Supplemental Material

Efficient population coding of sensory stimuli

Shuai Shao's2, Markus Meister? and Julijana Gjorgjieval-?

1. Computation in Neural Circuits Group, Max Planck Institute for Brain Research, Frankfurt, Germany
2. Donders Institute and Faculty of Science, Radboud University, Nijmegen, Netherlands

3. Division of Biology and Biological Engineering, California Institute of Technology, Pasadena, CA, USA

4. School of Life Sciences, Technical University of Munich, Freising, Germany

Contact: gjorgjieva@tum.de

1 The mutual information between stimulus and spikes equals the
mutual information between firing rates and spikes

In this section we prove the argument in the main text that the mutual information between the stimuli s
and the spike counts 77, equals the mutual information between the firing rates 7 and the spike counts 7, i.e.,
I(s,i) = I(7,7) (Eq.[5). This was also shown in previous literature [I] but limited to a single neuron (i.e.,
N =1, when 7 and 7 are scalars).

Since the spike counts of different neurons are independent of each other, we can write

= Hp(m\s). (S1.1)
Inserting it into the formula of the Mutual Information (Eq. [3), we have
I(s,7) = Z/dsp(s)p(?‘ﬂs) log p(ls)
’ P(it)
-Y [ dsp(s)plls) tog(ils) - 5 PUos P(7)

(S1.2)
—ZZ/dsp ) log p(ni|s) Hp ng|s) ZP ) log P(77)
=33 [ dspls)logptnils) [T ptrels) - 3 P log P(5).
i o# k
Note that [[; p(nk|s) = p(nils) [ [ p(nkls), summing over all k # 4, we have
(s,7) ZZ/dsp p(n;|s) log p(n;s) ZP ) log P(7i
‘ (S1.3)
=S [ v plalos) logptrnsln) ~ 3 PG log P(7)
Denoting by 7(%) = (U1, ey Vie1, Vit 1, ..., Vi) the vector of all the v except for v;, we have
/ AN p( D) = 1. (S1.4)



Therefore, equation (Eq.[S1.3) becomes

=25 [0 501 [ o) o) o ) -3 Pl os Pl
= ZZ/dNﬁp (V) p(n;|v;) log p(nilvi) ZP )log P(7i

(S1.5)
—ZZ/le/p (V) p(n;|7) log p(n; |V ZP )log P(7%
—ZZ/d v p(V)log p(n;|v Hp ng| V) ZP )log P(7
Similar to Eq. we also have
p(ii|V) = Hp n;|V) (51.6)

which leads to

I(s,7) :ZZ/dNﬁp(ﬁ)p(ﬁ| log p(n;|7) ZP Ylog P(i

= 5 [ 470001t S osptn) - 2 P

= / AN p(7) p(ii|7F) log p(ii|7) — > _ P(ii) log P(ii) (S1.7)

2 Density of the mutual information for a single neuron is constant
when optimized

This section works as a first step to prove that the optimal activation function for a single neuron is discrete.
We limit our discussion to a single neuron. Without loss of generality, we only consider an ON neuron with
an activation function where the firing rate increases with stimulus intensity. Studying an OFF neuron is
entirely symmetric. As in the main text, the maximal firing rate of this neuron is constrained to vp,q, and
the spontaneous firing rate is denoted by vy.

2.1 A neuron with a discrete activation function

First, we consider a neuron with a discrete activation function. In this case, the firing rate can only be some
discrete values between vy and vpyax. Therefore, we denote the probability that the firing rate is v by p,,
instead of p(v) that we commonly write. The mutual information is then

I(s,n)=1(v,n) ZZpup n|v)log ((|V)) (52.1)

We can define the entropy of the spike count at a given firing rate as

+oo
=~ p(nv)logp(n|v) (52.2)
n=0

and note that

P(n)=>_p,p(nv), (52.3)
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so that we have

I(v,n) = — Zpl, h(v) — Zp,, Zp(n|1/) log P(n). (52.4)

Since p,, are probabilities, we have the constraint that ) p, = 1, hence to optimize the objective function
we include a Lagrange multiplier,

IT=1I(,n)+ > p—1). (S2.5)
Assuming optimality,
Op, I =—h(v) = p(nlp)log P(n) = > p(n|v) + A =0. (S2.6)
Absorbing — > p(n|v) = —1 into A, i.e. A = XA — 1, we have
—h(v) =Y p(n|v)log P(n) + XA = 0. (S2.7)
n
Multiplying both sides by p, and summing over v, we have

I(s,n)+ A =0. (52.8)
We define

i)=Y p(nlv) 1ogp]g7éL”)) . (S2.9)

Multiplying this equation with p, and summing over v, we have
I=> pi(v). (S2.10)

Therefore, we call i(v) “the density of mutual information”, which is also defined by Eq. @] in the main text.

According to Eq. we can write

nlv)

I(v,n) = —\=— Zp(n\y) log P(n) — h(v) = Zp(nh/) log p](g(n)

This means when the mutual information is optimized, i(v) is a constant for all possible v. The convexity
of the mutual information ensures that the optimal solution is unique. As a special case, if the spontaneous
rate vy = 0, according to Eq. [l|and Eq. |2} we have p(n = 0jr = 0) =1 and p(n # 0lv = 0) = 0. As a result,

= i(v). (S2.11)

I =4(v =0) = —log P(0). (52.12)

Also, Eq. [S2.11] means the mutual information I(v,n) is distributed proportionally to the probabilities p,
when it is maximized. In addition, one can also define

is(s) = Zp(n|s) logp]g@:)) , (52.13)

then we have
Iz/dsp(s) is(8) (52.14)

and
i(v) = is(s). (52.15)

Therefore, the maximal mutual information I(s,n) will be distributed proportionally to the probability
density of the stimulus s, denoted by p(s) in the main text and Fig. . The density function i,(s) is also
a constant over the space of stimulus s. For example, if we have a ternary activation function with three
possible firing rates 0, Vpqz /2, and Vp,qz, and the stimulus s follows a standard normal distribution, the input
space in terms of v is {0, Vimaz/2, Vmaz |, 80 We have i(v = 0) = i(V = Vnmas/2) = {(V = Vmas). Similarly, the
input space of s is then the set of all real numbers R, and we have is(s) = const, s € R.



2.2 A neuron with a continuous activation function

We assume that the neuron has a continuous and smooth (analytic) activation function, with the lowest rate
(i.e., the spontaneous firing rate) vy and the maximal firing rate v,q,. Then, the mutual information can
be written as:

I = z:/”"’“ar dsp n| )1og P Z/yl’vmr dyp (an)Ing](;(llLy))- (82.16)

Define I = I + A (fym" p(v)dv — 1), then

too VYmazx Vmazx
Z n)log P(n) + Z/ dv p(n|v) p(v) logp(n|v) + A (/ dvp(v) — 1) . (52.17)
When optimized,
~ oo Vmazx Vmax
ol = — Z (log P(n) 4+ 1) 6P(n) — / dv h(v) op(v) + )\/ dv dp(v) = 0. (S2.18)
n=0 Yo vo
Because o 3
0P(n)=94¢ {/ dvp(v) p(ny)} = / dv p(n|v) ép(v), (52.19)
we have

Vmax

Vmaz +00
6 = — dv n|v) (log P(n) 4+ 1) ép(v) —
/u ;p( v) (log ) 6p /V

(0]

dv h(v) dp(v) + A /me dvdop(v) =0 (S2.20)

0
which leads to
- Zp n|v) (log P(n) +1) — h(v) + A = 0. (S2.21)

Absorbing — En o p(nlv) = —1 into A, multiplying by p(v), and integrating over v, we have I + X = 0. As
a result,

Zp (nlv)log P(n Zp (n|v)log (| )) i(v), for v € |1y, Vmag) (52.22)

which means the density of mutual information () is a constant for all firing rates v. One can still define the
density function with stimulus s as Eq. [S2.13 and the is(s) is still a constant when the mutual information
is optimized.

In summary, we have shown that the density of mutual information i(v) is a constant for all possible
firing rates, independent of whether the activation function is discrete or continuous. We note that this
result has also been proven in previous work using a different approach based on the convexity of mutual
information [2,3].

3 The optimal activation functions of a population of neurons are
discrete

To prove that the optimal activation functions are discrete, we first need to prove that when the mutual
information of a population of N neurons is maximized, the density of mutual information i(v1) that we
defined in the main text is a constant and equals to the maximal mutual information I (Eq. [B5). Con-
sistent with the main text, we denote p(n;|v;) by L(n;,v;T) from now on.



