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Macroscopic dark matter detection with gravitational wave experiments
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We study signatures of macroscopic dark matter (DM) in current and future gravitational wave (GW)
experiments. Transiting DM with a mass of ~10°-10"> kg that saturates the local DM density can be
potentially detectable by GW detectors, depending on the baseline of the detector and the strength of the
force mediating the interaction. In the context of laser interferometers, we derive the gauge invariant
observable due to a transiting DM, including the Shapiro effect (gravitational time delay accumulated
during the photon propagation), and adequately account for the finite photon travel time within an
interferometer arm. In particular, we find that the Shapiro effect can be dominant for short-baseline
interferometers such as Holometer and GQUEST. We also find that proposed experiments such as Cosmic
Explorer and Einstein Telescope can constrain a fifth force between DM and baryons, at the level of

strength ~103 times stronger than gravity for, e.g., kg mass DM with a fifth-force range of 10® m.
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I. INTRODUCTION

Astrophysical and cosmological evidence points to the
existence of dark matter (DM), but little has been deter-
mined about its microscopic nature, with even its possible
mass consistent with observation in the large range of
1072 eV to 10*M, (see Ref. [1] for a recent review).
Direct detection of dark matter in terrestrial experiments
has focused on DM particles whose interactions with
the Standard Model particles are determined by the DM
abundance in the Universe. Such DM typically has mass
<340 TeV [2], and has been the subject of a range of
experiments searching both for single particle inter-
actions (see Ref. [3] for a review) and collective wavelike
phenomena [4,5].

On the other hand, the direct detection of ultraheavy dark
matter (UHDM) is relatively unexplored, with primordial
black holes [6] being the most well-studied DM candidate
in this category. While unitarity bounds limit DM produc-
tion through thermal mechanisms above ~100 TeV,
UHDM can be a composite state synthesized in a way
similar to Standard Model nuclei [7-10]. Such UHDM can
be searched for by direct scattering [11] or quantum
mechanical sensors [12,13].

In this work, we consider the detection of UHDM
beyond Mp, via long-range forces, whether gravity or a
new fifth force between baryons and DM. Alongside
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LIGO’s success in detecting gravitational waves (GWs)
from a binary black hole merger [14], a myriad of laser
interferometer experiments are either in operation or are
planned to commence operation in the near future [15]. DM
transiting in the solar system produces a weak gravitational
potential, and can in principle be observed by laser
interferometers. These effects have been analyzed previ-
ously in the context of pulsar timing arrays (PTAs) [16-21].
In addition, laser interferometer experiments with shorter
(~ m) baselines, designed to measure quantum gravity
signature in causal diamonds (see Ref. [22] for a review),
can also be sensitive to transiting DM. This includes the
past experiment Holometer [23-25], an upcoming experi-
ment commissioned by Caltech and Fermilab under the
Gravity from the Quantum Entanglement of Space-Time
(GQUEST) Collaboration [26], and a 3D table-top inter-
ferometer proposed by the Gravity Exploration Institute at
the Cardiff University which probes the transverse corre-
lations of quantum gravity effects [27]. These GW detec-
tors generally operate at high frequency =10 Hz, which
corresponds to sensitivity toward DM with mass M < kg
assuming that the DM saturates the local dark matter
density.

Detection of UHDM with laser interferometers has been
considered elsewhere in the literature [28—-30]. Other works
model GW detectors as simple accelerometers and derive
the sensitivity due to transiting DM from mirror acceler-
ation [31-34]. In this work, we take a more careful
approach and formally derive the gauge invariant observ-
able on laser interferometers [35] from transiting DM.
In addition to the Doppler effect (which is usually the sole
effect considered in the literature), the Shapiro delay
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(gravitational time delay accumulated during the photon
propagation) and Einstein delay (gravitational redshift at
the detector) are also derived. Moreover, we discuss the
statistical formalism for detecting both single events and
a stochastic background of events. For other types of
GW detectors, we give an overview of those sensitive to
transiting DM and project the sensitivity assuming an
accelerometer signal.

