1 mm. 3 is still only 0.1 per cent.



simultaneous probability density of all particles is reduced to the Maxwell-
Btolzmann equation for the single particle velocity distribution function
(Section II). By this procedure statistical fluctuations (such as Brownian
motion) are eliminated and a dissipative mechanism is introduced.

In spite of this apparent generality of the Maxwell-Boltzmann
equation for dilute gases, we approach the one-hundredth anniversary
of Maxwell's fundamental paperqawithout a kinetic theory of gas flows.

In part, at least, such a deficiency must be attributed to the fact that

the kinetic theory of gases has been dominated for over fifty years by the
specialized approach of Chapman and Enskog, as expounded in the famous
treatise of Chr:tpman5 and Cowling. This approach is concerned primarily
with the transport properties of gases and gas mixtures for intermolecular
force fields somewhat more realistic than Maxwell's simple inverse fifth
power "law'. A considerable amount of effort is devoted to the evaluation
of the collision integral in the Maxwell-Boltzmann equation. Departures
from the Navier-Stokes regime are studied by means of an expansion
procedure that is by no means obvious, and is certainly of little value

in answering the basic question of the relation between gas kinetics and
gas dynamics.

Maxwell himself was well aware of the fact that one is not particularly
interested in the velocity distribution function itself, but in certain lower
moments of this function. Accordingly he constructed4h‘1ntegra1 equations of
transfer of any quantity Q that is a function onlj of the components of the
particle velocity. By taking Q to be successively the collisional invariants
of mass, linear momentum and translational kinetic energy of a particle,
Maxwell obtained the usual gasdynamic conservation laws, independently of
the form of the distribution function. By taking Q to be the cross-products
of particle velocity, and the flux of kinetic energy, he derived relations for
the stresses and heat flux for a special choice of the distribution function.
Clearly this procedure amounts to satisfying the Maxwell-Boltzmann equation
in a certain average sense, rather than point-by-point. In this respect
Maxwell's approach is analogous to integral methods in fluid mechanics,
such as the Karmanb-Pohlhausen method for boundary layer flows, and its
recent modification by Tani. ¥

Recently there have been encouraging signs of a return to Maxwell's

transport integral method. However, Grads, and Gross9, et al, utilize



polynomials of the Chapman~Enskog type in the distribution function, which
introduces an undesirable rigidity into the procedure, In the present
report we try to make a clean break with the Chapman~Enskog tradition.
The distribution function is regarded merely as a convenient weighting
function, and is expressed in terms of a certain number of arbitrary,
initially unknown functions of space and time. A sufficient number of
Maxwell moments are taken to determine these functions. For simplicity
the problem is formulated in terms of a ''two=~stream Maxwellian', which
is a natural extension and generalization of Mott-Smith‘le approach for
the normal shock wave, but differs from it in certain essential respects.
Of course no integral method is "unique', and in fact, one of the purposes
of this report is to stimulate discussion of other possible integral
techniques for rarefied gas flows, *

Because of its importance for all our later work the question of
the range of validity and basic approximations underlying the Maxwell-
Boltzmann equation is reexamined in Section II. After a brief survey of
methods of attack based on the Maxwell~-Boltzmann equation itself
(Section IIl 1),the present integral method is formulated and its
c‘onnection with Mott-Smith's work indicated (Section III. 2). The
important simplification introduced by Maxwell's inverse fifth power law
of force is discussed in Section III. 3, and the boundary conditions for the present
method are treated in Section IIl. 4. As an illustration of the method, linearized
plane Couette flow and Rayleigh's problem are analyzed in Sections IV and V.,
In later papers it is hoped to apply the present technique to non-linear
aspects of rarefied gas flows, including dissipation and large temperature

differences.

* A paper by Max Krook44 has just appeared in which a series of
Maxwellians modified by polynomials is employed. No examples of this
method are available as yet.



II. STATISTICAL MECHANICAL THEORY
OF TRANSPORT PROCESSES IN GASES

II. 1. Phase Space, Liouville's liquation and the Averaging Process

In classical mechanics the dynamical state of a system of N
particles at any time t is represented by a single point in 6N~dimensional
phase space containing the 3N momentum coordinates (pk)l, (pk)2 i sl
(pk)N , and the 3N configuration coordinates (qk)1 i R (qk)N , Where
k=1, 2, 3. Actually it is more convenient to deal with a vector P in
momentum space, consisting of the N vectors P1 i .'P2 T PN , and a
vector Q in configuration space, composed of the vectors R1 G e RN
specifying the positions of the centers of gravity of the particles. Now
it is clear that a specification of the macroscopic properties p, T, u,
pij , and c':lj of the system at a given time t certainly does not specify the
dynamical state of the system. We are led to Gibb's conception of a
statistical ensemble, consisting of many different dynamical states all
corresponding to the same macroscopic state at a given time t, but all
starting from different (and arbitrary) initial conditions. This ensemble
is characterized by a probability density £N) (P, Q; t), such that
f(N) (P, Q; t) dP dQ is the probability of finding N distinct particles at
time t in the region R| —= R, + dRy , R, —> R, + dR,, ..., Ry—> Ryt dR
o g oz Pt dPy: o

N N N
By analogy with ordinary gas dynamics, the '"equation of continuity'

N ]
with momenta in the range P1 b P1 + dP1 ¥

in phase space takes the form

(N)
.gf__.+div(f(N)V)=0 . (1)

where V is the "velocity vector' along the trajectory of the dynamical
» L]

system in phase space, with components P, Q. According to Hamilton's

equations*
° aH L] 8H
(P, =- T and g, = T (2)
e (g a % 9 Prla

* The Hamiltonian H represents the total energy of the system,
including intermolecular and external forces.



so that

. Py 89,
divyv = ) kZl s, ¢ty | -0 (3)
a= —

In other words the volume occupied by a given swarm of points in phase
space is unchanged along a trajectory. By Eq. (1) it follows that the
probability density f(N) is also unchanged, or (Liouville's equation)

N
N) P
o' a (N) (N |
e [‘ﬁr‘ - Vg f + (X, +F) .VP f = 0, (4)
(1=l a a a
where
P = m R and X +F = P . (5)
a a a a a Qa

Here Xu denotes the external force acting on a particle a, and is assumed
to depend only on the coordinates of a; Fu is the interparticle force
exerted on particle a by all the other particles of the system. We consider

only non-polar interparticle force fields, for which

ZFap and Fo=F o ([Rg=R|) "

af ap p
péa
In Lagrangian form
\
N (e, qitre) = MN(p a5,
and
(@PdQ), = (dPdQ), ZdP dQ, , ) (6)
or
9 (P, Q) a1
0 (Po s Qo ) /
where P < Q are the values of P and Q at some arbitrary initial instant.

As in most statistical problems the probability density f( N) is
utilized to obtain certain interesting average properties of the system
that can be identified with observable quantities. Kirkwc;od11 points out
that three distinct averaging processes are involved in the macroscopic
measurement of a property @ (P, Q) not explicitly dependent on the time.
The ensemble average is defined by the operation




— (N) .
8], = ffsé(Po,Qo)f (P,, Q itdP do, , (7
at time t. In order to smooth out microscopic fluctuations in particle
distribution we define a time average as follows:

T

¢, = um f ¢ (P Q) ds ()

O

where T is a time interval that is long compared with the duration of a
representative collision, but is still very short on the macroscopic time
scale. (In Section II. 2 we show that ’["‘: << T €< ff.) The ""observed

value'' of ¢ is defined by the combined operation

(Blops = [(P]e = (1/7) ff ¢, o N (P, 0it)dsd P_dQ . (9)

If these averaging operations are commuted, one obtains
- (N) *
k¢)e]f -jfgb(Po,Qo)T (P,, Q it)dP dQ_, (10)
where the '"time-smoothed' probability density T(N) is given by

T
TN (P, Q_it) = (1/7) ff(N) (P, O it+s)ds . (11)
(e}

According to Eq. (6),
N, 0 inap do = N (P, 0it+s.aPaq,

so that Eq. (9)
(8 ]. = ffé(P. T (p, 0;naran , (12)

which is clearly identical with [(gbe)] ‘

The commutability of the time and ensemble averaging processes
is evidently closely connected with the reversibility of dynamical states
expressed by Liouville's equation. At this stage there is no evidence of the
dissipative mechanism required to describe macroscopic transport processes
correctly. Such a mechanism is introduced only when one considers the

time history of the "lower~order' probability densities,

T(l) (P1 , Ql ; 5, T(Z) (P, Ql » P, Q, i t)etc., ‘where T(l) and 'f'(z)

are generally sufficient to specify most of the interesting macroscopic



quantities in a gas. These functions are defined by the relations

(n) « ¢y = [£N)
7P, Qpy veey, Py R t)—fff (P, Q)d P ,dR ... dPLdR

s $18)
where the integration extends over the residual phase space of the other
N-n particles, and
;4
™) (P, Ry oon , PR = I ff‘“) (Py, Ryy +or , P, R 5t+ 8)ds. (14)
o

When the function (P, Q) does not depend on all the coordinates
in the 6N dimensional phase space, but only on a subset of n particles, then

according to Eqs. (12), (13), and (14), the average value of §(P, Q) is
given by

- N)
Db _ﬂ[gS(Pl,Rl, ..v, PR )dP| dR, ..., dP_ an] N ap dR_, .. AP dR
(15)

- IIQS(PI RN)T(“) (Py - Ry t) dP) .0 dRy

For example, for a system of one component consisting of N particles
the mass flux is given by

- (1) ;
pUd = NIPI [ Salls Ql.t) d P

In defining macroscopic quantities in a gas it is often necessary to
perform still another averaging operation over a macroscopically small
region in configuration space having a representative linear dimension
large relative to the sensible range of interparticle forces, but small
compared to the mean free path (Section II 2).

Our task now is to develop the equations governing the behavior of
the sequence of particle distribution functions T(n) by starting from
Liouville's equation [Eq. (4)] and the definitions given by Eqs. (13) and (14),
utilizing essential information about the structure of the dynamical system.
For a dilute gas this procedure leads to the Maxwell-Boltzmann equation
for the important single-particle distribution function T(l) .



II.2.Review of Kirkwood's Derivation of the Maxwell-Boltzmann Equation
1-12

from Liouville's Equa.tion1

Suppose the dynamical system consists of N particles, where Nj
is the number of particles of the jth species, and j=1, 2, ... , Y . In
deriving the basic equation for il from Liouville's Equation it is helpful

to rewrite that equation as follows:

—

(N) P,
£
gt e - W Ny (X, +F) . Vp, g
s 1 1 j | (16)
N -
§ Z Va . (£ R )+ Vo . (£ P )| =0
b | ) a a
u#i

By integrating Eq. (16) over the residual phase space of all particles
except ''i", taking the time average specified by Eqs. (11) and (12), and
making use of Eqs. (13) and (14), one obtains*

or(l) P
i i 1 1
i Y = 'vRiTi()*xi'VpiTiH

N
+ ZH Vr, . (€M R )+ Vo - ( £ P, ) JdPl...dRN

a
0_:1
afi y (17)
- 1 (N)
= - Z NJ -Z-; J’jj Fji : vPi f (P, Qitt+s) dP1 dRN ds
J=1 o
)
T Z " ’
j=1
where Kji is the quantity in brackets. Here Fji represents the force
between any particle of the jth species and particle "i'"', The summation

extends over all species, including the species to which particle "i"

belong‘s, but of course excludes the particle "i'" itself. By Green's

* The extension of this procedure to T(Z)' il T(n) is straightforward.
See also Reference 13.
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theorem the integrals on the left-hand side of Eq. (17) are converted into
surface integrals of velocity and acceleration '""currents' over the boundaries
of phase space containing the dynamical system. Presumably the boundaries
can always be chosen so that these currents vanish. Then the left-hand side
of Eq. (17) is identical with the left-hand side of the Maxwell-Boltzmann
Equation, and the right-hand side contains the effect of the interparticle
forces (''collisions'') on the distribution function.

In order to extend the integrations over all of phase space we
introduce the delta function, as follows:

(N) . :
£ (Py, R, j Pyeee Rgitt s

(N"(P R, P, R._;t+s) 6(P.-P)6(R, - R,)dP,dR
Tt AN ° i~ Ti i~ ™ i 4™

But according to Eq. (6),

—~ ~ ~t ~
N (B, R, P ... Ryit+s) = N (B R ;P ...Ry i)

and

B, dR, d d dP, dR, d
d P, d R, Py Ry = P, dR, Py oeee N
Also, the Lagrangian coordinates Pi and R, are connected with the '"'local"
coordinates by the relations P’i = Pio-AP’i ®and R, = Ri - AR{ .

o o
By introducing all of these relations on the r1ght ~hand side of Eq. (17) and
cha.nglng the variables of integration from P ﬂf{i . P1 ‘oo RN to P1 F

Ri H P1 s RN , one obtains the followmg expression for K ©
o

Ky = (1/7) jﬂ' , (t+s) . VPi Sl - R N Ry )

o o] o
(18)

1°°° dRN ds .