According to the definition in the main text (Eq. , we have

ny|\V
= 3 plmilon) tog PP 4 b — oy

" P (S3.1)
L T '
- ZL n1, T log 2T Loy e
- P(n)
and we can see that when neurons 2, ..., N are all optimized,
/dllll Vl)p(l/l) —IN —I(Fl)—FPl(O)ImaX (832)

Similar as in the last section, we define IN =Iy+A (f”’"” p(v1)dyy — 1), and write

+oo Vmazx
Z P(n1)log P(nq) Z / dvi L(ny, 11 T) p(v1)log L(ny,nT)
n1=0 n1=0 (833)

T S / i dvy p(11)L(0, 11 T) + A (/ g dvy p(v1) — 1) .
0 0

When optimized,

+oo Vmaz Vmazx
0ly = — Z (log P(n1)+1) 6P(n1)—|—/ dug (Iﬁi"lL(O,VlT) - h(yl)) 5p(1/1)+/\/ dvy 0p(ry) = 0.
=0 0 0
(S3.4)
Because . .
0P(ny) =20 {/ dvy p(v1) L(ng, VlT):l = / dvi L(ny, 11 T) 6p(v1), (S3.5)
0 0
we have
— Vmax too
0y = 7/ diy Z L(ni,nT) (log P(n1) + 1) dp(r1)
0 =0 (S3.6)
+/ dvy (IN™ L(0,1T) — h(11)) ép(ry) + /\/ dvy dp(r1) =0
0 0
which leads to
- Z (n1,nT) (log P(ny) + 1) + I8 L(0,nT) — k(1) + A = 0. (S3.7)
ny= =0

Absorbing — 27
0. As a result,

L(ny,1nT) = —1 into A\, multiplying by p(v1), and integrating over v7, we have Iy + X =

n10

max
IN

=A== L(ni,nT)log P(n1) + IN™ L(0,11T) — h(:)

ni

= Z L(ny,1nT)log

ni

L(ny, nT) (S3.8)

IN® L0, 1 T) = i(v for v, € [0, v .
P(nl) + ( 1 ) ( 1) 1 [ maw]
Second, we need to prove that the above result (Eq.[S3.8) will lead to a contradiction if the optimal activation
function F3j is continuous. From the discussion in the main text, this is equivalent to finding a paradox in

—+o0

_ L T

i)=Y L(ny,T)log (]7?(’:11)) + I L(0,14,T) = I = const. (S3.9)
n1=0



Following the same procedure as in the main text, we can prove that if we write the Maclaurin series

+oo
L(ny,nnT) = Zan1,l~c(V1T)k (S3.10)
k=1

for any ny > 1, the sum of the coefficients of log(vT") terms in the m'” derivative of i(1) is then Z:lo; Ay m J(N1),

where j(ni) is the minimal index of k that makes a,, » > 0. This follows the same formalism as Eq. [22]in
the main text, because the additional term here, I L(0,11T'), does not contribute to log(vT') terms when
it is written as a Maclaurin series.

If Eq. were correct, all the derivatives of 7(u1) would be 0, and we would have

+oo
Z anl,mj(nl) =0 for any m > 1 (8311)

ni=1
because log(v1T) diverges as 11T — 0. Again, similar as in the main text, we could show that in this case,
L(ny =0,1nT) =1 for any vy, (S3.12)

which cannot be true. Therefore, we have proved that the optimal F; being continuous will lead to a paradox.
Therefore, in a population of N neurons, given that neurons 2, ..., N are all optimized, the optimal activation
function of neuron 1 will be discrete.

4 The number of steps in the optimal activation functions in-
creases as a function of the maximal firing rate constraint

Here, we perform extensive numerical calculations on neuronal populations with up to four neurons and any
ON-OFF mixture to demonstrate that as the maximal firing rate constraint vy,,x increases, the number of
steps in the optimal activation functions increases. We calculated the optimal thresholds numerically using
three different noise generation functions L(n,vT) (Fig.[S1)):

(1) Poisson distribution

T n
L(n,vT) = (Vn') exp(—vT), (54.1)
(2) Binomial distribution
L(n,vT) = (3)p" (1 =) ", (84.2)
where N = 30 and p = vT'/N, and
(3) Geometric distribution
L(n,vT) = p™(1—p) (54.3)

where p = vT/(1+ vT).
In detail, we calculated the mutual information as a function of the firing thresholds and intermediate
firing rates, based on Eq. [l These parameters were initialized randomly, and then optimized using SLSQP
method [4]. All code was written in Python 2.7. A sample is publicly available at |https://zenodo.org/record /8083056
We find that the number of thresholds increases as the maximal firing rate constraint vy,,x increases.
Moreover, for all neurons in the same population, the threshold splitting occurs at the same firing rate,
meaning that every neuron in the population has an optimal discrete activation function with the same
number of steps. Hence, the optimal neuronal population consists of exclusively binary neurons, or exclusively
ternary neurons, or exclusively quaternary neurons, etc. But it can never be a mixture of neurons with
different numbers of steps, e.g., binary and ternary.


https://zenodo.org/record/8083056
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Figure S1. Optimal thresholds in different neuronal populations (1 ON + 1 OFF, 2 ON, 2 ON + 1 OFF,
3 ON, 2 ON + 2 OFF, and 3 ON + 1 OFF) with different noise generation functions (Poisson, Binomial,
and Geometric distribution).



5 Population coding of binary neurons with any noise generation
function

From now on, we denote the probability function of spike generation as L(n;,;), where n; is the spike count
of neuron ¢, and r; is the expected value of n;. When the firing rate of neuron i is v; and the time window
is T', we have r; = v;T. Consistent with the main text, we assume the neurons do not have a spontaneous
firing rate, i.e., vy = 0. R = vmax1 is the maximal value of any r;.

For a binary neuron, we define the interval of stimulus space partitioned by its threshold as u; = Prob(y; =
Vimaz), which is the same as Eq. [3§]in the main text (Fig. 2B). The mutual information between stimuli and
spikes can be formulated as

P
I = g(uy) Z/dsp p(nls)log P(n|s)

(n)

= —(1 —u1)log P(0) + u; L(0, R) log L( Uy Z L(n,R)1 L( (nR;) (S5.1)

+oo

= —P(0)log P(0) + u1 L(0, R) log L(0, R) — uy loguy Y _ L(n, R).
n=1
Define ¢ = L(0,R) =1 — "> L(n, R), we have

P0)=1—wu; +uigq (55.2)
I = —P(0)log P(0) + u1qlog g — u1 (1 — q) log uy . (S5.3)

Here, all the nonzero spike counts have been merged as in previous work with Poisson spike statistics [5].
It is equivalent to only having a firing state n # 0 and a non-firing state n = 0. The only difference from
Poisson spike statistics is the exact formulation of the function L and the value of g. This similarity allows us
to use some of the results derived in previous literature [5]. For example, given a population of N neurons,
its mutual information can be written as

Iy = g(u) + (1= (1 = ) [g(u”) + .+ (1= w5 (1 = 0)) gy V)] (85.4)

where u(] ) means the revised probability of u; after knowing that all neurons 1, ..., j (j < ) did not spike,
and g(u ) —(1 —u+ ug)log(l — u+ uq) + ugqlog g — u(1 — ¢) logu. The index of neurons follow Eq. [37]in
the main text (Fig. 2B).

(4)

One can show that u,;”’ follows the rule below [5]:

W - (1 - P.(j_l)(())) W97 =D (1 g

(9) J i J
u = — = — (S5.5)
PY=0(0) 1—uf"V(1—g)
if neuron ¢ and neuron j are both ON, or both OFF, and
, (G-1) (G-1)
u) = _ Y (S5.6)

PITV0) 1-uY V(g

if neuron ¢ is OFF but neuron j is ON. Here Pj(k)(O) is the probability that neuron j does not fire after
knowing that none of the neurons 1, ...,k (k < j) spikes, we also have

PP 0)=1-u"(1-q). (S5.7)
Taking derivatives of Iy with respect to u(N b u%v:f), .o, and uy yields [5]

-0 = ! S5.8
K N it D)1 —q) + ¢ 00 (55.8)



Using Eq. Eq. and Eq. iteratively, we can then derive the optimal solution

_ 1+@-1)(1 -9
U= N — ) 0D (85.9)

for ON neurons and )
14+ (m—-i+1)(1—q)

i 55.10
N(1—-q)+ q—9/(1—a) ( )
for OFF neurons. With the definition in Eq. we instantly get
_ _ 1 def
P1 = Pm+1 = N(l — Q) n q_q/(l_q) = Pedge
. o l-¢ _def (S5.11)
P2 = S Pm = P2 = SPN = g e g P
p= (1 - Q)pedge
which is summarized in Eq. [45] of the main text. In this case the maximal mutual information
0% = Jog (1 FN(1- q)qq/“*q)) — —log P(0) (85.12)
and we also have
Iy* = —log (1 — Np). (S5.13)
Using Eq. [S5.12 and comparing I7*** and I3**, we have
Iy™ =log [N (exp(I7"™) — 1) +1]. (S5.14)

We can also calculate the overall mean firing rate (7) of a population given the optimal thresholds of Eq.
If the stimulus s is higher than 6; (the threshold of the highest ON neuron), all the m ON neurons fire at
Vmax together. If s € (63,601), m —1 ON neurons (neuron 2, ...,m) fire at Viax, and so on so forth. Following
this idea, we can write

m—1 N-m—1
l/max . .
U= N lpedgem—kpZ(m—z)+pedge(N—m)+p Z (N—m—z)]
i=1 i=1
_ Vimax mm—-1) (N -—m)(N-—m—1) (S5.15)
TN |:pedgeN +p 2 +p D)
N -1 m
= |:pedge + Tp+ N (TTL - N)p:| Vmax,

which produces Eq. in the main text.

6 Population coding of binary neurons with heterogeneous maxi-
mal firing rates

6.1 Maximal mutual information and optimal firing thresholds

As mentioned in the main text, we define v,y ; as the maximal firing rate of neuron 7, and then
Ri = Vmax,i Ta qi = L(07 R7)7 (861)

and .
*d for ON

u; = Prob(v; = Vmaxi) = { "%, sp(s), for (S6.2)

’ JZ._ dsp(s), for OFF.