Finally, we also consider the possibility that the DM
and baryon are coupled with an additional long-range
Yukawa interaction, also known as a fifth force [36]. Such
an interaction can arise very generally from an effective
Lagrangian with a scalar/vector/tensor mediator between
DM and baryons and is only weakly unconstrained by
cosmology for heavy DM with force range 4 < 10° m,
even with stronger-than-gravity coupling. The existence
of a long-range fifth force can have profound implications
in DM searches, such as the creation of DM evaporation
barriers in celestial bodies [37]. Various experiments
searching for weak equivalence principle violating
forces have put constraints on specific models, such as
coupling through massive scalars [38,39]. Here we con-
sider a more general scenario without the assumption
of the specific microscopic interaction. We find that
high-frequency detectors are able to constrain the
Yukawa coupling constant to be <10* for a force range
2> 10°m and M ~kg within one year of integration
time, which is roughly consistent with the findings of
Refs. [30,33].

Our paper is organized as follows. In Sec. I, we provide
a description of the gauge invariant strain from transiting
macroscopic DM and discuss various aspects of the signal.
In Sec. III, we provide a detailed derivation of the signal
spectrum. In Sec. IV, we derive the constraints from a
stochastic signal, where individual DM might be insuffi-
cient to produce a detector signature, but the collective
behavior from all DM passing by the detector can be
detectable. In Sec. V we discuss the various experiments we
consider in this work and their sensitivity curves to the
signal. In Sec. VI we place our results into context and
conclude.

II. DESCRIPTION OF MACROSCOPIC DARK
MATTER SIGNALS IN INTERFEROMETRY-
BASED GRAVITATIONAL WAVE DETECTORS

Transiting DM induces a gravitational field as a metric
perturbation £,,. This produces a strain in a GW detector,
h(t) = AL/L (where L is the interferometer arm length),
which is the sum of three individual contributions:

(1) Doppler effect: acceleration of the mirrors.

(2) Shapiro delay: change in the photon travel time

within the interferometer arm.

(3) Einstein delay: time dilation of the clock proper time

(also known as gravitational redshift).

The total strain can be written in the general form

h(t, ﬁ) = hDoppler(t7 ﬁ) + hShapiro(t’ ﬁ) + hEinstein(t)’ (1)

where 1 is the unit vector along the interferometer arm.
Note that the Einstein delay does not depend on the arm
orientation. A Michelson-Morley laser interferometer con-
sists of two arms and measures the difference between the
two arms,

h(2, 01, 82) = h(t,6y) — (2, ), (2)

where fi; and fn, are the orientation of the two arms
respectively. We quickly see that the Einstein delay con-
tribution vanishes for laser interferometers, but can be
present in single-arm interferometers, such as PTAs and
long-baseline atom interferometers. In the following sec-
tions, we will suppress the unit vector dependence for
simplicity. We emphasize that individual contributions
from Eq. (1) are frame dependent, and only the sum is
gauge invariant and is hence an acceptable experimental
observable [35]. In Sec. III, we will review this gauge
invariant time delay and derive the resulting signal in full in
the context of a transiting DM.

In Fig. 1 we show the Fourier transformed strain,
hy(f) = [ dtexp(—=2mift)hx(t), for each contribution
(X = Doppler, Shapiro, or Einstein) and some choices
of the DM mass M, velocity v, perpendicular velocity v,
impact parameter b, and perpendicular impact para-
meter b, as specified in the figure caption. Here the
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FIG. 1. Signal spectrum |hy(f)|* for Doppler effect, Shapiro

delay, and Einstein delay. Here we choose M = 107 kg,
b=90m, wv»=340km/s, b, =30m, v, =270 km/s,
L = 4 km, and assume a single-arm GW detector for illustration
purposes. See the discussion of different length scales in
Sec. Il A. The analytic expressions for the signal spectrum are
taken from Eq. (26) (Doppler), Eq. (32) (Shapiro), and Eq. (37)
(Einstein).
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TABLE 1. Reference equations for Doppler, Shapiro, and
Einstein signal spectrum. A skeleton form of the spectrum is
given by Eq. (3). Here A@ is the angular separation between the
two interferometer arms.
2|
(%)