-~ ~J
ts(Pi +OP;-P,) 6(R; +AR;-R,) dP, dR., dP. dR. dP
5 i i i i J Ly 1

o o o J
In order to make any further progress one must introduce
simplifying approximations based on the properties of the dynamical system.
For dilute gases the most important of these is the approximation of
""molecular chaos''. In 3-configuration space this approximation states that

the probability of finding three or more particles in a region of linear
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dimensions of the order of two or three times the sensible range of
intermolecular forces is negligibly small compared to the probability of
finding two particles in such a region. The validity of this approximation
clearly depends on the fact that the time interval between two successive
collisions of a particle is larger than the duration of a binary collision by

at least several orders of magnitude (See Introduction.)*. According

to the statement of molecular chaos the coordinates Ry and Rj of the interacting
particles "i'" and "'j" depend only on the '"initial'' coordinates and momenta

of these particles R, , R, , P , Pj , and not on those of any other

o o o o

particles in the system. Thus Fji = Fji ( le - Ril ) also depends only on

these quantities, and (a/as)(APi) = Fji (Ri . Rj 3 t+ s) . This last

relation, which is usually called the binary collision approximation,
evidently follows directly from the approximation of molecular chaos in
3-configuration space.
When the molecular chaos approximation is employed, all of the
quantities except T(N) in the integrand of Kji [Eq. (18)] depend only on
Ri 'Rj 'Pi 'Pj . Now
o o o o

N) 2/ 5 = (2y 2 =

£N) (p 0ty = £, (P, ,R, ,P, ,R, ,P....0ut) £.2) (B, ,R, ,P. ,R, it),
o’ "o ij io i7" g 1 N ij io‘ io jo <[
(2/N) ., " i —_ ;

where fij is the relative probability density in the residual phase space

of the other N-2 particles, when the particles "i'" and "j" have specified

coordinates Pi 3 Ri s P 5 R.i in the 12-dimensional phase space of
o o o o

that pair. The integration of fij(z/N) over this residual phase space can

now be carried out to give unity, and the expression for K., becomes

i
- j
. {2y & i .
Ky = 7 HT Fyy - VPi fis IR Rjo.t)
A (19)
P, +AP.-P,)5(R. +AR,-R.)d P, dR, d P. dR. d
6(P; +QP-P)6(R; +AR;-R,)d P, y 4P ; ds .
(o] o] (o] [e] o o]

* Actually Kirkwoodll’ he introduces a ''cut-off'' distance Ro such
that Fji vanishes for all R > R,. For neutral particles the interparticle

force field decays so rapidly with increasing separation distance that
this limitation is not an essential one. For charged particles the

situation is not quite so simple because of the long-range Coulomb forces.
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With this last result for Kji the differential equation for Ti(l) Eq. (17)
is identical (except for the time averages) with that found by Born and
Green by a somewhat different approach[Eq. (6.1), page 7, Reference 13,
Part I] .

In velocity space the approximation of molecular chaos states that

fﬁ(z’ (P ,"'i » Py LR it) = ARNT AR fj(l) (P Ry it),  (20)
o o o o o o

i.e., the joint probability density of two interacting particles is equal to

the product of the a priori independent probabilities of the two particles

considered separately., Evidently this statement is closely connected with

the approximation of binary encounters. During such an encounter fi.(z)

is unchanged, since no third particle intervenes. Each particle experiencer

a certain finite change in momentum and then goes its separate way, with

no "memory'" of the collision process itself. Thus after a collision,

2 1 2
4P 8, 118,

Eq. (20) holds throughout the duration of the binary encounter. Clearly

But fi (%} is constant during the collision, so that

this approximation plays a key role; without it the differential equation for
T(l) involves f,. (2) , and one must deal with the sequence of equations for

fj( ) in terms of fiJ (3), fijk(3) in terms of fijk1(4) , etc. (See for example,

Eq. (6.2), page 7, Reference 13, Part L.)

Qur list of approximations is completed by requiring that f (1)
£ (1) do not vary appreciably over a distance of the order of the range of
interparticle forces, or in a time interval of the order of the duration of a
representative collision. In other words this analysis cannot deal with
bodies that are themselves of molecular size, but the linear dimensions of the
objects involved can certainly be small compared with the mean free path.
By employing this a.pprox1mation one can replace tS(Ri + AR i) by

5(Ri - Ry ), and R by R in Eq. (19). By changing the var‘lables of
o L

- -~
integration from Ri ’ Rjo to Rio and (Rij)o = Rjo - Rio , employing

Eq. (20) and making use of the properties of the delta function one obtains
& o i B =
= T ( H s A 3
(1/ )J]I £, (Pio' R;it) £ (PJO, R;it) . I, dpio. deo(dRij)o x 28

where
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3
1, = 8 Ap) . L |&B +AP, - B)| ds (22)
1 - 78 (BF) - P iy i i :
o
Carrying out the integration in Eq. (22), one obtains
I, = 8P, +AP(t)-P) - 6(P;, ~F) (23)
o] (o]
therefore,

K = %IJ’J'Es(pi'-p{)-a(Eio-pi)] AR (fiio, ﬁi;t)fj(l)(Pjo, Ri;t)dﬂﬁiodeo(dRij)o . (24)

~
where Pi| = P, +APi(’(,") .
o

The final question to be decided is the magnitude of the time
interval?’. Of course one would like to make this time interval long enough
so that the value of Kji [Eq. (24)] is independent of ' . That this question is
not a trivial one can be seen by considering the limiting case [ —> c.
According to Poincaré's theorem, for a system of particles confined to a
finite region of phase space, in which the forces depend only on the spatial
coordinates, a given initial state must recur at least once to any desired
degree of accuracy, if one waits long enough. Thus there exist Poincarée
cycle periods within which each orbit is traversed in the reverse sense,
thereby cancelling its initial contribution to the integral Kji' Now for
dilute gases the Poincaré cycle periods are extremely long even on the
macroscopic time scale. Therefore, this apparent paradox between
dynamic revefsibﬂity and thermodynamic or macroscopic irreversibility
is resolved by choosing 7 to be large relative to the duration of a
representative collision, but short relative to the Poincaré cycle period.

In fact it seems to the present writer that the magnitude of 7’
is clearly dictated by the dynamical structure of the system, and
particularly by the molecular chaos — binary encounter approximation.
Suppose we consider a binary encounter between a '"j'" particle and an "i"
particle in coordinates relative to the '"i'" particle (Figure 1). Suppose
that Fji vanishes outside of a sphere of radius RQ =2~=3 G'; , wWhere O‘E,
is the minimum energy distance. Let b equal the perpendicular distance
between '"i'" and the initial trajectory of "j" before the encounter, and let

P. P

= J -
Pij mij -rT e s

8
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(p;;)

—i—- is the scalar magnitude of the initial relative velocity and rnj
™

is the usual reduced mass given by the relation l/mij = l/mi +1/m, .

2R
The duration of a representative collision is 7', = '(—)70’T ;
Piilo ij
By referring to Figure 1 one sees that the regions of relative configuration

space occupied by the particle '"j" at a given initial instant can be classified
as follows (Reference 12):

Region I

% T % )/ Roz - bz s
ij
For particles lying in this region the sphere of radius Ro’is not
penetrated in the interval I, so that A Pi = 0 and the integrand in Eq. (24)
vanishes.

z >

Region 11

(p;:) S A (p;.)
___‘LP__(Z’-Z'C)»,)/Ro-b cw 5 Mo o4 R, ~-b
ij ' ij

For particles lying in this region, occupying a volume

(py;)
—ni—ji 2:: bdbde , only partially completed collisions occur in the interval Z .
ij
Region II1
(p;.)
< < _Pijlo
RO - b = Z = —rn--:'—'—-'— ( T - 2.') + RO -b .
ij
(P;5)o

These particles, occupying a volume

(7 - T,) bdbde

1J
experience complete collisions in the interval T .

Region IV

<
- Ro -b = z < Ro -b
For these particles, occupying a volume 2 ) R, - b bdbdg ,

partially completed collisions are completed, or multiply periodic orbits
may be traversed in the interval 7.
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Now the contribution to I [Eq. (24)] of the incomplete collisions
and multiply periodic orbits can be made as small as desired by choosing
T a5 Z-'c , because the contribution of the completed collisions is
proportional to . Thus

Kt =_U * I r:fijo [5(P1"Pi)-6(P10'P1)] fi(l)“’io’ Ri:t)fj(z)(Pj

. dP, d P, bdbde + 0 (7./7)
i'ﬂ:.'l JO :

 Ryit)
° (25)

On the other hand, it seems clear (although Kirkwood does not say so) that
in a gas T must be short compared with the average time between two
successive collisions; otherwise, the molecular chaos-binary encounter
approximation makes no sense. Thus Z‘c 22 e Tf -

By conservation of total linear momentl:.}m,

AP‘I = -APj = -AP*; so that Pi' ~-Pys By = (AP* + Pi) ;
o

and Pj = Pj' -AP* , where the prime denotes quantities evaluated after
o

collision. By utilizing the properties of the delta function and changing
variables, Kij is evaluated as follows:

2
(p;;)
o o (26)
(1) X . (1) X
-6 (P, R0 (Pj,Ri,t)]bdbd&de

Substituting this result for Kji into Eq. (17), and taking time averages of
both sides of the equation over the time interval 7', one obtains

1 '
fi(l) fj(l) - fi(l) fj(l) for the bracket in the integrand of Eq. (26).

If fi(l) and fj(l) do not vary appreciably over this time interval, the bracket

can be replaced by (Ti(l) 'f:i(l) ) - Ti(l) 13“) i when m, Ni-{i(l) is
replaced by fi‘ Eq. 7) becomes identical with the Maxwell-Boltzmann

integro~differential equation:
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2
afi Pi £ £ ! T (pij) £ g 1 =
ot wmrc Ve Gt X Ve 7). J j' y L1l Papasasy . (27)

j=1 o [¢]
where dg. = dp./m, .

'I:]o sumrgxari:]ze, the Maxwell-Boltzmann equation for a dilute gas
is derived from Liouville's equation for an arbitrary dynamical system by
utilizing the approximation of molecular chaos, or independent a priori
probabilities, in both configuration and velocity space, The essential
macroscopic dissipative mechanism is introduced by taking averages over
a suitable time interval T , which eliminates the contributions made by
incomplete collisions and multiply periodic particle orbits. This time
interval must be long compared with the duration of a representative
collision, but short compared with the average time between two successive
collisions of a particle. In addition we require that the single particle
distribution function fi must not vary appreciably over a distance of the
order of the sensible range of interparticle forces, or in a time interval
of the order of the duration of a representative collision.

Clearly these approximations are intimately related to the structure
of the dynamical system, but there is no rigorous proof of their validity;
they must be regarded as working hypotheses to be subjected to the test
of experience, These approximations would be quite inappropriate for
liquids, for example. In that case the equation for fi(l) involves fi.(z)

[Eq. (19)] , and this equation must be supplemented by the equation for
fij in terms of fijk( ), etc, Kirkwood“, and Born13 and Green,break

this ascending sequence by employing the approximation

FRNES . (2) . (@)

1jk . ik ..t 5 :
£ (1) ¢ (2) £ (¢ (1) ' £ g (1) ’
k5 i I g Ay

i. e., the relative probability of the occurrence of a third molecule in
conjunction with two others is equal to the product of the relative probabilities
of the occurrence of this same molecule in conjunction with each of the others
s eparately. It is remarkable that in spite of the basic differences between

the two systems the statistical mechanical treatment yields the same Navier-
Stokes relations between the stresses and rates of strain for liquids and for
gases at normal densities. From this point of view one should not be sur=-
prised to find that the behavior of rarefied gases is quite different, at least

according to the kinetic theory (Sections III and IV).
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III. MAXWELL'S EQUATIONS OF TRANSFER
AND THEIR APPROXIMATE SOLUTION

1I1. 1. Previous Investigations of the Maxwell-Boltzmann Equation*

Because of the non-linear collision integral in the Maxwell-
Boltzmann equation [Eq. (27)] most investigators are forced to resort to
various linearization procedures. The most famous of these is the
Chapm.'—.m-Enskog5 method, in which f is expressed as a series expansion
of the form** 2

f = f°+Ef1+ £ f2+... 5

where fo is the ''local Maxwellian', and the small parameter £ is of the
order of ’C’/t . [Here t is a characteristic flow time; for steady flow
£ “-’)\/L where L is a characteristic length and A is the mean free path. ]
The motivation for this scheme can be appreciated by writing Eq. (27) in
non-dimensional form. A factor (¢ O;Z n) t appears on the right-hand
side, and this factor is proportional to T/‘Z"f ~1/& . When the Chapman-
Enskog series expansion for f is substituted into the Maxwell-Boltzmann
equation, the terms in the collision integral containing fo alone drop out,
by definition, and the leading terms contain fl. Thus, in first approximation
f is replaced by fo on the left-hand side, and f1 is determined so as to
satisfy the reduced equation. No proof of convergence has ever been given,
and one strongly suspects that this method, which leads to the Navier-Stokes
relations for a monatomic gas, is applicable only when £ is "sufficiently
small'" compared with unity.