Similar to Eq. the mutual information of a population of N neurons can be decomposed into N terms,

Iy = () + (1= wa(1 = 1)) [ga(s”) + o+ (1= af 57 (0= av-n)) gy ™) (86.3)

where u(] ) means the revised probability of u; after knowing that all neurons 1, ...,j(j < 4) did not spike,
and g;(u ) denotes the information encoded by neuron ¢. With binary neurons and heterogeneous maximal
firing rates

9i(u) = —(1 — u+ ug;)log(1 — u + ug;) + ug;log ¢; — u(1 — ¢;) log w. (56.4)

Also similarly to the case with identical maximal firing rates for all cells (Eq. |S5.5|and Eq. S , ) relates
G-1)
to u; with

G-1) _ (1 _ pl-D ) G=1) _ 3=
G _ (-7 0) (1-q) S
Ui = G-1) - ui 1> (86.5)
P(0) 1- (1—q)
if neuron ¢ and neuron j are both ON, or both OFF, and
, G-1) (G-1)
u) = _ Ui (S6.6)

PP0)  1-uf (-

J

if neuron ¢ is OFF but neuron j is ON. Pj(k)(()) is the probability that neuron j does not fire after knowing
that none of the neurons 1,...,k (k < j) spikes, and can be calculated as

PP (0) =1l (1 - qp). (86.7)
Taking derivatives of Iy with respect to u(N 2 uE\J,V__f), ..., and wuy yields
_ 2:/(1—qi)
ul(_zfl) i (S6.8)

J 1 J
1+ 21— gy)g /00

Using Eq. and Eq. iteratively, we can derive the optimal solution

i/ (1—q; i—1 ) (1—q;
L q;I /( q)+2j:1( qj)q;‘l /(1—q;)
v 1 N 1— a;/(1—aq;5)
+ 2= —4j)q;

(86.9)

for ON neurons and

i/(1—qi 3 1— J
o q:I/( Q)_i_zj m+1(1_q])q;1 /(1—q;)
T 1 3 .
L+ 30 (1= gy)gp /™)

for OFF neurons. Also, inserting Eq. [S6.8 into Eq. [S6.3] we can calculate the maximal mutual information
as

(86.10)

Iy = log 1+Z g;)q/ ) (S6.11)

=1
With the definition of p; (Eq. [54)), we can calculate the cumulative stimulus intervals partitioned by firing
thresholds as

q1/(1—q1)
41 — o In qgl/(l—m)

- N 5/ (=;
1+Zj:1(1—%)q;1/( @)

qm+11/(1 qm+1) - )
_ m+ —I dm+1 dm+1
Pm+1 = w/a—a) € Y m (S6.12)

N
1+Zj 1(1_‘11)%
g/ (ma) — g/ J(=a) _ 1/(1—qi-1)
pi = ¢ < Kol qj/(l_qj):e In q;h 4 —q;5 q”‘l], i1#1land i #m
1"‘23‘:1(1 _Qj)q]‘

10



which produces Eq. in the main text. Next, we ask how the optimal stimulus intervals {p;} depend on
the noise levels g;. To proceed, we define

fi(z) = x®/(0=2), folx) =2V/A=2 2e(0,1) (S6.13)
which are the two functions appearing in Eq. [S6.12] above. One can prove that

dlog fi(z) 1—xz+logx

dr T map (S6.14)
dlogfz(x)_l—x+xlogm>0 '
dz o (1—2)2% '

Therefore, given the fixed amount of mutual information I, p; decreases with ¢i, pm,+1 decreases with
Gm+1, and any other p; decreases with both ¢; and ¢;—;. When ¢; — 1 and ¢;—1 — 1, p; approaches its lower
limit 0. In contrast, when ¢; — 0 and ¢;_; — 0, p; approaches its upper limit e ~/~.

6.2 Mean firing rate

The mean firing rate can be calculated as

N
1
N § Vmax; Wi
=1
i—1

N m i—1
7zqii/(1_qi)10gq1*Zlog%’z 17%) /(A—q;) _ Z log q; Z (17%)(];11/(1 qj)
i=1 i=1 j=1

i=m-+1 j=m+1

N
Il

(S6.15)
Here, we prove that (1) homogeneous populations of ON or OFF neurons generate the highest mean firing
rate 7; (2) When the lowest 7 is reached, Eq. [85]and Eq. [86] must be valid. To proceed, we denote

Ai=—logg:, B;=(1—gq)q"""". (S6.16)

Note that for any 7, A; > 0 and B; > 0.
To prove the first argument, we rewrite the mean firing rate as a function of m, the number of ON
neurons in the population:

7(m) = NT Zq; /(=40 4, +ZA ZB + Z A Z B;| . (S6.17)

i=m-+1 j=m+1

One can then obtain

_I [~ i—1 m N
pim = N) = w(m) = S [S A B - ZAlszf S 4 Y 5
_i:l j=1 1=m-+1 j=m+1
o—TIn [~ i—1 N
=% | 22 A _Bi- Y A Z B; (S6.18)
_i:erl J=1 1=m-+1 Jj=m+1
v &

which means a homogeneous ON population always generates higher mean firing rate than a mixed population
with the same maximal firing rates {Vmax i} Similarly, one can also find 7(m = 0) — #(m) > 0. Therefore,
we have proved the first proposition above, that homogeneous populations of ON or OFF neuron generate
the highest mean firing rate v.
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To prove Eq. we assume for neuron ¢t and ¢t + 1 (1 < ¢ < m), ¢ > i1, which results in A; < Apqq
and By < Byy1. Then we swap neuron ¢ and ¢ + 1 and show that 7 becomes lower. The change of 7 due to
the swap can be eXpressed as

N

1—1
AD = NT ZAlZB +At+1ZB + A, ZB + Biy1 +ZA12BJ ZAiZBj
J=1 i=1  j=1

1=t+2 Jj=1

e_]N t—1 t
= NT (Apr1 — Ay) ;Bj + (A — A1) z:: + (Biy1 — By Ay
eI )
= NT (Bi+14s — A1 By) -
(S6.19)
To compare B;y1A; and Agyq1 By, we calculate the derivative d(A;/B;)/dg; as follows:
d [ A; log g; > 2
— (=) =B -1, S6.20
dg; (B) (1—qz' qi ( )
where we have used Eq. to acquire dB;/dg; = B;logq;/(1 — ¢;)2. Then we define
rx—1
I — S6.21
f3(z) =logz N ( )
and show that f5(z) < 0. This leads to
L (L) =B ~~l<o, S6.22
dg; (Bi) l(l_Qz qi ( )
and then A N
t t+1
— < . S6.23
By By ( )

Therefore, if ¢; > qi11, swapping neuron ¢ and ¢ + 1 will reduce the mean firing rate . This implies when
the mean firing rate  is minimized, there must be

G < ..<gm. (S6.24)
In the same way we can prove that there must also be
Gmi1 < ... < gqn, (S6.25)

which is the equivalency for OFF neurons. These two equations prove Eq. [85]in the main text.
Finally, to prove Eq. [86] we calculate the difference #(m) — v(m — 1), which should converge to 0 when
p(m) approaches the minimum. According to Eq. [S6.17]

m—1

7(m) — v(m AmZB — B Z A;. (S6.26)

j=m+1

Then v(m) — v(m — 1) — 0 gives rise to Eq. [36]in the main text.
7 Population coding of ternary neurons with any noise generation
function

7.1 Maximal mutual information of a population of ternary neurons

Following Eq. we decompose the mutual information encoded by N neurons as

In (401, ey uN) = L (41, oo i) + QoI N—m (u;g”gl,...,ug’vq“) . (S7.1)
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Here, the cumulative stimulus intervals u; are written as vectors because the activation functions are ternary.
Q. denotes the probability that none of the neurons 1,2, ...,m fires. As before, we define the superscript
(m) to denote the ‘revised’ stimulus intervals assuming that the m ON neurons do not fire.

To generalize the definitions of these revised thresholds for IV ternary activation functions, we use ug’N)
and ug’N) to denote the cumulative stimulus intervals given the condition that none of the neurons 1, ..., j (j <
1) fires, and

PIN(0) = 1 - uff™ (1= L(0, fiR) — uf™ (1 - L(0, R)) (572)

to denote the probability that neuron i does not fire, when none of the neurons 1, ...,5 (j < ¢) fires. We can
decompose the mutual information encoded by a population of N neurons into N single terms, each of which
contains the mutual information encoded by one neuron. This allows us to calculate the mutual information
and optimize the threshold in a recursive way, first for one neuron, then for two neurons and then generalize
for any N neurons (compare to Eq. ,

i =0 + 70 {g () + P00 g () 4+t PRV 00 (7)1

Note that similar to the case of binary neurons (Eq. and Eq. [S5.4]), the function g here still denotes the
mutual information of a single neuron, despite the difference that it takes in a vector instead of a scalar.
The mutual information of one single neuron can be written as

h=glum) =3 [ dspls)ptals) o T
= —(1 — u11 — u12) log P(0) + u11 L(0, fR) log W + g0, ) log Lg)(,of)z)
S L(n, fR) = L(n,R)
+ u1g ; L(n, fR)log uy L(n, fR) + uy2L(n, R) + u1s nZ::l L(n,R)log I TR FualnE

= —P(a) log P(0) + u11 L(0, fR)log L(0, fR) + u12L(0, R) log L(0, R)

~— L(n, fR) &= L(n,R)
+un ) L(n, fR)log w1 L(n, fR) + u1L(n, R) +u12 Y L(n, ) log w1 L(n, fR) + uiaL(n, R)’

. " (S7.4)
Its derivatives are
dg(ur1,u12)  OP(0) = L(n, fR)
Gt = T (1~ log P(0)]+L(0. ) log L(0, fR)+n§:jl L(n, fR) (log S ) B 1)
(S7.5)
dg(uir,w12) _ 9P(0) = L(n, R)
Guy = g L les POH+L(O, R) 1ogL(o,1~z)+n§::1 L(n,R) (log L TR F L R 1)
(S7.6)
and N
8g(u11, ’U,12) _ 8L<0, fR) X 8L(n, fR)
T = ulli@f log P(0) 4 u1; nzzolog L(n,fR)iaf
oo SL(m, F D) (S7.7)
_ Z log|uy1 L(n, fR) + u12L(n, R)]uuT’f.
n=1
Note that
P(0)=1—wuy1 [1 = L0, fR)] — w12 [1 — L(0, R)], (S7.8)
orP(0) B orP(0) -
D L(0, fR) — 1, Dty L(0,R) -1 (S7.9)
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we can rewrite Eq. and Eq. into
9g(u11, u12)

+oo
L(n, fR)
=1[1—-L(0, fR)]1log P(0) + L(0, fR)log L(0, fR L R)1
Gu — 1= LO0.fR)]log P(0) + L(0, fR)log L(0. f )+n§1 (. SR Yo e e T T
(S7.10)
and
ag(ull, U12> = L(TL7 R)
= =[1-L(0,R)]log P(0) + L(0, R)log L(0, R L(n,R)1 .
Ou1s [ (0, R)Jlog P(0) + L(0, ) log L(0, )+7;1 (n ©8 u11 L(n, fR) + u12L(n, R)
(S7.11)
Combining these two derivatives, and comparing to Eq. [S7.4] we can find
0 19)
g(ull,ulg) = ulla g + U126 9 - IOg.Pl(O) (8712)
U2
When g(ui1,u12) is at its maximal value, dg/Oui; = 0, dg/dui2 = 0, then
I = g(uly, uly) = —log P1(0). (S7.13)
We then examine the mutual information of a population of two neurons
IQ = g(un, Ulg) + Pl(O) (Ugll), u(212)) (8714)
Maximizing g (uél), u§2)> gives

I = g(u1, u12) — P1(0)log P{V(0).
Note that P;(0) = 1—uq11(1—L(0, fR))

(S7.15)
and 0I5/0u12 = 0, which leads to

u22(1—L(0, R)). When I, is at its maximum, we have 0I5 /0u1; =0

I = —1log P{M(0)

— log Py (0). (S7.16)
Next, we use mathematical induction to prove that for arbitrary N (Eq m there is
N .
1 = =3 " log PYV(0) (S7.17)
Assume I* = — 377" | log Pj(j_l)(())7 we have
m—+1
Iny1 = g(ur1,u12) — Z log P(] 2 (S7.18)
When optimized,
011 dg sy (—1)
N 1—L(0, fR log P’ (0) =0
3u11 3U11 +[ ( 7f )] ]22 Og J ( )
(9Im+1 ag m+1 G-1)
——=——+4+[1-L(O,R log P’ 0)=0 S7.19
oot = | <,>1j§:;ogj (0) (57.19)
g a m+1
I = gy log Py ( log P/~ (
mtl = g +u128u12 og P1( Z og
m—+1 ) m+1
[u11(1 = L(0, fR)) + u2(1 — L(0, R))] Y log PV~ (0) — log P (0 Z log PV~ (0
j=2
m+1 )
o Z log Pj(]_l)(o)
j=1
(S7.20)
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Hence we have verified that if [;}** = — 377" | log Pj(j*l)(O), we can show IM%¥ = — Z;":Jrll log Pj(jfl)(O).

This means we can use mathematical induction to generalize the mutual information from N = 2 to arbitrary
number of neurons N, and obtain

N
13 = =3 " log PV (0) = ~logP(0). (S7.21)
j=1

7.2 Revised probability of ternary neurons

The mutual information of N neurons can be formulated by Eq. ie.,

t = gtai) + u0) {o (o) + B0 g (o) ot 2L 0000 (7).

Assuming we already know that neuron 1,2, ..., do not fire, we can then derive that for ON neurons, if
j+1<q,

' " ps) (1 = 013
uf tm) :/ p(s|nj1 =0)ds =/ PP ds. (S7.22)
6N 0N p(nj1 =0)
Since we already know that neuron 1,2, ..., j do not fire, here we have p(n;41 =0) = Pj(j_’{v)(O). Also, given

7+ 1 < i, stimulus s between 95{’]\[) and Og’N) is too low to trigger a nonzero firing rate of neuron j + 1.
Therefore, within the interval of the integral of Eq. [S7.22] p(n;+1 = 0|s) = 1. Eq. [S7.22| then becomes

0i3™ (7:N)
(j+1,N) 1 2 Uy
Uy =~ [ Ps)ds = ———. (S7.23)
PN (0) Jog PY(0)
Similarly, we have
+oo 400
i+1,N p(s) p(nji1 = 0]s)
utt = /(, o, P81 =0)ds = /(, " S ds. (S7.24)
032 0;3 p(nj1 = )

Same as Eq. [S7.22] we have p(nj+1 = 0) = Pj(ﬂv)(O). Also because p(n;+1 = 0|s) =1 — p(nj+1 # 0]s), we
724

can rewrite Eq. as

“+o0
Gg+vy _ 1 /
Ui =~ [, o P(s)[1=p(n #0|s)] ds. (S7.25)
P (0) o
Because stimulus s lower than Qg’N) cannot trigger a nonzero firing rate of neuron j + 1, we have
+o0 UGN
/9(.7‘,N> p(s)p(njy1 #0[s)ds =1 — P}y )(0). (S7.26)
i2

Substituting back into Eq. gives rise to

G+LN) _ 1 GN) (1 _ pl.N)
Hi2 ~ plGN {“ﬂ (1 Pifh (0))}- (57.27)
1 (0)

Notably, Eq. and Eq. have similar formulation compared to Eq. and Eq.

When Iy is maximized,

P NCGESY
oI = AN
—T _— <H pli=hN) (0)) — 72— (S7.28)
aus\l,vfl) i=1 Gu%\f*l)
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Therefore, optimizing us\lfvfl) is equivalent to maximizing the function g(-), which is the mutual information

of a single neuron. Denoting the optimal values using an asterisk, we have
N—-1,N x N LN
QN =, w0 Y = (87.29)

where u} and u) correspond to the (w1, wu;2) that maximizes g(i1) = g(u11,u12). Also, we can see that

g <u§1)> +P{Y(0) [g (u§2)> + o4+ PPN (0)g (u%\]”) ] (S7.30)

has the exactly same formulation as Iy _1, which means

N i+1,N N iF1,N
uM ) =l TV uGY) = uf ) (S7.31)

7.3 A lemma that connects two adjacent neurons

Next, we seek to find the optimal thresholds by deriving the relationship among {u;;} and {u;2}. We start
with proving the following lemma that links two adjacent neurons, i.e., (w1, w2, fi) and (w411, Wit1,2, fit1)-

Lemma: For any N neurons, when [y is optimized,

i—1,N i—1,N i N i—1,N i—1,N N
“z(‘1 ) = Pz'( )(0) £+1 %v “52 ) = Pi( )(0)u§+17)2, fi = fir1- (S7.32)
Remark:
I = g(uy,u1s) + POV(0) [g (ugll M)l N>) + ..+ PN 2N (0)g (u§VN;1’N>, ungglvm)} . (S7.33)

When all the u;1,u;0 and f; are optimized, according to the previous subsection,

i—1,N)  (i—1,N i—1,N iN N-2,N N—1,N) (N—1,N
9(“1('1 )vugz ))+Pi( )(0) {9 (u§+1%’ £+1)2)+ +P( )( 0)g ( 5\/1 )aug\rz )>]

N .
=— Z log Pj(j_l’N) (0).

j=i
(S7.34)
This means when (uz(irjlv)l, 21]1\[2, fl+1> is optimized,
(¢,N) (2 N) N
Ol N dg Uip1,10 Wip1,2 N
= P(0) (v — ) + 11— L0, fnB)] Y log PA7N(0) b =0 (57.35)
Ou Uit au1+1 1 j=i+2
(i,N) (i,N) N
Oly % ( Uit11 Ui 2) (i.n) OL(0, fir1 R) (G—1L.N)
=P, — log P/~ 7(0) » = 0. S7.36
8fi+1 ( ) afi+1 u2+1,1 afi+1 1227’;_2 Og J ( ) ( )
Denote _ ) ) ) )
i = PPN i = PPV 0], fi= fon, (S7.37)
so that with given 1,1, t;2, fi,
PETEN(0) = 1= @ [1 — L(0, fiR)] — ua[1 — L(0, R)] (87.38)
&N
gy = it+1,1 (S7.39)

1+ ul ML — L0, fiR)] + Y )[1 — L(0, R)]
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@N)

iy = —— it1,2 ) . (S7.40)
T+u H—l 1[ (0 fl )] 1+1,2[1 - L(O7 R)]
We need to prove
—_— . N A:O —_— | . N F = —_— | A ~ A:O S7.41
3u§§_1’N) Ui1,Ui2, fi ’ 6u§;—17N) Ui1,0i2,fi ’ of; i1, Uiz, fi ( )

i.e. the combination of 4,1, 4;2, and f; is optimal.