At the opposite end of the scale Jaffe’:l'? suggested that the
distribution function for nearly-free molecule flow could be represented
s ann ¥ (L/)\)fl + (L/)\)Z f,+ ..., where (L/A)
is now the small parameter. Wang Chang and Uhlenbeck have applied
this method, which they call "Knudsen iteration'', to the shear flow and

by a series of the form f

* Excellent ren;ews of prevf. us work in this field have been
given by Gross 14, willis'?, and Grad , 8o that only some of the main
points need to be discussed here.

**¥ For a pure gas {, =
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heat transfer between two infinite, parallel plates. This geometry turns
out to be an unfortunate choice for Jaffé's method, because a linearization

procedure of this type leads to distribution functions containing a term like

exp [- -])':— 1—] where gy is the particle velocity in the direction normal

5y
to the plates. In this case the mean velocity distribution contains a term
like (L/X\) log, (L/X) (see References 14 and 15), and Jaffé's procedure is
clearly invalid. Szyman:ski19 has applied a similar method to low Mach
number flow over a sphere. Again no estimate of the range of validity of
this method is available.
In an effort to generalize the Chapman-Enskog procedure,

Mott-Smithzo and Wang Chang18 and Uhlenbeck utilized series expansions

of the form
00 >
f = ngo A (R, t;0) @ (c) ,

where @ is the angle between ¢ and some prescribed direction, and the
¢n's are suitable orthogononal polynomials, e.g., Sonine or Hermite. But
the slow convergence of such series expansions is only another indication
of their inappropriateness for rarefied gas flow, where the discontinuity,
or '"two-sidedness' in the distribution function is essential.

In order to circumvent some of the difficulties experienced with
the non-linear collision integral, Max KrookZI’ 22 proposed that this
integral, which is of the form (of/at)

f-f
approximation | - ( ...-..afﬂ:— )| , where a is some characteristic time.

coll. * be replaced by the linear

This approximation amounts to the choice of a single characteristic time

for all particle velocities. The resulting equation for f, called the '"Krooked
Boltzmann equation'', or the "ersatz' equation, has been studied by
Bhatnager, Gross, and KrookZI.

Grossg, Jackson, and Ziering recognized some of the unsatisfactory
features of the Krook equation and were well aware of the essential
requirement of '"two sidedness' in the distribution function for rarefied
gas flows. For steady plane Couette flow they employed a distribution

function of the form

f=1f [1_+¢(§. y)] , where @ (S, y) = @ for §,>9 .
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and N + 5 +

Blg. y) = ¢ for § <0, withgf"=a " (y)§, +3 N§ S, -
[Here x and y are directions parallel and normal to the plates, respectively.]
They obtained approximate solutions by satisfying the boundary conditions
exactly, and utilizing the first few full-range (Method A) or half-range
(Method B) vgtlocity morr}.ent equations obtained from tzh; Krook equation to
determine ag (y) and a, (v) . Ina later paper Gross  and Ziering studied
plane Couette flow by applying this procedure to the linearized Maxwell-Boltzmann
equation for f, and (}ros.-s;24 and Jackson analyzed the linearized Rayleigh
problem by the same method. This procedure comes closer to the spirit
of Maxwell's moment integral approach (Section III. 2), but is still
unnecessarily restricted by the use of polynomials for . A comparison
between this method and the present scheme for plane Couette flow is given
in Section V. 1.

Recently Willisl5 developed an iterative method primarily for
nearly-free molecular flows, based upon a transformation of Eq. (27) into
an integral equation. For steady flow in the absence of external forces

Eq. (27) for a pure gas can be written as follows:

§.va=-f.D(f,§,§)+ P(f, R,.§ ) . (28)
where
> = > —= e
D(f, R,§ ) =ﬂffl |§1-§.Ibdbdede1 : (29a)
and
> > s -
P(f, R, &) =J’fjf' £ |§1-g| bdbdéd & . (29b)

The superscript ''l" denotes the colliding particle and § is the vector

particle velocity. This equation is integrated formally to give

i 23 -\
o B xR g D g2,
ot T &5) = HRE)exp= ; 9k
|5 R | J (30)

-
R
-’
+j i £ exp! - [ -2 arv),
R |£] i |§|
o R

> > >
where f = f (Ro,§ )at R = R_, and the integration is carried out along
—
straight lines parallel to § . For nearly free-molecular flow the iteration
is begun by evaluating D and P from the free-molecule distribution function.

. Fad 15 x
The first iteration is equivalent under certain conditions™ ™ to the '"first
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collision'" method, in which the only collisions considered are the first
ones experienced by a particle as it leaves the body. 3 Willis utilizes
Krook's model in applying his method to linearized plane Couette flow, and
to the flow over a sphere, disc, and two-dimensional strip. The results
obtained are quite instructive, and it would be interesting to apply this
promising method to the Boltzman equation itself rather than to Krook's
equation, in order to clarify the role of the non-analytic behavior of 'f"
near § = 0 in Krook's model. ( See Section V.1.)

To summarize the situation, none of the methods proposed for
attacking Eq. (27) directly appears to be generally satisfactory. In fact
some of the so-called "improvements' on the Navier-Stokes relations
only make matters worse. A thorough exploitation of the Maxwell

integral equations of transfer would seem to be long overdue,

III. 2. Maxwell's Equation of Transfer: Present Method

Suppose that Q is any function of the velocity components of a
particle, (momentum, energy, etc.) and we want to obtain the general
equation for the rate of transport Q. This equation can be derived from
Eq. (27), or it can be obtained more directly by considering the various
sources of change in the amount of Q contained in a fixed volume. For

simplicity, consider a pure gas,* The total amount of Q per unit volume

is given by

s > - ‘> -
n(R, t).. Q (R, t) = IQ(g) f(R,g » t) dS P (31)

where Q is the mean value of Q. The rate of increase of this amount per
unit time is 8/0t (n Q), and this quantity must be equal to the sum of three
terms: (1) the net rate of change in total amount of Q per unit volume
caused by the flux of particles across the bounding surface of the fixed
volume; (2) the effect of external forces and curvature of the coordinate
system on particle acceleration; (3) the effect of collisions.

Now in vector notation the first effect is given by

* There is no conceptual difficulty in extending this treatment
to mixtures.
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GR'[fngd_S’]' »

while the second is given by

i -+ > - >
f{ {F/m-(0 x5} .. aag ,
” S
where JL ig the local instantaneous angular velocity vector introduced

by the curvature of the coordinate system. ** The number of collisions

per particle per unit time is equal to
O

_.*
Vf(Sl,R t)bdded§ .
[Figure l_] where v _Igl - §| and the number of particles per unit
volume is { (g, R t) dg so that the rate of change of total amount of Q
from this source, AQ, is given by

AQ=jfff(g'-Q)ffIVd?d§1bdbde, (32)

where Q' - Q is the change in Q experienced in a collision. Finally, the
Maxwell integral equation of transfer is obtained as follows:

e
(9/ at) (Ide__g') + VR [ ff§g d-_g] = If{E/m - (ng)}:v}_ Q d_g,:+AQ , (33)
where AQ is given by Eq. (32).

This transport equation has been applied in studies of the motion of
electrons and {onSZE’, and it was utilized by Maxwe114band by Cha.pman5 in
developing the Chapman-Enskog procedure ( Section III.1) . However, it
does not seem to have been employed in later fluid mechanical studies
until the work of H. Grada. In Grad's thirteen-moment method the
distribution function is a linear function of the stresses and heat fluxes,
which are now regarded as separate dependent variables not explicitly

related to p, u, T and their derivatives. Thus in a rectangular Cartesian
coordinate system,

C

b, ¢, =
£=1 [”zp—dﬁ—cicj s&T (- xT )
where fo is the local Maxwellian. By substituting this expression for {

into Eq. (33), and by taking Q to be equal successively tom, m Si’

—> -
* The components of § are independent’of R, but the unit vectors
are not.

*%¥ In a Cartesian coordinate system the second term inside the
braces vanishes (Appendix A).
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m(§2/2), mg'igj , and m§, (gz/?.), thirteen partial differential equations
(including the conservation relations) are obtained for the thirteen
independent moments p, ﬁ, T, pij and qi. Grad's method yields a
qualitatively correct transition from free-molecule flows to the Navier-Stokes
regime when it is applied to relatively simple problems such as plane
Couette flow27 and Rayleigh's prcblem28 at low Mach number. But the
expression for f does not have the bimodal character that is an essential
feature of rarefied gas flows, and it is still quite restrictive in its use
of polynomials in the particle velocity. This formulation introduces
undesirable cross-couplings between the normal stresses and heat
fluxes. * These deficiencies probably account for thzegunsatisfactory

results obtained in the case of a normal shock wave
In order to make any further progress it seems necessary to drop
the search for "higher order' macroscopic equations such as Burnett's,
Grad's, etc. An important advantage of Eq. (33) over Eq. (27) is just the
fact that it permits a large amount of flexibility in the choice of f, which
is obscured by the Chapman-EnskogB, Grads, and Gr0339 procedures.
The distribution function can be expressed in terms of a number of
arbitrary functions of _1){ and t, selected in such a way that the boundary
conditions of the problem are satisfied. Physical reasoning can be
introduced at an early stage of the analysis. The essential non-linear
character of the collision term can be preserved and questionable
expansion and linearization procedures avoided. Of course the proper
number of moments must be taken to insure that a complete set of first-
order partial differential equations is obtained for the undetermined
functions of -ﬁ and t. The number of these functions (or moments) employed
will depend on the 'level' of information or the degree of detail desired.
The value of such an integral method depends upon the fact that for many
problems the moments are not particularly sensitive to the assumed
weighting function, provided only that certain lower-order moment equations
are satisfied,
The present approach was stimulated by Mott-Smith’slo treatment
of the normal shock wave. In that analysis he employs a distribution function
that is the sum of two full-range Maxwellian terms, corresponding to the

subsonic and supersonic streams 'far'" downstream and "far' upstream.

% Paper by D. K. Ai to appear shortly,



23

The velocity and temperature functions appearing in these Maxwellians
are taken as constants, and are therefore related by the usual Rankine-
Hugoniot conditions, but the number densities of these Maxwellians are
initially undetermined. The number density distributions through the
shock region are found by solving the transport equation [Eq. (33)] with
Q= mg‘xz , or alternatively, with Q = m§x . As Mott-Smith points out,
his analysis is designed especially for strong shocks, where the bimodal
character of f is expected to predominate. One cannot expect this
treatment to be valid for weak shocks, and in fact the recent experiments
of Sherrna.n30 and Talbot show that it is not.

Mott-Smith's formulation 'must be modified and generalized in
such a way that the following basic requirements are satisfied by the
distribution function: (1) It must have the '""two-sided' character that is an
essential feature of rarefied gas flow; (2) It must be capable of providing a
smooth transition from rarefied flows to the Navier-Stokes regime; (3) It
should lead to the simplest possible set of differential equations and
boundary conditions consistent with requirements (1) and (2).