Proof:
(i—=1,N) _ (i—1,N) N
Oln 0g (i uis ™) ; (=1
(i—1,N) Air,tn, fi Pi_l(o) (i—1,N) 1,2, fi + [1 o L(O’ f’R)] Z log Pj (O)
dujy dujy j=i+1
(S7.42)
(i—=1,N) _ (i—1,N) N
Oln 0g (ui™ui™™) (1)
(i—1,N) RN Pi*l(o) (i—1,N) itz fi + [1 - L(O’ R)] Z log Pj (0)
i Duy j=i+1
(S7.43)
According to Eq.
1 dln 1 oln
P_1(0) 8ul(;71,N) dintiafi  Pi(0) gy (er) | w0 ue ) fi
ag( (i—1,N) (z 1N)) g (u(i,N) u(i,N))
_Bq.[BT39 » Ui i+1,10 Wig1,2 . (i,N)
au(z—l,N) ir iz, fi ou (i,N) + [1 - L(O7 flR) log PH-I (O)
il

1+1 1

+oo
= 100, f;®)] (tog P (0) — tog PEY(0)) = 37 L, fiR) log [iua L(n, f R) + itz L(n, R)] +
n=1

>~ L(n. fi?) log [uli1) L(n, FR) + ey L(n B)| + 1 = L(0, )] log P (0)

= [1- L(0, fiR)] (log P ") (0) ~ 10g P41 (0) ) — ZLnfz )log PHM(0) 4+ [1 = L(0, fiR)]log P17 (0).

(S7.44)
Because
L(0, f;R) + Z L(n, f;R) =1 (the sum of probabilities), (S7.45)
1 N 1 Oln oln
— |Av P 0, f|'\‘ ~ O F :0 (8746)
pi_l(()) auﬁ 1,N) Mi1,042, f; ( )6u5111\[)1 auﬁ 1,N) Mig1,042, fi
Similarly, we have
GIN
9 (i—1,N) ‘ﬁ111771i27f71 =0. (8747)
o
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Also,

1 % A 1 Oln
;1 P;—1(0) Of; dinsdiz,fi E:—JIlV)IP( )6]2“ 1+1 )17u5+1 25 fit1
S7.30 L(0, f; i = ; L(n, f;
Lo FTH OLO 1) o, p 1’N)(0)+ZlogL(n, oy 2L i)
" ~ R 8L(n fl L(TL, fi+1R)
- log |t;1 L(n, f;R) + ;o L(n, R)| ——— log L(n, fix1R)—————= )
> [ Lin, i) + L, )| =00 Z T (57.48)
+oo
oL n, Ji R
+ Z log [uir1,1L(n, fix1R) + uiy1,2L(n, R)] %
n=1 fit1
- <8L(o,ﬁ~R> DL, me) )
afl afl-‘rl j=it1
According to the definition of fi, 1;1 and t;0 (Eq.[S7.37)), we have
1 aﬂ‘ o 1 Oln
ﬁz’le’—l(O) 6f'i i1, 042, fi ugzrll\fl ( >6f1+1
(0. f, . . I=®0L(n.
—_ _a (O?/iflR) 1Og PZ(Z 1,N) (O) _ log P,L(Z 1,N) (0) Z a (g}:flR)
o a; - . (57.49)
_ Z (n,Afi ) log PN (0)
= L(n, f;R)| log PL"™(0).
R
Since Z:z% L(n, fiR) = 1 is a constant, -2 af [ L(n, fiR )} =0, then
1 8]1\7 1 8IN
T A e e f =0 S7.50
U Pi1(0) Of; vtz ulo) Py(0) Ofita ( )
which leads to o1
N
— . .= .51
8fi |u'i1;ui27fi (875 )

Combined with Eq. and Eq. [S7.47] the lemma has been proved. B

7.4 Optimal thresholds for a homogeneous population of only ON neurons

We first consider a homogeneous population with only ON neurons. All the variables in this subsection are
optimized, so we omit the * symbol (that we previously used to indicate optimum, e.g., Eq. for clarity.
From the lemma (Eq. we know that f; = f;11, which we denote as f. For brevity, we also denote
= L(0, fR) and ¢2 = L(0, R).
Combining the lemma (Eq. and Eq.

PN 0) = 1wl (1= qr) a1 - o), (S7.52)
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we can write .
PITE0) = 1+ uliT) (- q) + w3y (1 - go)

3

(4,N)
L) Ui {11
71 - i ;
L+ uly) (1—q) +ult)) (1-g) (S7.53)
u(i,N)
u(i—l,N) . 41,2
2 (i.N) @) :

L+u;lhg (I—q)+ Uiy1,2 (1—go)
Eq.[S7.53|allows us to recursively calculate (ugi_l’N), uz(é—LN)> from (ugljlv)l, ugz_le)g) . Starting from u

V)

(N-LN) _
N1 =

N7
U1, ug\m = ugy, we can reach

(i-1,N) oy LA (N —i—1)[us (1 —q1) +uz (1 —qo)]
B O = N w0 —a) t (o)

(i—1,N) Ui

4 _ , S7.54
i TT =) (=) + w2 (= )] (87.54)
(i—1,N) _ Uz

Ujio

SN =) (M=) Fuz (1 - g2)]
Using Eq. and Eq. [S7.27] we can do the inverse calculation of revising the probabilities and obtain

MER I t

il 14+ (N —j—1)[ur (1 —q1) +us (1 —gqo)]

) (=g = D (L= g1) +ua (1 o) (5759
i2 I+(N—j—1Dur (1 —q1) +uz (1 —qo)]

Letting j = 0, this becomes the non-revised stimulus intervals (Eq. [58)), which is

Uy
TTE N D (- ) w1 - )] s756)
by 2t (= D (1= )+ ua (1= )] |
1+ (N —=1)[ur (1 —q1) + u2 (1 — q2)]
With the definition of p;; and p;s (Eq. , we can write
o L - U1l def
prEp e T T N ) (=g v (1= g2)]
P22 = ... = PN2 = —thd s (1 — qz) dzefpz
L+ (N —=1)[ur (1 —q1) +uz(1—qo)] (S7.57)
P12 U2 def

TIF (N D (I —qr) +us(1—qo)]  Fedee
P1g1 + P2 = Dedge (1 — ¢2) .

This derives the optimal thresholds for a homogeneous population of ternary ON cells (Fig. )

7.5 Revised probability in ON-OFF mixtures

For ON-OFF mixtures, the revised probability (Eq. [S7.23] Eq.[S7.27) needs to be adjusted. We derive the
equivalency of Eq.[S7.23] and Eq. [S7.27] that we derived before for ON neurons.

Assuming we already know that neuron 1,2,...,5 do not fire, for an OFF neuron 4, if neuron j + 1 is
also an OFF neuron, and j + 1 < i, we have

N 9N 0N p(5) p(nser = 0]s)
uf Y = / o p(sInjp =0)ds = / A it ds. (S7.58)
6§ oG p(njr1 =0)
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Stimulus s within the interval {Hg’N), 0§{’N)} cannot trigger a nonzero firing rate of neuron j + 1. For this

reason, in the integral above, p(nj+1 = 0]s) = 1. Since we already assumed that neuron 1,2, ..., j do not fire,
p(njt1 =0)= Pj(iiv)(O). Then we can rewrite Eq. [S7.58| as

(. N) ;
01 (4,N)

(G+1L,N) _ 1 / Uy
U =—— [ . p)ds=—"—. (S7.59)
P (0) Jog P (0)
For ugH’N), we have
. o " (s)plmper = 0
ugt = / p(sng 1 = 0)ds = / b (S;Z(ff_ 5 19) 4. (S7.60)
—0o0 —00 J -

Similar to Eq. [S7.25| before, we have p(n;11 = 0) = Pj(i’{v)(()) and p(n;jy1 = 0|s) =1 — p(n;y1 # 0|s). We
can rewrite Eq. [S57.60| as

083N
(+L.N) 1 ”
WG = e [ p(s) [ = plnyr # 0]s)] ds. ($7.61)
Pj(il )(0) -0
Because stimulus s higher than Gg’m cannot lead to njy1 # 0, we have
63N
i N
p(s) p(njs1 # 0ls)ds = P10 (0), (87.62)
Substituting back into Eq. gives rise to
G+ { (3.N) (1 plN)
i = o (w2 — 1P 0))] . (S7.63)
Here we find Eq. and Eq. are the same as Eq. and Eq. we derived b_efore. However,
if neuron j + 1 is an ON neuron, uz(-{H’N) will remain the same as above while for ugH’N), we have
p(nji1 =0|s) =1for s € (—00792(;’1\[)]. As a result, Eq. [S7.63| changes into
(4,N)
(3+1,N) U2
Uy = — - (S7.64)

7.6 Optimal thresholds for a population of ON and OFF cells

For ON-OFF mixtures, the mutual information can still be written recursively as Eq. hence, the lemma

(Eq. [S7.32) and EqJS7.52{S7.54] also pertain to ON-OFF mixed populations. If neuron ¢ and neuron j are
both ON neurons (j < ¢ < m) or both OFF neurons (i > m and j > m), Eq. [S7.55| becomes

w9 — (3

" L+ (N=j—=1Du (I —q1) +uz (1 - qo)] (37.65)
gy _ et (=g —Du (1 —q)+u (- g) '

2 T+ (N —j—1)[ui (1 —q1) +us (1 — go)]

and if neuron ¢ is an OFF neuron but neuron j is an ON neuron (i > m, j < m)

u({vN) — Uy

i 1+(N—j—Dui(1—q1) +us (1 —¢q

( ) [ur (1= q1) +uz (1 = g2)] (S7.66)

gy _ Uzt @ =m—1)fur(1—aq) +uz (1 —go)]
? L+ (N—j—=1)fur (1 —q1) +uz (1 —gqo)]
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Letting j = 0, we get the non-revised stimulus intervals for the ON neurons (Eq.

TN D (L —q1) +uz (L— )]
g = Y2 (=D (1 —q1) +uz (1~ go)] (S7.67)
PTIAN-Dus (1 —q) +us(1— )]
1 <m
and for the OFF neurons (Eq.
up=2tiom—DmA-a)tul-e)] (S7.68)

1+(N D [ur (1= q1) +u2 (1 = g2)]

The cumulative stimulus intervals then become

_ N _ Uy def
P11 = P21 = ... = PN1 = T+ (N —1)[ur (1 —q1) + ua (1—qo)] =N
P22 = ... = Pm2 = Pm+2,2 = ..« = PN2 = —unds s (1~ ¢2) d:efpg
’ 1+ (N =1)[ur (1 —aq1) +u2 (1 — g (S7.69)
U2 def

P12 = Pm+1,2 = = Pedge

L+ (N =1)fur (1 —q1) +uz (1 - g2)]
P1q1 + D2 = Dedge (1 - Q2) .

This derives the optimal thresholds for a mixed population of ON and OFF cells (Eq. [62] Fig. pB).

7.7 Mean firing rate of an optimized population

Similar to neuronal populations of binary neurons (Eq. [S7.70]), here we can still calculate the mean firing
rate (7) in an optimized population of ternary neurons, based on the thresholds of Eq. [S7.69] Similar to
Eq. calculating the mean firing rate yields

m—1 —
1 . .
uzﬁ[pedgem+p2 igl(m—z)+p1 Eﬁ (m—i—1+f)+
N—-—m—1 N—-—m—1

Pedge (N —m) + p2 Z (N—=m—i)+p Z N—m—i—l—&—f)}
i=1 i=0

m (S7.70)

wﬁ

)+p1m—p1m(1—f)+
(N—m)(N-m-1)
2

(m—=N)(p1+p2)+p1f

1
N [pedgem + (Pl + P2)

Peage(N = m) + (p1 + p2) +p1 (N —m) = pi (N = m) (1 - /)]

m
T(pl +P2)+N

Thus, we have Eq. [83]in the main text.

= Pedge +

7.8 The maximal mutual information grows logarithmically with the number
of neurons

Next, we show that the maximal mutual information for a population of ternary neurons also grows logarith-
mically with the number of neurons N as for binary neurons (Eq. . We first derive a universal relationship
between the maximal mutual information I3** and the stimulus intervals p;, ps for all mixtures of ON and
OFF neurons. Then we apply Eq. [S7.57] and Eq. to reach the conclusion.

As previously shown (Eq. @, the maximal mutual information is

—,

Iy® = —log P(0). (S7.71)
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This allows us to derive the relationship between the maximal mutual information and the stimulus interval
.

.

For a homogeneous ON neuron population we define with py = Prob(# = 0) the ‘silent’ interval that is
lower than all the thresholds. We also denote ¢; = L(0, fR) and g2 = L(0, R) for brevity and write:

(0)

=po+ (P11 + p2g2) + (P1q1 + P2g2)g2 + ...

+ (p1a1 + P2a2)a8 2 + (P1G1 + Pedged2) > (S7.72)
N-1

q _
< 2 1 p11qd T+ Pedged? -
— Q2

)

=po + (11q1 + p2q2)

Since all the cumulative stimulus intervals sum up to 1, we get

Po = 1-— (N - 1)(p1 +p2) — P1 — Pedge- (8773)
Also, from Eq. we know
_ P11+ D2
Dedge = 1 . (8774)
— 42

Substituting these two equations back into Eq. we can derive
P(0) =1~ N(p1 + p2) (S7.75)

which leads to
Iy =—log[l — N(p1 + p2)] . (S7.76)

Since a mixed population has the same maximal information as a homogeneous population with the same
p1 and po partitioning the stimulus intervals, this ensures that the maximal mutual information grows
exponentially with the number of neurons as in Eq. independent of the ON-OFF mixture.

Using the optimal values of p; and py (Eq. [S7.57 and Eq. [S7.69)), we have

I—u (1 —q) —u2 (1 —qo)
L+ (N =1 [ur (1 —q1) +u2(1—g2)]

Y™ = —log (S7.77)

This allows us to write the maximal mutual information of an N-neuron ternary population as a function of
the the maximal mutual information of a single neuron population:

IN® =log [N (exp(I7"*) — 1) + 1], (S7.78)

similar to the case with binary neurons (Eq. .

8 Population coding of neurons with any shapes of activation func-
tions and any noise generation function

Here we derive the calculations with (M + 1)-ary neurons. Because the calculations are similar to the last
section, we omit some details and only show the framework of the calculations.

8.1 Maximal mutual information

Eq. [S7.1] is still valid for (M 4+ 1)-ary neurons. The only difference from before is that every w; or ugm) is
now an M-elements vector. Hence, we can still decompose Iy into N terms (Eq.[S7.3). Similarly, we use

u%’N) to denote the cumulative stimulus interval given the condition that none of the neurons 1, ..., 5 (j < 4)

fires (see Fig. |§|A and Eq. and Pi(j’N)(O) =1- Zkle ul(.i’N)(l — L(0, firR)) to denote the probability that
neuron ¢ does not fire, when none of the neurons 1,...,5 (j < i) fires. Similar to Eq. [S7.29| and Eq. [S7.31
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denoting the optimal values using an asterisk, we derive several important relationships among the revised
probabilities,
(N—-1,N) (4,N) j+1,N+1)
UNE s = ug, U;c v = 111 k |« (S8.1)

If neuron ¢ and neuron j + 1 are both ON neurons or both OFF neurons, the revised probabilities follow

e N)

(G+1LN) Ui
gt = k< ($8.2)
P (0)
G+iny _ 1 { (G:) ( (G )}
u = [ (1= pEM))] . (58.3)
iM Pj(i{v)(o) iM j+1
If neuron ¢ is an OFF neuron but neuron j 4+ 1 is an ON neuron, we have
GALN) (iN) (J N)
J s z
Uik = =GN k<M uin = 71\, (S8.4)
P 0) P 0)
Similar to Eq. [S7.4] the mutual information of one single neuron can be written as
I = g(ui1, w2, oy uing)- (S8.5)
We can verify that consistent with Eq.
M 99
g= Zuka—uk — log P(0), (S8.6)
k=1
which indicates that
I = _Jog P(0) = —log |1 — Zuk L(0, ffR))| . (S8.7)

Same as Section [712 and Eq. we can use mathematical induction to generalize the mutual information
from N = 2 to arbitrary N. Here, we omit it for simplicity, and give the conclusion directly as

N
I]n\}ax - _ Zlog Pj(jil) (O)‘* — IOg P(G) (888)

8.2 Optimal thresholds

Next, we seek to find the optimal thresholds by deriving the relationship among all u;;. We start from a
lemma that links two adjacent neurons, u;; and w;4+1,%, as we did for ternary neurons (Eq. [S7.32)).
Lemma: For any N neurons, when [ is maximized,

i—1,N i—1,N iN
“Ek )= Pi( )(O)UZ('H}W fik = fit1,k- (S8.9)
Since the proof strictly follows those steps in Section [7]3, we do not repeat it here.