A simple distribution function that satisfies the requirement of
"two-sidedness' is suggested by the situation for free-molecule flow. In
that limiting case the collision term in the Maxwell-Boltzmann equation is
negligibly small, and in the absence of external forces the ''characteristics'
of Eq. (27) are very nearly straight lines, representing the paths of
particles moving with unchanged velocity both toward and awaSr from solid
surfaces. The distribution function at a point P (Figure 2)is governed
by the 'line of sight'" principle; the influence of the body at P is confined
to the conical surface formed by the limiting tangent rays drawn from P
to the surface. Consider the simple case of diffuse reflection at the surface.
For all outwardly directed particle velocity vectors lying within this cone
( Figure 2) f is the Maxwellian corresponding to the velocity and temperature
of the surface. For all other velocity vectors f is the free stream
Maxwellian. A natural generalization of this distribution function is
provided by the following representation:

>
For £ lying in Region I (Figure 2 )

3/2 > > 2
= (R:t)
£= £ = n R0 - — 5 i ] . (34a)
2n RT (R, t) 2R T (R,t)
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In Region II (all other £ )

- > -» 2
£ = £ (R, t) 1 e Ll Al (34b)
= = n » expyq - »
. . 22 R T, (R, t) 2R T,(R, t)

5 B = > > > >
where nl(R, t), nz(R, t); ul(R, t), uz_iR, t), Tl(R, t), and ’I‘Z(R, t) are ten
initially undetermined functions of R and t. In a sense, the functions
n,, 32, T, represent the ""screening effect'" on the oncoming stre_::m‘ of
the particles reflected from the surface, while the functions ny, 4, Tl
contain the effect of the '"free stream'' particles on those emanating from
the surface. All macroscopic quantities of interest are uniquely determined
by these arbitrary functions.

Evidently a similar representation can be utilized for flows confin  d
between two solid surfaces. A simple example is provided by the problem
of steady, plane Couette flow between two infinite, parallel plates in
relative motion (Figure 3). In that case f is given by the following

representation, involving six undetermined functions:

For §y >0,
» 2 2 2
N
f= 1, =n,(y) [m exp (- TR . (35a)
For §Y <o,
fety . (35b)

where fz is a similar generalized Maxwellian containing the functions

n,(y), T,(y), u, (y). A simple example of a non-steady flow (Rayleigh's
2

problem) is given in Sections IV. 3. and V. 2.

One important difference between the present formulation and
Mott-Smith'slo is that the distribution functions given by Eqs. (34) - (35)
are discontinuous in the particle velocity, whereas Mott-Smith's function
is continuous. This discontinuous behavior is dictated by the requirements
of "two-sidedness'" and a non-vanishing shear stress, but it also turns out
to be quite useful in satisfying the requirement of a smooth transition to the
Navier-Stokes regime. Because of the success of the Chapman-Enskog
procedure for t/Z‘f > > 1, one is accustomed to asspciating shear stress

in this region with an anti-symmetric distribution function containing terms
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like 4 cj. det, in the "simplified" kinetic theory derivation of transport
properties” the shear stress is equated to the momentum flux carried by
particles crossing a given plane from above with the mean velocity

u+ aA(du/dy), minus the momentum flux carried by particles crossing
from below, with the mean velocity u =~ aA(Bu/By). Clearly the present two-
stream Maxwellian model is fully capable of representing this situation,
provided the functions -1?1 and _1?2 approach u Tal (6u/dy), respectively,

in the Navier-Stokes limit (Re/M —s ). In the two simple examples of
plane Couette flow and Rayleigh's problem studied so far (Section IV),

one finds that the solutions obtained do in fact join smoothly to the Navier-
Stokes solutions when b/A > > 1, or when t/’(‘ff >> 1.

Of course these remarks apply equally well to the normal stresses,
so that (for example) Mott-Smith'slo treatment of the normal shock wave
must be modified by taking a distribution function that is discontinuous at
Sx = 0,

The question naturally arises as to the minimum number of arbitrary
functions that can be employed in this representation of the distribution
function. The minimum number is imposed by the requirement that at
least the conservation laws should be satisfied. As shown by Ma.xw.vell‘}’b
the ordinary gas dynamic conservation equations are obtained r‘egardlesa
of f by taking Q in Eq. (33) to be the collisional invariants of mass, momentum,
and energy, successively. If Q= m, the_g:article;mass, tl}fn_t}he right-hand
side vanishes. By definitionp=| mfd§ andpu =fm fgdg , sothat
Eq. (33) yields the equation of continuity:

op/0t + vR. . (p —L’l.) = 0 , . (36)

When Q = m § the right-hand side of Eq. (33) becomesf fFds ,
provided that the force is not a function of the particle velocity, because
the vector momentum is not affected by curvature of the coordinate system.
But / f ii" d§ =n F = Jl , the vector force per unit volume. By recognizing
that g: T4+ Tf, where € is the intrinsic, or relative particle velocity, the

second integral on the left-hand side of Eq. (33) is evaluated as follows:
e s il o - > >
jmffgdg 2 m(c+§)(c+u)fd'§'=meE’fd'§*+pE'u’ : (37)

> >
Butmfccfd

becomes

§ = =0, where T is the stress tensor. In this case, Eq. (33)
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- > > — -

/ey (pa+ Vg tpuu) = F+ Vg- o, (38a)

or . .
-~ —

p (8u/8t) + p U . VRE = + Vg o (38b)
which is identical with the usual gas dynamic momentum equation.

Similarly, by taking Q = m §2/2, utilizing the kinetic theory
definitions of the temperature and the heat flux vector,

(3/2) nk T = (3/2) pRT = mf(cz/Z) £4¥ , (39)
and
o mf'c*(cz/Z) £d¥ (40)

and making use of the continuity equation [Eq. (36)] , one obtains the
energy equation:

2 g 2 - -
— 3 > > i B
P (FRT+ 5 )4 p T, Yo (FRT+5) = -V - 44V - (@) +3. T (1)
By utilizing the momentum equation [Eq. (38)] , the energy equation
[Eq. (41)] is transformed to the following relation

> e ] R P
(p/ot) + Vg - () = -2/3 (- A +2/3(5. Vg u) . (42

where
Pp=pRT . (43)
We may also write
T wpls? , (44a)
o = = &> = 2 e
where I is the identity tensor, andi = - m[('c c-1/3¢c fds; (44b)
e.g., in any locally orthogonal coordinate system
Pii =-p+ Py s (45a)
where '
2 2 2 -
Py = - (m/3)f (2 ¢,” - iy = S )fdg , (45b)
and
= = - £d¥ 14 (45¢)
Pij = pij = m <, cJ. 5., J .

Thus the minimum number of moments is equal to the number of
collisional invariants. In an axially-symmetric or two-dimensional flow,
for example, a minimum of four moments is required. Now the two-stream
Maxwellian distribution function represented by Eqgs. (34) and (35) contains
eight undetermined functions in this case, so that a maximum of four of
these functions can be chosen in advance. Of course one will generally
utilize one or two moments in addition to the collisional invariants, and the

moments corresponding to the stresses and heat fluxes are the logical
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choices ( Sections III. 3. and IV. ). Evidently the approximation is
systematically improved by taking additional moments in Eq. (33), but it
is very difficult to make any useful statements in advance regarding the
convergence of this process. Experience with this important question

must be obtained by solving certain typical flow problems( Section IV. ).

II1. 3. Collision Integral for Maxwell Particles

Once the two-stream Maxwellian is selected as the particle velocity
distribution function, the collision integral appearing in
Maxwell's integral transport equation [Eqs. (32) and (33), Section IIIL 2.]
can be evaluated for any arbitrary law of force between the particles. At
this stage of the analysis it seems desirable to select the simplest inter-
particle force field that contains the main short-range features of the
binary collision '""model" [Section IL. 2 ] This approach will be particularly
useful for non-linear problems, where we want to preserve the essential
non-linear character of the collision integral. More sophisticated inter=-
particle potentials can be employed later if a more refined description of
real gas flows is found to be desirable.

_Maxwell's famous inverse fifth-power force law provides just the
simplification required, because with the proper choice of variables the
relative velocity V = |§1 - £| is eliminated from the collision integral
AQ. By considering the classical two-body problem in the plane of the

2c, 4b

orbit one finds that the motion of the colliding particle relative to the

""probe'' particle (Figure 1) is equivalent to the motion of a particle of unit

mass about a fixed center of force. For a central force field of the type
m,m

K
F= % the potential energy at a distance r for this particle of unit
T

(m1 + mz) K

mass is given by . The important parameter appearing

(8-1) rx;-l
in the equations of motion is the ratio of the kinetic energy VZ/Z to the
2 s-1
potential energy at the distance r = b, or ¥ _le=l}b . * This

Z(ml + m,)K

* As in Sections II. and IIl. 2., b is the impact parameter, or
perpendicular distance between the probe particle and the initial trajectory
of the colliding particle.
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parameter determines the total deflection or scattering angle during a

collision. Suppose that b is replaced by a new variable a, defined by the
relation

2 1/s-1
v
“=b[(m+m)x] .
j T oy

which is just the scattering angle parameter raised to the [1/(s-1)]power,
except for a numerical factor, Then the quantity V b d b appearing in the
collision integral A Q [Eq. (33)] is replaced by

[(m) + m,) K]Z/(S'” vi=4/8-1 [ 4.

For s = 5, V disappears, and

where
0 2T
J = j I(Q'-Q)adude . (47)
o ©

In other words for s = 5 the collision integral A Q is given by the value of

J averaged over the velocity space of both the probe and colliding particles,
where J depends only on the binary collision process and not on the velocity
distribution function itself. The value of A Q is proportional to the average
value of Q itself, and for the lower moments A Q contains the components
of the shear stress tensor and heat flux vector.

Since Q is always some function of the particle velocity and its
components the change in the velocity components of the particles during a
collision must be evaluated before the quantity J (and A Q) can be computed.
Following Maxwe114b and JeansZC we construct a plane parallel to NP, the
original direction of the colliding particle relative to the probe particle at
O (Figure 4), and containing the (arbitrary) x- axis. The intersection of
this plane with the plane through O | NP gives the direction OR, from which
the angle € is now measured. The vectors OG and OG' represent the
relative velocity between the particle before and after the encounter,
respectively; of course, if OG is directed inward then OG' is directed
outward, and vice versa. The angle @' between these two vectors denotes

the scattering angle or total angle of deflection in the encounter.

By means of vector geometry (Appendix B) one finds that
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2 Z .
(' -gl')k = (§; ~§) cos @'+ Vv® - (§, -%), sin 0' cos (E+0.ka) , (48)
where & Kk @nd (§1)k are components of the particle velocities in the k-
direction before collision, and E‘k' and (gl')k are these components after
collision. Here@),  is the angle between the plane containing OG and the
k- axis, and the plane containing OG and the x- axis; thus,

w_ [(gl)k'gk][gl 'fx]
@ __=0; cos = = = i (49)
y[vz ~ {54 -§)kz \[v?‘ - (5, —g)xz

where k= y, z. By combining these geometric relations with the

statement expressing conservation of linear momentum, i.e.,
- - . > -
by P ey By = Wy §F 0T e

the quantity §1 ' can be eliminated, and one obtains
k

m

§k' =5t m_l'“i—z [Z(_g‘l ) cosz (0'/2) +\/V2'-(§1-5)k2 sin 0' cos (E+wkx)] .
For a pure gas (ml = mZ)AQ vanishes when Q is one of the collisional

invariants of mass, momentum, or energy (Section III. 2.) . The next

higher moment of interest is the momentum flux, Q = m §j Sk - In

evaluating J [Eq. (47)] , it is helpful to recognize that all terms in the

expression for (Q' - Q) that are proportional to cos m€ or sin mg (m £ 0)

integrate out to zero. With these terms discarded,

Q-0 _ ere s ) -
m gj gk -Ej §k"[§j (gkl-gk)+5k (§j1-§j)] cos” (0'/2)

= 4 1 g B i 2
+(§jl-§j)(§k1'3k) cos” (0'/2) - q (gjl_gj)(gkl-gk) sin” @' cos £,
and

o0
J = 2w (gjl_g-kl -5jgk) J cos? (0'/2) a da
0

0
2 o
- [(3w)/4][(5-j1 §j)(§kl-§k)] f sin“0'da . (50)
o
The first term in the expression for J will give no net contribution to AQ,

because the average value of Sj § k. is identical with the average value of
3. 3
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gj S+ In the second term clearly (gjl—gj) and (gkl- §)) can be replaced by
(cj - C_j) and (ckl- ck), where ?:? - -1‘1’, the intrinsic velocity. Finally,
&Q = -3/4 A, Vam K mff[(cj e )y * ¢ ] £4; dg d}l , (51)
where A, = | sin’0'a da. [Maxwell*® found that A, = 1.3682. ]

o

But according to the definition of pjk[Eq. (45¢)],
Ao = (3/2 A, VZm K ) n Pjy -

Now Maxwe114b had already shown that the ordinary coefficient of viscosity
based on the local full-range Maxwellian velocity distribution is given by the
expression

kT

s = 3/2 A, \JV2m K

where k is the Boltzmann constant. Therefore, with Q = m ngk and

k]

s=5/A0=(p/m) Pik » regardless of the form: of the velocity distribution
function. * Maxwell ~ also showed that p{u = /4 (l/t'f), where 7} is the
mean free time, and this relation will be useful later( Section IV.1.).