We first discuss a homogeneous population with only ON neurons. All the variables in subsequent equations
are optimized, so we omit the * symbol for clarity. For simplicity we also denote ¢, = L(0, fxR). For a
homogeneous ON population, similar to Eq. [S7.54] we have
u(ifl,N) o Uk
ik = ; )
Z L (N =) 3y (1= i)
L+ (N =i~ )Y (1 — )
. M .
L+ (N =) 2y ue(l — qx)

k<M

. (S8.10)
PN (0) =
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Using Eq. and Eq. we can do the inverse calculation of revising the probabilities and have

ugp™) = — i , k<M
L+ (N =j =135 ue(l—qr) ($8.11)
S _ (= = 1) S50 un(l— i) '
iMoo ; .
L+ (N =5 = 1) 0L, ue(1— ax)
Letting j = 0, these two equations turn to
uli ) = o . k<M
T4+ (N —=1) > p—y ue(l — qr) ($8.12)
. 8.12
LN _ _wr (- 1) > un(l — gx)
iMoo = . .
T+ (N =7 =)0 un(l — qr)
With the definition of p;; (Eq. , we can write
Uk def
Pik = D2k = ..- = PNk = =pr, k<M
L+ (N =135 un(l = ax)
Dort = . = DNM = — Yo Wk G+ U def
L (V= 1) 05 (1~ i)
P U def (58.13)
1M = = Pedge
L+ (N = 1) 300, un(l — q)
M—1
Z Pk Qk + PM = Dedge (1 _QM)
k=1

which is summarized in Eq. [70] and Fig. [6B.
The equivalence to ON-OFF mixture has been discussed with ternary neurons in the main text. It still
holds for (M + 1)-ary neurons, so that we can derive that the optimal thresholds in a mixed population are

Uk def

Plk = P2k = --- = PNk = =pr, k<M
L+ (N = 1) 0L, un(L — i)
DM = oo = Dt = P — = DM = _Zklequk+uM dﬁfp
2M — -« — PmM — Pm+4+2,M — .-« — PNM — = DM
L+ (N = 1) 350wl - an)
U N def (8814)
PiM = Pm+1,M = = DPedge
L+ (N = 1) Tpl, un(l — i)
M-1
Z Pk Gk + PM = Pedge (1 — qnr)
k=1

which are also summarized in Eq. [70] and Fig. [6B.
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8.3 Mean firing rate of an optimized population

Similar to neuronal populations of ternary neurons (Eq. [S7.70), here we can calculate the mean firing rate
7 in an optimized population of (M + 1)-ary neurons, based on the thresholds in Eq.[S8.14l We can write

m—1 M—-1m-—1

1 ,
VN[pcdgcm+pM2(m leopk 7171+fk)+
N—m—1 M-1N—m—1
Peage(N —=m) +par > (N=m—i)+ > > p N—m—i—1+fk)}
i=1 k=1 =0
1
= N[pedgem+ m *1 Zpk+m Zpk fk+ (8815)
M M—1
1
Pedge(N_m)+§(N—m) (N=m—1)> pe+(N—m) pkfk}
k=1 k=1

M _
1 m
= Peage + 5 (N = 1) Y _pi + 7 (m — N)Zpk + Z P [
k=1 k=1 k=1
which gives rise to Eq. [84]in the main text.

8.4 The maximal mutual information grows logarithmically with the number
of neurons

Similar to ternary neurons, here we show that the maximal mutual information of a population of M-
ary neurons also grows logarithmically with the number of neurons N (Eq. . Same as before, we first
derive a universal relationship between the maximal mutual information Iy** and the stimulus intervals
pr (k=1,..., M) for all mixtures of ON and OFF neurons. Then we apply Eq m 58.13| and Eq. to reach

the conclusion (Eq.[41)). Similarly, we start from
Iwex — _log P(0) (S8.16)

to derive the relationship between the maximal mutual information and the stimulus interval p. Consider a
homogeneous ON neuron population, define pg = Prob(# = 0), i.e. the ‘silent’ interval that is lower than all
the thresholds. Also denote gx = L(0, frR) and ¢y = L(0, R) for clarity, we have

M M M M-1
P(0) = po + Zpk qr + (Zpk %) qm + .+ (Zpk %) oy 4 (Z Pk Gk +pedgeQM> 0y

k=1 k=1 k=1 k=1

(S8.17)
- qN ! = N-1 N
= Zpk 0 71” > prear | ahy " + Pedgedly-
— M k=1
Note that
M M—1
po=1-(N-1)> pp— Pk — Dedge
k=1 k=1 (S8.18)
_ Z]kw 11 Pk +Pm
Pedge = 1—
—d4m
we can derive
M
= Z (S8.19)
which leads to
M
I8 = _log [1 ~NY pk] : (S8.20)
k=1
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The ON-OFF mixed population has been shown to have the same maximal information as a homogeneous
population and also the same pg. Hence Eq. is valid for all possible ON-OFF neuron populations.
Using the optimal values of p (Eq. [S8.13|and Eq. [S8.14)), we have

“Naliw(l-g)
L+ (N = 1) 0l ur(l — gr)

This allows us to relate the maximal mutual information of neuron populations of different sizes. Specifically,

Imax

= —log (S8.21)

1395 — Jog [N (exp(IM%%) — 1) + 1]. (98.22)
9 Population coding of neurons with activation functions of any
shape and heterogeneous maximal firing rates

Here we provide the calculations of the optimal thresholds of neurons with any shape of activation functions
and heterogeneous maximal firing rates. Similar to before, here we still start from ternary neurons, which
is the simplest case beyond binary neurons. It is straightforward that Eq. and Eq. still hold, i.e.,
for heterogeneous maximal firing rates across the cells, we still have

i = (i) + A0) {a () + H00) g (o) o POV (70N} )

and

N
1 = — 3 " log PV (0) = ~logP(0). (59.2)

In addition, the equations deriving revised probabilities (Eq.[S7.58] Eq.[S7.60} and Eq.[S7.61)) are still valid.
However, the lemma (Eq. [S7.32)) becomes invalid due to the heterogeneous maximal firing rates across the
cells. Therefore, we need to update the lemma.

9.1 Updated lemma that connects a neuron in a population to a single neuron
with the same maximal firing rate

Lemma 2: For any N (ternary) neurons, when [y is optimized,

N j—1
(i—-1,N) _ Hj:i Pj(J )(OaRj) *

Ujq = (0, Ry) uj (R;)
N (7—1)
(z 1 N) Hj:i PjJ (O, R]) u*(R) (893)
12 P* (0, RZ) 2 )
fi=f"(Ri)

where R; = Vmax,;T is the maximal expected spike count of neuron ¢ in the population of N neurons. uj(R;),
u(R;), and f*(R;) are defined in the main text as the optimal thresholds and intermediate firing rate of a
single neuron with the same maximal firing rate as vmax,i-

Remark: According to the definition of uj(R;), u5(R;), and f*(R;), using Egs. we can obtain

9g (ui (Ri), u5(Ri)) _ OP*(0, R;)
( 7f*(Rl )

+oo
+ 2 K [ (ROR) (108 sz i Ty ) =°

[—1 —log P*(0, R;)] + L(0, f*(R;)R;)log L(0, f*(R;) R;)
(59.4)
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= —1 —log P*(0, R; L(0, R;)log L(0, R;
() Sy (108 P (0. B)] + L0, R)log L(O, )
L(n, R;) )
+ L(n, R; (lo " - —1) =0,
; (0, Ro) {108 ey L 7 () o) + (R L, T
and
9g (u(Ri), u3(R:)) oy OL(0, f*(Ri)Ry) 9L L(n, [*(Ri)R:)
(R log P* 1 L(
“+oo
. . N OL(n, f*(R;)R;
=3 logluf (R)Lin, £*(R)R) + 3 (Ri)L(n, Rl (R) (af*((R )) Lo
n=1 7
(59.6)
Denote R
v pYUY, R,
U;‘]_ _ Hljfz 7 ( J) UT(Rl),
N p(-1)
Y P 0,R; (59.7)
Uip = =By 0. 1) uy (R;),
fi = £ (Ra),
we need to prove
6[]\[ 8IN 8IN
1 |ﬂ' Qi fi 0’ i |ﬁ. Gio fi 0, a7 b e fs =0 (898)
8u§§_1’N) i1,8i2,fi 6‘u§;_1’N) i1,04i2, fi of; I i1,842,fi
i.e. the combination of 4,1, i;2, and fl- is optimal.
Proof:
(z 1,N) (i—1,N)
Oln 99 ) Uig
(i—1,N) |ﬁi1’ﬂz‘2» fi = Pi_l(o) ( (i—1,N) ) |U11,U125f1 [1 - 0 fiR 1 Z IOgP g )
8Ui,1 Ouyy j=i+1
(59.9)
(z 1,N) (z 1,N)
Ol ag( Y2 ) (i-1.3)
(9u(.;—l,N) |ai1’ﬂi27 fi = Pi_l(o) { 8u(.;_17N) |“11’“12’f1 + 2_1 IOgP )
i 7 Jj=i
(S9.10)
(i-1,N)  (i—=1,N) N
Iy 09 ( » g ) (i-1,8) OL(0, fi R;) (G—1.N)
= =P _4(0 o —y log P7~7(0
afz |Uz‘1-,ui2, H 1( ) { afl Iull,ulz7 1 1 afz ];1 g j ( )
(S9.11)
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According to Eq.

1 dly L  0g (ui(Rs),u3(Ri))
Pi—l(o) 8ul(;fl,N) Uil Uiz, fi auT( 7)
dg (u(‘ifl,N) u(z lN)) .
Eq.[594 il ) 2 dg (ui(R;),u3(R;)) (j—1,N)
; finsdiga, s " + L(0, fz i) log P;
+oo
LB 11 10, fiR))] (1ogp(’ L) () — 1ogP§1{V)(0)) L(n, fiR;)log [aﬂL(n, FiR)) + @ L(n, Ry))
n=1
“+oo
+ Z L(n, f*(Ri)R;) log [uj (R;) L(n, f*(Ri)Ri) + u3(Ri) L(n, R;)]
n=1

N
+[1— L0, f*(R)R)] > log Pj(jfl,N) 0)
j=i+1
1, PY7D(0, Ry)

—[1— L(0, f;R))] (1ong*1’N)(0) log P*(0, R;) ) ZL n, fiR:) log 2 1Pj(0 %

T OfH]ZIOgP“N 0).

Jj=i+1
(S9.12)
Because
L(0, fiR;) + Z L(n, f;R;) =1 (the sum of probabilities), (S9.13)
1 oIy g (ui(R;), us(R;)) oln
, S — = —|. . 2 =0. .14
P¢71(0) 8U§;_1’N) ‘uil,uiz, i ou ( z) 0, 8u§;—1,N) ‘uilauiz, i 0 (89 )
Similarly, we have
Oln
o ; 1,N) ‘71111771i27f7, =0. (8915)
Also,
1 oIy, 1 Og(ui(), us(Ry))
@i Pi1(0) 8f; ot ui(Ry) ofr
R too R
Lo OLOLE) 1oy o) 13 og Lin, ) ZH L)
8f1 — afz
+0oo £
P OL(n, f; R; OL(0, fiR;)
— > tog [ L(n, fiRy) + L (n, Ry)] (. fif) _ f Z log P/~ (S9.16)
=1 afi ’
n J=i+1
4 2 VW og P (0, R;) log L(n, ) —
o (k) Z o Lo /(RO =G
* OL(n, f*(Ri)R;)
+ log [u} L(n +us(R;))L(n, R;)] ——————~—=.
Z B [ (R L, (R R:) + 5 () L(n, )] =
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Figure S2. Optimal intermediate firing levels in a population with heterogeneous maximal

firing rate across the cells. The population consists of N = 3 ternary ON neurons, with

Ry : Ry :R3=1:2:3. A. Optimal intermediate firing levels f; as a function of (R;) = (R; + Rs + R3)/3.

B. Optimal intermediate firing levels f; as a function of R; of individual neurons.

According to the definition of fi, @;1 and ;2 (Eq. [S7.37), we have

1 %L L Og(ui(R), uz(Ri))
i1 Pi—1(0) Of; bt wi(R;) af*
N (G-1)
OL(0, fiR;) . (i—1,N) 12 PY7V(0,Ry) £ 0L(n, fiR:)
=—2"Z(logP log P; —1
o7, (osP (0.7 —log ) ~1os =5 Ry ; of,
+o0 £
B OL(n, fiR;) . _ (i—1,N)
=y = (10g P*(0, R:) ~ 1og PV (0))
+o0 ~
_ (10gp*(0,R ) logp(l 1,N) )) ZL(TL, fle)
i [n=0
Since 3°7°% L(n, f;R;) = 1 is a constant, ﬁ [ L(n, f; l)} =0, then
1 Oy, 1 Og(ui(R) wy(R)) _
Ui Pio1(0) 9f; it di - ui(Ry) af

which leads to
Jln

8fi @i1,0az fi
Combined with Eq. and Eq. the lemma has been proved. B

(89.17)

(S9.18)

(89.19)

9.2 Optimal thresholds for a population with heterogeneous maximal firing

rates

Using Eq. Eq. and Eq. we can do the inverse calculation of revising the probabilities and

obtain

N k—1
L0 _ k=i P 0, Ry ui(R;)
" P*(0, R;) e

N (k—1) i—1
. . P 0,R _

2 B P*(O7RZ) k=j+1
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Figure S3. Numerical calculations for a population of ternary neurons with heterogeneous
maximal firing rates. A. Optimal thresholds (u1,us) of a single ternary neuron. B. The values of two

terms in Eq. Blue: (u3(R) — ui(R))/P*(0,R). Orange: [us(R)¢5(R) —uj(R) (1 —¢f(R))]/P*(0,R).

if neuron 7 and neuron j are both ON neurons (j < ¢ < m) or both OFF neurons (i > m and j > m), and

N k—1
GN) _ Hk:jJrlPIg )(OaRk)

i Pom) U oo
N (k—l) m i—1 921
Ny ey B (0, Ry) k— k—
™ = S s+ [ Ao - I 250
B k=j+1 k=j+1
if neuron ¢ is an OFF neuron but neuron j is an ON neuron (i > m, j < m).
Letting j = 0, this becomes the non-revised stimulus intervals (Eq. [74), which is
N
Ui (R) (k—1)
4= P
Y= (0, Ry) ,};[1 e (0R)
ws(R) T pik-1) (k1)
_ U k—1 k—1
Ujg = P (0. R z)HPk (0, Ry) + HP (0, Ry)
k=1 k=1
(ON neurons, i = 1,...,m) (S9.22)
w(R) 1T pl- T pk-D T peeD
i k—1 k—1 k—1
iy = #R) I 2" R+ [T 270, Re) = T 270, R
k=1 k=1 k=1
(OFF neurons, i =m +1,...,N)
= f*(Ri).
Note that with N
Iy = —log P(0) = [[ PV~ (0, R;) (S9.23)
j=1
and
PET0,R) =1 —ufy ™ (1= qu(Ro)) —ufy™" (1 - a2(R)
N
ui(Rs) uj(R;) Go1) (S9.24)
=1- 1—qi1(R; — q2(R; P 0,R;),
P iy L 6B+ By (1 - @) r:[ 0, Ry)
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we can obtain

(i-1) ui(Ri) uj(Ry) -
P D) =1 (1 - D)+ e (1 — ; 2
00,0 = 14 g - )+ g2 - )| (59.25)
and then )
N e B N 1
Jj—1 _ .
gpj (O,R) | = ; PR (N —4). (S9.26)
With Eq.[S9.26] we can rewrite the optimal thresholds (Eq.[S9.22) as
_ uy (R;) —In
YT P(0R)
Cwr) N1
Ujp = P*Q(O,]Z%l) - ; 0. ) + (N —=i)| e 41 (ON neurons, ¢ = 1,...,m)
Cwr) N1 WA
2 1 . _J .
Uiz = | - - - — ———— 4+ (N—i+m)| e '¥+1 (OFF neurons,i=m+1,...,N)
PR 2 F0R) 2= P0R)
fi=f"(Ri)
(S9.27)
According to the definition of p;; and p;2, we can write
U M —In
Pi1 = P*(O,Rl)e
[us(Ri) —wi(Ri)  u3(Ric1) 3 (Rio1) —ui(Ric1) (1= g5 (Ri1)) ] gy
i = - =2 ..mm+2, .. N
P2 = | 7" pe(0, Ry) P(0, Ri_y) e mm )
[ N
uS(Rl) 1 _7
=2 Nt (N1 N4
P o Ry T Ry T TN
i N
uy(Rint1) 1 —I
mt1,2 = - +(N=1)|e ™41
Pm+1,2 (0, Rype1) ;P*(O,Rj) ( )
fi=f(R:).

(S9.28)

This derives the optimal thresholds for a mixed population of ON and OFF ternary cells with heteroge-
neous maximal firing rates (Eq. Fig.[5B).

Here, f; = f*(R;) indicates that the optimal intermediate firing level of a neuron in a population only
depends on the maximal firing rate of that specific neuron (Fig. . Consequently, the optimal activation
functions of different neurons may consist of different numbers of steps depending on the maximal firing rate
constraint of those neurons (Fig. [7)).

We performed numerical calculations for Poisson noise to better understand this optimal thresholds
structure (Fig. [S3). We found that uj(R) increases with R (Fig. [S3|A). Since P*(0, R) decreases with R,
within a population, p;; is larger for neurons with higher R;. To analyze how p;2 depends on R; and R;_1,
we plotted the two terms in Eq. (second line), as functions of R (Fig. [S3B). We found that both of
them decrease with R (Fig. ), which indicates that within a neuron population, p;s is smaller for higher
R; and lower R;_1.

Again, using Eq. [59.26] the maximal mutual information can be rewritten as

Iy = log Z PR (N-1)], (S9.29)
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9.3 (M + 1)-ary neurons

Above we derived the maximal mutual information solution for ternary neurons with heterogeneous max-
imal firing rates. Generalizing this from ternary neurons to activation functions with any any shape is
straightforward (see Section . For (M + 1)-ary neurons, the optimal thresholds are

uy (R;) —In
k= —————— k=1,..M—1
ik = P (0, R.)e e
u* N
Uin = P*MO R g O R) + (N —=i)| e”™ +1 (ON neurons, i = 1,...,m)
i 1 . .y .
UiM = P*OR ZP*OR ;W—F(N—Z-‘rm)e N+1 (OFFneurons,z:m—i—l,...,N)
fik :fk( z) k= 1,...7M—1,
(S9.30)
the maximal mutual information is:
al 1
Iy =1 — — (N -1 S9.31
and the optimal stimulus intervals p are given by
ui (1) —In
ik = ——— k=1,...M -1
Pik P*(0, R)"
Ding = u(R ) Sacy up(Ri) i (Rion) gy (Rica) = iy wp(Rica) (1= gf(Rio1)) o—In
i M (O,RZ) P*(O,lel)
(i=2,...,mm+2..,N)
[ N
UR/I(RQ 1 I
= - N-1 N1
[ N
u3(Rint1) 1 I
Pmt+1,Mm P*(O,Rm-i,-l) ;P*(O,RJ) ( )
fik=fr(R), k=1,.,M—1.
(59.32)
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