Similarly, by taking Q = m &, (£2/2) one finds that
g ; (8

hq = m‘;—p,— a5+ T (e P e = (RUK) [-(2/3) 4;+ % Py W] - ** (52)

In a rectangular Cartesian coordinate system with no external forces the

Maxwell integral equations of transfer for the first nine moments beyond

the collisional invariants take the following form for Maxwell particles:¥¥¥

* By definition p = nkT; note that Pii & - p# Py £ p, in general.

#% The expression for AQ = A (mg, . §2/2) given by Jeans
[Reference 2d, page 241, Eq. (667)] contairs numerical errors. The
correct expression reads as follows:

I = —
FAN = 4 A 2ZmK mlu, ¢ - 3 . - cC.
Q z A, [ : E (chjck) ch <
from which one obtains the result given by Eq. (52). Here (c_p)/k = 2/3
for a monatomic gas. P

*¥% The equations for an orthogonal curvilinear coordinate system
with external forces are given in Appendix A.
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(a/at)(jmgjgk £ d3) + Zi (a/axi)(fmfigﬁkf a¥) = (p/) Py (53)

2 —
(a/atnfm 5 éﬁ £ AT )+ ; (a/axi)(fmfigjé—fds) = (pdu)[—éqr% P w]- (54)

Thus the collision integrals are evaluated once and for all without the
necessity for any further approximation, and Piy and qj can always be
expressed in terms of the arbitrary functions 1, ﬁz, ny o Tl, 2
[Egqs. (34a) and (34b)] .

1II. 4. Boundary Conditions

When atoms or molecules impinge on a solid surface a complex
interaction takes place which is only poorly understood at present.
Particularly in the range of incident particle energies of 1/10 to 10 electron
volts, we have not progressed very far beyond Maxwell's original rough
suggelation?’l that the emitted beam consists partly of specularly reflected
and partly of diffusely reemitted particles. Following Maxwell, it is
customary to define a tangential momentum exchange coefficient, O , by

the relation

-7, T,
where fi and TR are the incident and reflected tangential momenta,
respectively, and "L’w is the tangential momentum of diffusely reemitted
particles having a Maxwellian velocity distribution corresponding to the
temperature of the solid surface; by symmetry fw = 0. Smoluchowski?’Z
extended Maxwell's conception to include an energy accommeodation
coefficient, a, defined by the relation
i w
and Schaaf33 and Bell introduced a normal momentum reflection coefficient
o', where
i w
As suggested by Hurlbut34, for most ""engineering surfaces'' the
random orientation of the tilt planes of the surface material on the atomic

scale insures that 0= 1, regardless of the details of the surface interaction
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process itself. But experimental values of a (and presumably of o') vary
from a few hundredths to nearly unity, depending on the incident gas, the
surface material, surface tempcrature, presence of an adsorbed gas layer,
etc. Recently Schamberg35 introduced a more rational description of the
surface interaction process, in which the three arbitrary coefficients 0,
o !, and a are replaced by three physical interaction parameters: (1) the
angular half-width of a reemitted conical beam of particles; (2) the
inclination of the axis of the reemitted beam as a function of the angle of
impingement of the incident beam; (3) the speed or kinetic temperature of
the reflected particles.* On the basis of low energy molecular beam
experiments34 Schamberg assumes that the distribution of reemitted
particle number density across the beam obeys a cosine law, which would
be correct for purely diffuse scattering. He finds that the beam width
plays only a minor role. In fact the most probable situation is diffuse
reemission witha and O' £ 1, i, e., the axis of the reemitted beam is
normal to the surface and the beam half-width is 90°, but the diffusely
reemitted particles have a kinetic temperature lying between the surface
temperature and the kinetic temperature of the incident particles.

Because of the scarcity of experimental data at the present time
it does not seem worthwhile to enter into a detailed discussion of the
possible values of a and @', The two-stream Maxwellian velocity
distribution function introduced in Section III. 2. is well suited to a
description of the surface interaction process, and the results of new
experiments can be incorporated into the analysis as they become available.
In fact this consideration was one important reason for selecting the two-
stream Maxwellian in the first place. In order to illustrate the types of
boundary conditions encountered in the present approach two special
models are discussed here: (1) diffuse reemission (0= 1) witha = O’= 1"
(2) diffuse reemission according to the Maxwell-Smoluchowski model,
witha and o' # 1.

% Schamberg developed his analysis first for hyperthermal incident
velocity, for which the thermal mo%ié)n can be neglected, but he subsequently
extended it to include lower speeds””, at least approximately. Schamberg
takes the speed (or kinetic temperature) of the reemitted particles to be
independent of direction, but as we shall see later, (page 36) it seems more
logical to associate this speed with the normal component of the velocity
of the reemitted particles, at least for diffuse reemission (C= 1l;a, o'# 1).
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At a convex solid surface the incident particles all belong to group 2,
and the reemitted particles belong to group 1 (Figure 2 and sketch below). *

@

\\

For diffuse reemission witha = 0' = 1 the reemitted particles have a
Maxwellian velocity distribution corresponding to T,» by definition, and
the mean velocity of the reemitted particles is identical with the local

> > > - > >
surface velocity, i.e., uy (R, t) = a and 'I‘1 (R, t)= TW when R = 1%] .
When there is no net mass transfer at the surface an additional boundary
condition must be satisfied which is similar to the usual free-molecule

flow condition, except that nov.r*;‘2 # ﬁ’m in general:

VBT = mVRE, = miRT; Ciel , (53)
where . 2
Cls)) = e ™ +\r s (L+erfs) . (56a)
Here
(uz - uw )

sy
u

—
2 and u respectively.

where u, and u  are the normal components of
n n

In the limiting case 8, << 1, Eq. (56a) becomes
n

nlJ(RTw = n, Y RT, [1-\[}_ 52n+'" ] : (56b)

while in the case of hyperthermal velocity (s2 >> 1),
n

* For a concave surface the reemitted particles all belong to
group 1, but the distribution of incident particles depends upon the particular
geometry of the problem.
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nl\/(RTw = 2n n, (u, -u, ) , (56c¢)

or (u '“2)
n, = VauY - — (56d)

In considering the uniform rectilinear motion of a finite body in a
fluid of infinite extent the following boundary conditions must also be

imposed (in body coordinates):

- -

u, —>=u_, TZ—*;-TQ0 , and n,—>n_ as Xx—» - .
For axially- symmetric or two-dimensional flows (for example) the values
of three of the unknown functions (1-:1 and T,) are determined at the body
surface, and Eq. (55) furnishes a fourth relation. If two functions are
chosen in advance (say 32 = Tloo), then the values of n, and TZ on the surface
are the integration parameters, when the integration is carried outward
from the body surface. The situation is somewhat simpler in the case of
bounded flows. For plane (or cylindrical) Couette flow, for example, the

boundary conditions are as follows (Figure 3):
u (y) = - (U/2), Ty(y) T, aty = -b/2
u,(y) = +(U/2), T,(y) = T atys=+b/2 (57)

viy) = 0 or ny \/T1 = n, Y T, » all y.

A sixth relation connecting the six unknown functions is introduced by

specifying the density level; for example, by selecting the value of n, at
y= -b/2.

WhenO = 1 but a and 0' £ 1 the boundary conditions are more
complicated. Of course the mean tangential velocity of the reemitted
particles is equal to the tangential velocity of the surface, but in general
the normal component of the mean velocity of the reemitted particles is
not equal to the normal velocity of the surface. The condition of zero
net mass transfer at the surface leads to the relation

n, VRT, C(sln) = 0, /RT, C(-s, ) (58)

u -u
1 w

where C(s_) is defined by Eq. (56a), and s N .
n 1n ['__"2 xR T-
1
By computing the incident and reemitted translational kinetic energies
and normal momenta with the aid of the two-stream Maxwellian, and

utilizing the definitions of o and o', two additional boundary conditions
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are obtained, as follows:

Energy Accommodation

(1-a) T, E(-5, , [s,1) + 2aT, = T, &(s; ), (59a)
n n
where E(sn, IB' ) -
E(Sno Isl ) = C(Sn) 3 ( 9 )
and
2
-3
n

E(s_ . |s] ) = e (2+85) + /7 s (5/2+ ) 1+erfs) .  (60)

Normal Momentum Accommodation

(1 -0 \/T_,_ (P(-szn)+ _E'%\[_E—_ Vv T, =‘/T1 @(sln) N (6la)

where
P (s,) ~ ) (61b)
s
n < (sni
and 2
"Bn — .1 2
P(s) = [ s, € +/r (L4 s, N1+ erfs) " (62)
The functions E(sn , | sl )and P(sn) are similar to the usual free molecule
expressions for %r_mrgy and normal momentum flux37, except that
] —,_—i—. ’
VZRT
in general. In addition to the conditions given by Eqs. (58), (59a), and (6la),
we have u; =u (for0 = 1), where '"t" is the direction tangential to the
t t
surface.

Two limiting cases are of particular interest: (1) low Mach number
flow with small temperature differences, i.e., s, <<1and T, =T, (1 +€),
with € < <1; (2) hyperthermal flow, or s, < 0 and {szl >>1. In the first
case, Eq. (59a) takes the limiting form

2T, [1+€(1-a)+....] =T16(31n) , (63)
while Eq. (6la) becomes

VTW[1+£(1-0")+...J = \/_'1—‘1_ oo 2ffx P (sy) . (64)
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If O"' = o then 8, = 0, but not otherwise. In other words, specifying the

surface interaction process by means of a single parameter a = ' is

consistent in this limiting case with the statement that u =u. . The
boundary conditions here are " e
(1-a)T,+aT, = T, (65)
- >
ul = uW . (66,

In the opposite limiting case when s, < 0 and |52|> >1, Eqgs.
(58), (59a), and (61a) yield the relation

4R T

sin0, -, [(1 =a)+a i

(ug, = v5) ‘
o' = — » (67)

T

sin 0@ - ———4—-\/; =

2 u

(uw = 2)

-»>
where 92 is the angle of inclination of the velocity vector u, with respect to

the surface.* In particular, if

4G?Tw <<1 then =1 - l1-a
— - . oc'=l- —Zmo—
(uw-uz) 2

Thus o' depends upon a, the ratio of the local surface temperature to the

(uw - uz)2 - .
kinetic energy > , and the local inclination of u, with respect

to the surface. The relation between o' and a given by Eq. (67) is similar
to the result obtained by Schamberg35 for hyperthermal free-molecule flow,
except for certain numerical factors in the second terms of both numerator
and denominator. These differences arise because Schamberg takes the
relative reemission speed VR as constant for all angles of reemission,
whereas in the present analysis this speed is associated with the normal

component of the relative velocity.

* Actually this limiting case is specified more precisely by the
conditions (1 = a) BZZ >>land(l-c')s, >>1.
n
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Iv. ILLUSTRATIVE EXAMPLE:
PLANE PARALLEL FLOW AT LOW MACH NUMBER

WITH SMALL TEMPERATURE DIFFERENCES

IV. 1. General Considerations, Differential Equations, and Boundary Conditions

Although the present integral method is designed mainly to deal
with the non-linear aspects of rarefied gas flows, it seems desirable to
explore the method first for some linear flow pro)blerns. For this purpose
plane parallel flow at low Mach number with small temperature differences
provides the simplest example. Solutions obtained by the integral method
can be compared with studies of this class of flow problems carried out _by
means of some of the other techniques reviewed in Section III. 1. Most of
the simplifications in this limiting case apply equally well to steady, plane
Couette flow and to Rayleigh's problem of the non-steady flow generated by
the impulsive start of an infinite flat plate set into uniform motion in its
own plane (Figure 3). For this reason the differential equations and
boundary conditions for the two problems are formulated jointly.

The requirement that M2 < < 1 is equivalent to the statement that
the kinetic energy of mean motion is negligibly small compared to the
static enthalpy. Ewven if all of this kinetic energy is converted into random
particle motion, the increase in gas temperature thus produced is
insignificant. If there are no internal heat sources, and if the temperature
of the plate (or plates) differs only slightly from ambient temperatures,
then the plane shear flow and the temperature field are completely
independent of one another. This "splitting' between the velocity and
temperature fields is well-known for the Navier-Stokes equations. It
occurs also for the Grad equation527‘ 2'8, and is easily shown to apply
also to the present transport integral method. * In this paper, only the
isothermal shear flow is considered; the treatment of the temperature
field is entirely similar, *

Since T/l=l const,, the only self-consistent choice of the temperature
functions appearing in the two stream Maxwellian equations [Eqs. (35a)
and (35b)] is that

% For details see the forthcoming paper on steady, compressible
plane Couette flow by C. Liu and the present author.
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T}(Y. t) = TZ (y, t) = T (68)

o
where To is the ambient temperature. All physical quantities are
independent of x, and to this approximation the equation of continuity
[Eq. (36)] states that

av/ay = 0 : (69)
for both steady and non-steady flow. But v(y, t) = 0 at a solid surface,
so that

iy, t) = 0 S (70)
In this case the y=momentum equation [Eq. (38b)] yields

0 = aP /By P =const (71)

>
By definition, P =-mff(§' d? andp-nm-[ de‘ .

By carrying out the integrations for the two-stream Maxwellian
[Eqs. (35a) and (35b)] one obtains

ay, = [ oy 04nm 0] . (72)
and

P, = -k/2(n; T, +n

In other words,

2T2)=-nkT=-p . (73)

p = const. = p_, and n = const., or p = const, = Po * (74)
as expected. Now

+o0 o +too

pv.= m f J I £, §, 45, a5 df, + +T T T £, §, 95, 45, a§,

- ©°0 < =0 =00 =00

pv = \/mk/Zw [nl \/Tl - n, \/TZ}. (75)

Therefore, Eqs. (68) and (70) through (75) lead to the conclusion that

n =n,=n (const. ).

or

The two remaining unknown functions ul(y, t) and ua(y, t) determine

the shear stress and x-component of flow velocity completely, By definition

- , ‘
= mjffxd§= %m[nlul(y, t) + n, u, (y, t)] . (76a)
for the two-stream Maxwellian. In the present limiting case

1 .

4y @ = 3 [“1 (y, t) + u, (y, t)] . (76b)
Also,
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- —»>
Py = -mjf(fx-unsy-v)df = -mfffxsyd§+puv s BN

and the two-stream Maxwellian yields the following relation (v = 0):

Py (2 8 = po \/RT/2n  [u, (v 0-u (v 0] . (78)

In order to determine the shear flow we must now apply the x-momentum
equation and one additional moment beyond the collisional invariants
(Section III. 2.) . The most natural choice is Q = mfx gy , which leads

directly to an expression for the shear stress p The x- momentum

xy"
equation is

P, (Bu/dt) = (3p,  /3y) (79)

while the appropriate transport integral equation is given by Eq. (53)
( Section III. 3.) :

a/ot (fmgxgy f d?) + 8/ 9y (fmfx’s"yz £ d}.) = (pomo) Pry - (80)

Accorciing to Eq. (77), when v=0 the first term on the left-hand side of
Eq. (80) is simply ( - apxy/at). The second integral is evaluated as follows:

+0 o +oo

2 >
ffgxfy dg= f f £[(5, - up)+ a] §y2 as, ds, 4,
=00 0 =00

o0 O +ow0 (81)

2
% J' J' J' fZ [(gx - uZ) ¥ “2} §y dgx d§y dsz
=00 =00 =00
Since f1 and f2 are even functions of (fx - ul) and (th - uz), respectively,

the integral is reduced to the form

+o0 o0 too +00 0 +o0
2 2> 2 2
mJ'fngy d§ = Uy JJ' J m flgy d§x dgy d§z+ u, J j jm fZSy dgx dfydfz
-0 0 =00 -0 =00 =00

(82)

But fl and fz are even functions of§ , and each integral on the right-hand
side of Eq. (82) contributes exactly po/Z in this case. Thus

Z2 ==
mfffxgy s = p /2 (u +uy) = p_uly) ,

and Eq. (80) becomes

- 9p,, /8t + P, (8u/ay) = (py/i,) P (83)

Xy



40

In this limiting case the functions u, and u, can be eliminated in favor
of the macroscopic quantities pxy and u ; in general the situation is not
quite so simple.

Several interesting conclusions can be drawn from Eq. (83). Ilf a
uniform shear stress distribution is applied at time t = 0 to a fluid at rest
(or in uniform motion) then

~(Py /it )t ~(m/4)(t/T)
ny"’e = e s
where ’l’f is the mean free time between collisions. In other words, Tf
plays the role of a relaxation time, as shown by Maxwe114be In a non-
steady flow such as Rayleigh's problem the shear stress depends not only on
the local velocity gradient, but also on the time history of the shear stress
itself through the term - (apxy/at) . Roughly, the region of influence

extends over a time interval of order Tf Thus when t > > 7.;. i pxyg/u(au/ay),

and the gas behaves like a Newtonian fluid, but when t/7, = 0(1) the situation
is entirely different. In the Chapman-Enskog  expansion procedure
(Section-1II. 1. ) f is replaced by the local full-range single Maxwellian £,

on the left-hand side of Eq. (80) in first approximation, and the term

- (Bpxy/at) is lost. In the more general case spatial as well as time
derivatives of various moments will appear in Eqs. (53) and (54), and

the shear stress and heat flux quantities at a location (—1;0, to) are influenced
by the behavior of these moments in a region of space and time defined by
R-R|~v<e T = A Jt-t | ~T,

For steady plane Couette flow, Eq. (83) states that Piy =/L(Bu/8y)
over the whole range of gas density from free-molecule flow to the Navier=-
Stokes limit. Of course this result is a direct consequence of the restriction
to low Mach number isothermal flow, and the choice of the two-stream
Maxwellian. In general the two-stream Maxwellian does not yield the
Navier-Stokes relation even for this simple geometry. According to

Eq. (79), pxy = const., and therefore the velocity profile is given by

u e (pxy/u) y (84)
for all gas densities. Identical results were obtained by Ya.ng27 and the
present author by applying the linearized Grad equations to this problem,
because the terms proportional to pxy and E;y in Grad's distribution function
(Section IIL 2.) make no contribution to the integral in Eq. (80) in this case,

and all the other terms vanish.
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In order to simplify the boundary conditions only the case of
completely diffuse remission is considered here. At the upper plate in
Couette flow (for example) u, = U/2. By Eq. (76b), u, = 2u - (U/2) at
y = b/2, so that Eq. (78) becomes

Py = P VRt )/m [(U/2) - u ] : (85)
By symmetry u (-b/2) = - u(b/2) and the boundary condition at the lower
plate is also satisfied.* Similarly, in Rayleigh's problem,

Py (0 8 = gy V@AT Y/ [u(o, n-u] , (86)

and pxy andu—>0as y —%» o . The condition v = 0 at the plate surface
is already satisfied [Eq. (75)] , because v = 0.

IV. 2. Steady, Plane Couette Flow

The differential equations and boundary conditions obtained by the
present transport integral method are identical with those derived in
Reference 27 from the linearized Grad equations (Section IV.1l.) , and
the expressions for shear stress and velocity are naturally also identical.
In fact, as shown in that paper, the same results are obtained by employing
the Maxwell ""velocity slip'" relation and the Navier-Stokes equations, as
suggested originally by R. A. MillikanBB. The main difference is that
velocity slip is not introduced as an ad hoc assumption at the boundaries,
as in the usual treatment, but follows directly from the statistical
averaging process [Eqs. (76a) and (76b)] . In this simple case velocity
slip is obtained regardless of the nature of the solid boundary; only the
magnitude is influenced by the reemission process.

It is instructive to examine the behavior of the functions ul(y) and
uz(y) and the two-stream Maxwellian in this simple case. By employing
Eqs. (84) and (85) at y = b/2, one obtains

1/cpM = Vi(mx)/2  + 3 (Re/M) , (87)
where

Cp = Pyy/l3o, U . Re = (o, UB(K) . M = UNYRT,

% It should be emphasized that this particular relation between p

and u applies only at the plate surfaces. =y
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Thus the drag coefficient has the correct free-molecule flow value in the
limit Re/M —> 0, and the correct Navier-Stokes behavior (CD = 2/Re)
in the limit Re/M —= w. By Eq. (85),

u(y)/(U/2) = 1/(14p) . y/(b/2) (88a)
where

8! = 1/Vzry . Re/M . (88b)
By utilizing Eqs. (76b) and (78), one finds that

ul(Y)

072N = 1 [ vdo/a Fop ] (89)

uz(Y)

U/2

The mean velocity u(y) and the two functions ul(y) and uz(y) are sketched in
Figure 5. Dr. Hans W. Liepmann pointed out to the author that the mean
profile in this case can be regarded as being composed of one velocity
distribution that exhibits '"velocity slip'' at the lower plate but not at the
upper plate, and a second distribution symmetrically displaced that '"slips"

at the upper plate but not at the lower plate. In the free-molecule flow

u,y (y) u,(y)
limit (Re/M —> 0 )‘UTZ —=-1,qgfr7— —>+1, andu(y) —-0;

of course fl and fz are precisely the free-molecular velocity distribution
functions in this limiting case. |
In order to bring out the character of the solution in the Navier-

Stokes limit (Re/M > > 1) more clearly, we replace Re/M by 'the ratio of

mean free path, >‘o , to plate spacing b. According to the relation
Polite = (/4N1/TY = (w/4)(c/A)
the viscosity is given by u_ = 1o T A=A Po Vi2/mR T, 4

o o''o
where Eo =V (8/w) &TO . Thus the quantity p appearing in Eqs.(88a)
and (89) is equal to A/(b/2), and the expression for Cp Ea. (87) can be

rewritten in the form
- 1
(CDM)F_M = pxy/(ny)F-M . (b/2X) ’ (90)

where the subscript F-M denotes free-molecule flow values. From these

results one sees that
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U-IQY)
72 =
u,(y)
07z
In the Navier-Stokes regime % b/2 and A (8u/dy) < < U/2,
so that fl and f, can be regarded as the local Maxwellians for particles that

u ¥ A (8u/ay)

cross the plane at y from below and above, respectively, and retain the
properties of their original layers located a distance of one mean free path
away from this plane. The boundary condition at the plate surface [Eq. (85)]
is exactly

U/z - u(b/2) = A (8u/oy)_psn

as proposed by Maxwe1131. Although formally correct for all values of >\/b,
this description is meaningless (and unnecessary) when /\/b = 0(1), or
larger. A comparison between these simple results and the solutions
obtained by other methods is presented in Section V. 1.

IV.3. Rayleigh's Problem

By eliminating the flow velocity between Eqs. (79) and (83) one
obtains

(0% P )/(0y) - (1/a)+ (0% /0" = (1A)- (op, /o) (91)

Xy 1 Xy x

— the Telegrapher's Equation. [ Here a is the isothermal speed of
sound given by a; = V CRTo . According to this simple model, the
impulsive motion of the plate generates a shear stress-velocity wave of
decaying amplitude propagating into the gas. Some distance behind the
wave front, and especially near the plate surface, the motion eventually
takes on the diffusive character of Rayleigh's classical solution. Ya.ng‘28
and the present author obtained a qualitatively similar behavior by
applying the linearized Grad equations to this problem, but the equations
were much more complicated because of the involved character of Grad's

distribution function.

By simple momentum considerations the discontinuities in pxy and
u across the initial wave front (Figure 6) are connected by the relation

Apy, = =p, 3 Du . (92)

Since pxy = u = 0 ahead of the front,
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Pey = " Pp 2% (932

at any point located immediately behind the wave, so that

d ny = =Py g du (93b)

along the front. On the other hand, the method of characteristics applied

to Eq. (91) [or to Eqs. (79) and (83)] yields the following relation along the
wave

d Pyy = Po 2] du + (poéuo) Py, dt = o . (94)

By combining Eqs. (93b) and (94) and integrating, one finds that the decay
of pxy and u along the wave front is given by

=3P )t -(n/8)(t/T)
f(t) = £(0) e = f(0) e

»

where f(t) is either shear stress or velocity. Evidently P, and u decrease
only slightly from their initial values up to t/'z,"f = 1, but the decay is quite
rapid once t exceeds 7., and is much faster than the diffusive 1/\/? behavior
for pxy expected near the plate surface when t/"(f"f F> ],

At time t = 0 the wave has just started propagating outward from the
plate surface, so that pxy(O) and u(0) = - [pxy (0)]/(90 a ) must satisfy the

boundary condition given by Eq. (86)( Section IV.1.) . By utilizing this

condition one obtains

Py (0 = -p U VRT/2n

o )

2
1 +y2/n
or
2
Mc; (0) = -0.685 for ¥ =5/3, where cp = pxy_/(-%- Po U *
u(0)/U = — . = 045 2, ®
1+ymw/2
Thus along the wave front M cg(t) = -0. 685 e-o' 39“/2}) and
w(t)/U = 0.45 e+ 39t/ T
Once the behavior of ny and u along the wave front is known,

the entire flow field can be calculated by the method of characteristics

* These values for M c¢(0) and u(0)/U differ slightly from the free-
molecule flow values of 0. 615 ~ and 3, respectively, for a plate at

ambient temperature. ( See Section V. 2. )
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(Figure 6). In non-~dimensional form the differential relations along

characteristics are as follows:
d(c; M) ¥ (24¥) dw + (n/2) (¢, M) AT = 0 (95)

along dy = Tar , where w = u/U, Y= y/z;I'L"f ,and T = t/’t;, . The boundary

condition along Y = 0 is ceM= - 1.24 (1 - w), for ¥= 5/3. The calculated time
history of the skin friction at the plate surface is shown in Figure 7;
according to the boundary condition at the plate surface the velocity slip

is given by E_-__}Cl}g'_t_)_

= 1-w= 0,81 | Ce M |. Sorne typical shear

stress and velocity "profiles'' between the plate surface and the wave front

are plotted in Figures 8 and 9. In Figure 10 we show the ratio

{,u(au/ ay) J - 8/ ) (t?W/I\?IY) }
pxy y=0 e Y=0

as a function of t/’Z'f ; the difference between this ratio and unity is a

measure of the numerical departure from the Navier-Stokes relation.

In order to examine the behavior of the solutions near the wave front
and "far'" from the front more carefully,it is helpful to derive analytical
asymptotic forms for shear stress and velocity. By applying the Laplace
transformation to both sides of Eq. (91), and to the boundary condition at
the plate surface, one obtains the following expression for the Laplace
transform of pxy (for example):

_ -po U VAT,

Pyy (V: 8) = — = exp {- f (s) y} (96)

[s vr/2 + \/s + (po/#o) 8

where

f(s) = IART - \/sz+(p0410) s . (97)

[Here a(y, 8) = 7 g B0 Q(y, t) dt] i Near the wave front
(o]
AJ b= (Y/aI)

{t = 7 < <1 ) sislarge, and by retaining terms up to l/sZ
f

in the series expansion of \/ L% (po//,L)(l/s) , and inverting the transforms,

one obtains
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Meg(y, t) = - 0.685 exp{- 0.39 Y - 0.087% }[cosh (0. 204%)
a3 (98)
+ (0.38 Y - 0.426) sinh (0.2041) ] .

The shear stress and velocity are analytic functions of t/?’f in this region;
the skin friction at the plate surface given by Eq. (98) with Y = 0 is shown
as the dash(j.:i line labelled t/T'f < 1 in Figure 7.

For t > > 1 the transform of c; M is approximated by the expression

Ad 1. 24
Mc,(y, s) ¥ - 25 exp { -V (p_/u ) (y/a Vs b, (99)
£ \/s_(\/?+ V2/m v (Po&“o) { o/fo 1

so that

Meg(y, 1) ¥ - 1.24 exp{(T/Z) (1 + 2 )} ertc [V1/2 (1 L ). (100)
o

where T = t:/’l'."f , A= al\/_w-/—?.—, and ;o =V (8/m) (P\T0 . The skin friction

at the plate surface given by Eq. (100) with y = 0 is shown as the dashed

line labelled t/’Z‘f >>1 in Figure 7. [Evidently the two approximate

expressions are adequate for t/["f <1 and t/T’f > 10.] Here the analytical

behavior is a little more complicated, but the '"correction'' to the classical

Rayleigh solution is analytic in Tf/t "far'" from the wave front. For example,

Mcg (0, T) = - . [ 1 -(1/T) + (3/T2) - (15/T3) - ] (101)

E3

By employing the relations for M C¢ given by Eqs. (98) and (100),
we obtain approximate expressions for the ratio
4 (8u/8y) - R(T)
Pyy 0

as follows:
For T<1:

. 0.174 cosh (0. 204T) - 0. 241 sinh (0. 2047T)
R(T) = 1 - (4/m) [ Cosh (0. 204 T) = 0. 226 sink (0. 204 T) {102)

and R(0) = 0. 78.

For T>>1;
R(T) £ 1+ (2/m| 1 - (V2/m)aNT) : (103
" [ exp (T/2) erfc (JT/2) S
or
[R(T)] % 1 - (2/m) [(I/T) - @/t .. ] : (103b)

Thus for T > > 1 the departure from the Navier-Stokes relation is of order
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1/T in first approximation, while the velocity slip at the plate surface

[Eq. (85)] is of order 1A/ T .
The approximate expressions given by Eqs. {102) and (103a) are

shown as the dashed lines in Figure 10.
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V. DISCUSSION AND FUTURE WORK

V.1l. Steady, Plane Couette Flow

The simple results for steady plane Couette flow obtained in
Section IV. 2. for the limiting case ME < < 1, A T/T < <1 are all the more
interesting when compared with the complicated behavior of the solutions

generated by methods based on the linearized Maxwell-Boltzmann equation
Sy (d@/dy) = J(@) . (104)

[Here £ = f (1+ ¢), and J(¢) is the linearized collision c)pera.tc:or9 & ]
For example Willis' integration scheme [Reference 15 and Section III. 1 ]
yields a velocity profile for near free-molecule flow of the form¥*

wz)/(U/2) = §[-1.13alog a+ 0.15a] + 0.564a [(3-5) tog, (3 -3)
. (105)
-(3+5)log, (B45) |
where § = y/b'and a = b/A . The shear stress is given by
Pry/Pr)poy = 1 - VT (a/2) - (@°/2) log_ a +... .  (106)

Thus the shear stress and velocity are non-analytic functions of the
parameter (b/A) (or Re/M) in the free-molecule limit. This non-analytic
behavior is produced by Willis' velocity distribution function, which

contains terms of the form

exp 5 BOAE)
Sy
and is therefore non-analytic at §y 2 0,

For the parallel plate geometry most methods based on the linearized
Maxwell-Boltzmann equation greatly overemphasize the role of the particles
travelling nearly in the mean flow direction. It is by no means certain
that similar difficulties do not arise even for the non~linear Maxwell-
Boltzmann equation, and even for steady three-dimensional flows, unless
special care is exercised. It is almost as if one tried to integrate the

ordinary hydrodynamic momentum equation by writing it in the form

* A second approximation gives additional terms of order

0.2 log, o, 0.3 and 1::,4t [Eq. (4. 19), page 25, Reference 15 ] .
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e =S
W. grad W = f (xi , t) . Evidently certain difficulties would arise at a
stagnation point, but these are spurious difficulties introduced by the method
of integration. To take a simple example, consider the ordinary differential
equation x(dy/dx) = y f (x) , which admits of the solution y = C ex —fS:‘—) dx| .
Clearly, integration schemes based on approximations to f(x) may not be
s uitable in this case., One of the important advantages of Maxwell's
transport integral approach is that such difficulties are smoothed over by
the integration process. By analogy, the simple differential equation above
is converted to

f L st de w [xm v f(x) dx ,
which is a more suitable form for approximate or iterative methods.

By applying half-range (Method B) or full-range (Method A)

particle velocity moment equations to the equation for ¢ [Eq. (104)] )

9,23

Gross , Jackson and Ziering avoid the singular behavior in the limit

b/A —> 0. But when the '"second approximation',
+ + +
@ = a, (5, + 3 (NS, X

is utilized, both methods yield expressions for flow velocity and @~

i ¥

containing terms like e-2bA g /A
'tab/f\

contains terms like e . Thus these quantities approach the Navier=-

, while the shear stress

Stokes solution (b/A —- ) in a non-analytic mannerzs. The velocity
profile exhibits a curved portion within a ""Knudsen layer' close to the
plate surface, but outside of this layer the velocity is very nearly linear
in y.

This emphasis on ""boundary effects' led Gross, et al, to reject as

+ +
"too crude' the much simpler analytic solution obtained with @~ = ao- (y) §x

However, in'a recent report39 they reexamine this '"first approximation'.
For the special case of low Mach number isothermal flow this approach
with Method A is much like the present scheme. In fact, the two-stream
Maxwellian [Eq s. (35a) and (35b)] takes the form

fl’z = fo[l + (1+/(RTO) K, ulJZ(y)+ J ,
so that Ex Uy 5 (y) ~ @, and the results obtained by the first

approximation in Method A and the present method are
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identical. * While admitting the attractive properties of this simple

39

solution, Gross™® and Ziering express a lack of confidence in it because
the so-called ""correct' behavior of pxy in the free-molecule flow limit is

not obtained. The normal behavior is supposed to be given by the value of

the slope
B [P/ B Vimina]
a (b/N)
b/A — 0
obtained by Wang Chang and Uhlenbeck by the technique of "Knudsen

iteration''. According to this method18 4

3 [pxy/(pxy)F-M] ~

for hard-sphere molecules, or -1.242 for Maxwell molecules. Method B

s

(second approximation) gives a slope for hard-sphere molecules very close
to the Wang-Chang Uhlenbeck value, while the simple solution [Eq. (92)]
yields the slope -0.50. However, the Knudsen iteration technique is known
to be non-convergent and analytically inadmissible for this problemls' 23.
Wang Chang and Uhlenbeck18 recognized that a second approximation to the
velocity profile was unobtainable by this mnethod. Once an expansion
procedure of this type is applied to tlie Maxwell-Boltzmann equation we are
dealing with a singular perturbation problem, in the language of Lagerstrom40
and Kaplun, and there is little reason for trusting the limiting value of the
slope

8 Pyy/(Pey)pm

3 (b/A7)

in the limit b/A — 0.

In Figure 11 the ratio (p, is shown as a function of

v 7= Py

* Unfortunately there is a numerical error in the expression for ..
near the middle of page 6, Reference 39, If/,:. is defined by the relation
P P

XYy —_ Xz

M F (@G T T,/ 3/2
in the notation of that paper, then one obtains M=, c A ( TI—-X__ )

By substituting the expression for I /‘IT 3/2 obtained from this relation into
the relations for - and q,= u given on pages 5 and 6, one verifies that

the results obtained by the two methods are in fact identical.
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b/A = v2/nY (Re/M) for Willis' solutionls, the C}rose;-Ziering23 second
approximation (Method B) for hard-sphere molecules, and the present
solution. [ The second approximation with Method A39 (full-range moments)
would give an initial slope of about ~0. 70.] Evidently the slopes of the
Willis and Gross-Ziering solutions rapidly approach the value given by the
present simple theory as b/\ increases. The actual numerical differences
in pxy are small.

The present author believes that there is no justification for
regarding half-range moment methods (Method B) as '"superior' to full-
range moment methods such as Method A. One of the advantages of
utilizing Maxwell's inverse fifth power force law is just the fact that the
collision integrals in a full-range moment method are completely independent
of the form of the distribution function, and this advantage is lost in the
half-range moment method (Method B). &

A more serious question is the use of polynomials in @~. It is not
clear that terms of the form S:x gy play any useful role in a rarefied gas
flow. In the simple case of linearized plane parallel flow or heat transfer
these terms do not lead to any special difficulties, but in non-linear problems,
or in problems with curved geometry, one finds the same sort of undesirable
cross-coupling between normal stresses and heat flux as in Grad's equations.
Of course as Gross39 and Ziering point out, there is no '"unique'' integral
method. Perhaps the question of the most suitable method can be settled
only by obtaining '""exact' solutions of the Maxwell-Boltzmann equation
[Eq. (27)] in some simple cases, or by experiment.

Because of the experimental difficulties involved in producing a
plane Couette flow, we must rely at present on investigations of cylindrical
Couette flow in which the width of the annulus is small compared to the
radius of either cylinder. As shown by Yang27 and the present author, if

the drag on the statignary outer cylinder is written in the form

C_LM__ = A(r,/t)) + B(r,/r)) (Re/M) ,

D
the values of the slope B(rz/rl) in the experiments of Kuhlthau41 and
'Bowyer42 and Talbot do not differ very much from the value of 0. 50
obtained for plane Couette flow. [Here ryandr, are the radii of the inner
and outer cylinders, respectively, and Re = U(rZ - rl)/\/ ] By analogy with

the case of plane Couette flow, it was suggested27 that this function is
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identical with the expression obtained in the Navier-Stokes regime, i.e.,
B(rz/rl) = % [l + {zy - rl)/(Zrl)] . Recently D. K. Ai and C. Y. Liu
of this laboratory solved the problem of linearized cylindrical Couette

flow for small ratios of annulus width to cylinder radius, and verified that
the function B(rz/rl) is indeed given by the Navier-Stokes expression over
the whole range of gas densities. However the value of A(rz/rl) obtained
differs somewhat from the correct free-molecule flow val ue because of the
very simple distribution function employed. *

In Figure 12 the drag data obtained by Bowyer42 and Talbot are
compared with the theoretical solution for isothermal cylindrical Couette
flow with completely diffuse reemission. [ Figure 12 also shows the Wang
Chang-Uhlenbecle slopes in the limit b/A — 0. ] In view of the experimental
difficulties at low density the scatter in the experimental data is remarkably
low. The slope of the experimental curve of I/CDM vs. Re/M follows the
simple theory fairly well, not only in the low density regime shown in these
figures, but over the whole range of densities. Nevertheless, by comparison
with Figure l1l,one sees that the experimental drag data is hardly able to
settle the question of the most suitable integral method for this problem.

It appears that measurements of some mean flow quantity such as velocity

or temperature are required to provide conclusive evidence.

V.2. Rayleigh's Problem

At first the wave-like character of the solutions obtained for
Rayleigh's problem in Section IV. 3. may seem surprising, but collisions
between particles in the gas are relatively infrequent when t/Z"f <1, and
thus diffusive effects are secondary. The over-simplified version of the
two-stream Maxwellian employed in Section IV. 3. introduces a certain
averaging process over the particle velocities in the direction normal to

the plate; the result is a single characteristic propagation velocity equal

* D. K. Ai utilized the linearized Grad equations, while C. Y. Liu
employed the present method. For the shear flow Grad's equations offer
no difficulties, but for heat transfer they lead to a physically incorrect
result in the free-molecule flow limit. The present method yields
consistent results over the whole range of gas densities. These results
will appear in forthcoming reports. We are also investigating the problem
for arbitrary ratios of annulus width to cylinder radius.
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to the isothermal sound speed. This ""defect' is easily removed by
employing a slightly more sophisticated two-stream Maxwellian that
differentiates between '"fast!" and '""slow'' particles. This new distribution
function is the natural generalization of the function utilized by Yang43 and
the author for Rayleigh's problem in free-molecule flow with arbitrary plate
Mach number and plate temperature. In free-molecule flow, particles
crossing the horizontal plane at y from below at time t are aware of the
plate motion only if §y > (y/t),where t is the time elapsed since the start

of the impulsive motion. Thus, a more consistent two-stream Maxwellian

is defined as follows: (Figure 3)
1 ’ §y > Y/t
< <
£f=1 , -m=§y=y/t :

For low speed isothermal flow n) =n, = const., and Tl = TZ = const.,

f = f
(104)

as before. Of course the momentum equation [Eq. (79)] is also unchanged,

but the transport integral for Q = m - gy [Eq. (53)] now yields the equation

op
=+ p_ (6u/y) - (8/8y) (P, L) =

ot xy 1 (Po/ft o) Pyy - (105)

The equations are still hyperbolic, but the characteristics are defined by

(dy)/(a;dt) = dY/dT = 3 (Y/T) t \/EYZ)/MTZ)] +1 (106)
or
log, (T/T,) = 1/4 (Y/T%) i[% (Y/T) \/1 + (Y2/41%) + Llog (3 S #/1+ .‘1}.%2 )],
(107)

where T is the intercept alongY = 0 (see sketch on page 54). Near the
plate surface the characteristic signal speeds are 3 a;, as before
(Section IV. 3.) , but far from the plate surface, or more precisely, when
Y/T > > 1, the characteristic speeds are 0 and y/t > > a. Along T = 0 the
characteristic speed is infinite. Without going into details, we state that

the solutions for the shear stress and flow velocity for T < <1 are

-/ (2@t t?)
Mcg(y, t) = 0.62 e

and
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Y= y/(aI t‘f)
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u/U(y, t) = } erfc ( Y )
vV 2RT t
o
and these solutions are identical with the free-molecule flow solutions

For large times (t/’t"f =3 1) pxy =3 p (8u/dy) , as before, but

lim pxy
t—=>0 " (au/ay) y=0

By employing the method of characteristics we obtain the entire time

= 0 s

24, 43

history of the smooth transition from free-molecule flow to the classical

Rayleigh solution.

V.3. Future Work

When the present method based on Maxwell's integral equations of

transfer is applied to linearized flows, reasonable results are obtained
fairly simply, and most of the essential features of the problem are

uncovered. But low Mach number flows with small temperature differ

ences

are too simple to provide a serious test of any method that purports to be
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general. Recently C. Y. Liu and the author applied this method to steady
plane compressible Couette flow, in order to study the effects of large
temperature differences and dissipation. ¥ Similar techniques are now
being investigated for the flow of an unionized, monatomic gas through

a normal shock wave of arbitrary strength. We are also studying the
steady flow over a cylinder or sphere.

No integral method such as the present one is capable of resolving
old problems such as flow separation and the details of wake formation
behind bluff bodies in the Navier-Stokes regime. For this reason it seems
desirable at first to restrict the studies of flow over closed bodies to the
two limiting cases of M >> 1 and M << 1. At hypersonic speeds, the flow
over the rear portion of the body does not influence the flow over the
front portion very much. On the other hand, when M << 1, a wide range
of the parameter Re/M can be investigated from free-molecule flow up to
the Stokes or Oseen limit [Re = 0(1)] , without penetrating the regime in
which vortex shedding occurs.

So far the work is restricted to the study of a pure, unionized,
monatomic gas, but in principle the method can be extended to include gas

mixtures and charged particles.

* Report to appear soon,
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APPENDIX A

MAXWELL'S INTEGRAL EQUATIONS OF TRANSFER
IN AN ORTHOGONAL CURVILINEAR COORDINATE SYSTEM

Maxwell's integral equations of transfer of a quantity Q that is an
arbitrary function of the velocity components of a particle must include
the rate of change of Q produced by particle acceleration (Section IIL. 2. ) .
This contribution is expressed as follows:

3 —

B§ e e

f“ ) %5‘3—, 7 )48 =ff‘g1‘€—- Ve )Qds (&-1)
i=1

In a curvilinear coordinate system

-> -

— =
2B+ Q x5 =F/m (A-2)

——

%ere F is the '"external' force vector acting on a single particle, and
is the local instantaneous angular velocity introduced by the curvature

of the coordinate system. Thus

> -> o e .
f“‘g'?.i 'V§)Qd_§ =f £ - (§2x3) Ve Q& . (a-3)

-
The term ﬁ x § is evaluated with the aid of the relations for orthogonal
coordinate curvature given by elementary differential geometry. For

simplicity, consider the two-dimensional case first (see sketch):
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Suppose that the differential arc lengths along the curves a, = const.

and a, = const. are given by
As; =h Aa, and As, = hZAuZ (A«4)

respectively, where ay and a, are the orthogonal curvilinear coordinates,

and hl and h‘2 are known functions of a, and a,. Then the curvature in the

ay direction is responsible for an apparent acceleration in that direction
801 601

given by ¥, 5 = 3,5, -5-; . Similarly, the curvature in the a,

direction produces an acceleration in the ay direction given by

302 2 892
- gz 5= = - 52 7e, so that the total contribution in the o, direction
is
2
wm O "™ 80, 5,5, 9, §,° 99, -
R Esl 2 Esz B hy " 9a, h, da, :
Now Gtﬁsl) = A CP AOI (see sketch). But S(Asl) = BhIAal "
according to Eq. (A-4); therefore,
09, _ oh _ , an e
Ba) LIPS B, Ba;
Similarly,
892
e = 1/h; (8h,/8a,) ’ (A=T7)

By Eqs. (A-5), (A-6), and (A-7), the contribution to the component of

acceleration in the ay direction made by coordinate curvature is given by

1/(h; h,) [ 5.5, (0h,/0a,) - s,° (8h,/0a)) ] : (A-8)
The contribution made by the component of velocity H§3 and the coordinate
curvatures in the a, and ay directions is obtained from Eq. (A-8) by
replacing the subscript 2 by 3.

By generalizing this result to the three-dimensional case one obtains
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3
=
ff‘ 9"5-35 )Qd¥ =f $ Z (F,/m) (00/85,) 4

i=1
2 ¢ , oh oh,
el st w s ) -
=1

, Bhy oh, | o
+ 1/(hihk) ( % Fi = §i S-k 9-‘1_1: ) \3(52/&)(1i dg ,

where the cyclical order of permutation of the indices i, j, k must be

followed. Finally, Maxwell's integral equations of transfer in orthogonal

curvilinear coordinates are as follows:
3

a/a:;jfc)d;r + (1/h1h2h3) Z (B/Bai) hjhk ff 5y ng
i=1
(A-10)

8% = >

=ff(8t .vf)ng‘i'AQ .

where the first integral on the right-hand side of Eq. (A-10) is given by
Eq. (A-9), and the collision integral/\ Q is given by Eq. (32) of the text,

Of course /A Q is evaluated locally and is independent of coordinate

curvature. The evaluation of A Q for Maxwell particles is discussed in
Section IIIL 3,
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APPENDIX B

CHANGES IN COMPONENTS OF RELATIVE VELOCITY
DURING A BINARY COLLISION

This appendix contains a simple vector geometry derivation of
the relations written down by Maxwellqrb and Jeanszc. For clarity

suppose Figure 4 is rotated so that OG plays the role of one coordinate
axis:

X

| /axis
s

L~ / R
amy
/ €

o'////r

S

o0

As in Figure 4, OG, OR, and the x- axis lie in one plane, and OG, OG/',
and OP lie in another plane (the plane of the orbit) making a dihedral

angle & with the first plane. Now the x- component of the relative velocity
after collision is given by

cos (G', x) =

(s -5 .. 1 B-1
v 1G' ” ’ ( . )
- >
where iG' and i are unit vectors along OG' and the x- axis, respectively.
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But > > - ,
4 — 1 3 2 1 B-
ig = iG cos @' + i, sin 0 ( )

and
[ ; 1. s B-3)
iP-iRcosE +1SsmE . (

where OS is perpendicular to OR and perpendicular to the plane containing
Therefore,

OG, OR, and the x- axis.

- - - d
i icos & +is.isin£]

> > e
= (i.. i) cos 8'+ sin 0! [R.
(B-4)

iG,.i = (1G.

cos (G, x) cos @'+ sin @' rsin (G, x) cost + 0 ]

{§;,~% )
But, cos (G, %) = -—g-l-v-i—’-{— , so that [Eqs. (B-1) and (B-4)] .
2 (g‘l -5 ) 2 gin @ cos€g.

(§'-5,"), = (& -F), cos0'+ \/V .
(B-5)

Denote by w " the dihedral angle between the plane containing

OG, O, and the y- axis, and the plane containing OG, OR, and the

x~ axis (see sketch below).

G /
‘l / '
/y' axis

ra

) X- axis




66

OQ, OR, and OP all lie in a second plane perpendicular to OG. Now
(S" -3‘1') = -

ORI o —v—L = g ' (B-6)
where j is the unit Y:ctor along the y- axis. But iG' is given by Eq. (B-2),
and the unit vector tP can be written as

- B -
iP= iQ cos (€ + Cuyx) + iT sin ( ¢ +wyx) 4 (B-7)
where the direction OT is perpendicular to OQ and perpendicular to the
plane containing OG and-;-. Therefore,

- -

i1+ § = cos (G, y) cos @'+ sin @' [sin (G, y) cos (€ tu )+ 0)(B-8)

and [ Eqs. (B-6) and (B-8)] ,

(5' '51' )y o (3-1 -S)Y cos @' + \ﬂlz - (5‘1 -€ )YZ sin @' cos (E+a)¥x) ’

(B-9)
which 18 the result quoted in Eq. (48) of the text, with y replaced by k.
-r- s
The angle wyx is determined by expressing i and j as follows

-> -~
i =i 8in (G, x} + i cos (G, x)
E " o (B-10)
j = iQ sin (G, y) + iy cos (G, v) ”
- - ; -
and utilizing the vector idenhtu «Jj = 0. Since iQ . iR = COS8 C‘)Yx , and

T, and i, dicular to §
*R in 0 are perpendicular to G

faJ = 0 = cos wyx. sin (G, y) sin (G, %) + cos (G, y) cos (G, x) , (B=-1ll)
from which one obtains
(&), = (), -
cos W = - L§_1__y §Y][ 51:_3_xl____ : (B-12)
2 Vs -t

I oyl
VASENE IS
The expression for cos 2 - is obtained by replacing the subscript y by z

[Eq. (49)] .
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