2

()P = A3]ax ()

One arm Two arm
Doppler Eq. (26) 4sin?(A0/2)x Eq. (26)
Shapiro Eq. (32) Eq. (34)
Einstein Eq. (37) 0

perpendicular components (denoted by the subscript L) are
defined relative to the interferometer arm. Analytic for-
mulas for the spectrum are derived in Sec. III. We observe
that the signal is a simple power law in the frequency f
when f < f,, and rapidly drops to zero as f 2 f,, where
f: = 1/(277) is the characteristic frequency of a transiting
DM as given by the characteristic timescale T = b /v, or in
the b < L/2 limit of the Shapiro delay, 7, = b, /v (see
Sec. II A for a detailed discussion). In general, the signal
spectrum can be parametrized as
()
fe

i (L)
X\ frsr

where frsr = ¢/4xL is the detector’s free-spectral-range
(FSR) frequency, characterizing the time needed for the
photon to complete a roundtrip within the interferometer,
gx(x) is its associated spectral shape, and 3x(x) is the
spectral shape of the DM signal. The constant coefficient
Ay characterizes the amplitude of the signal. Explicit forms
of each component are derived in Sec. III. See Table I for a
summary of the analytic expressions.

Most laser interferometers designed to measure GWs
such as LIGO utilize Fabry-Pérot (FP) cavities to increase
interaction time between photons and the GW. A direct
consequence is that the detector peak sensitivity is dis-
placed from the FSR frequency by the cavity quality factor

|

2 2

; (3)

|hx(f)|2 :Agf

log(1 - p) M
boin = /=2~ Pl _ g
min anvT 9 km
by o — _log(1-p) — 300 km
L min nv, TL

where p is the percentile of the minimal impact parameters
(taken to be 0.9 for the numerical estimate above), n =
romSpm/M is the local DM number density, with
pom = 0.46 GeV/c?/cm?, fpy the DM fraction in mass
M, v and v, are the average DM velocity and perpendicular
velocity respectively, and the estimate for b ;, only holds

kg
M
kg

0> 1, ie, fpeax/frsk ~1/Q. As we will derive in
Sec. III, the effect of finite photon travel time produces
corrections to the signal spectrum in powers of (f/frsr)
[Eq. (26), Eq. (32), and Eq. (37)], and hence can be safely
ignored for these experiments. However, experimental
apparatus designed to measure quantum gravity effects
such as Holometer and GQUEST generally do not have FP
cavities, since the peak frequency of quantum gravity
signatures is naturally the frequency associated with the
photon travel time in the physical interferometer arm, i.e.,
the FSR frequency [35]. Hence these quantum gravity
detectors generally are most sensitive to signals that peak at
Jfrsr, and the photon travel time within the apparatus
cannot be neglected.

We discuss various important distance scales in Sec. I A
and suppression effects in Sec. IIB. In Sec. IIC and
Sec. II D we present and discuss the projected constraints
on DM interacting with the detectors gravitationally and
with a long-range fifth force, respectively.

A. Distance scales

The signal timescale and the corresponding frequency of
a transiting DM depend on its distance of closest encounter
with the detector. The distribution of DM around the
detector gives rise to a relation between the distance scale
and the DM density. Here we summarize various relevant
distance scales for the DM signals. For Doppler and
Einstein delay, since the DM effect only acts on a point
(the mirrors or the clock), the relevant distance scale is b.
For Shapiro delay, if the DM is sufficiently distant (=L/2)
from the detector, then the entire interferometer arm is
effectively a point, and the relevant distance is still b.
However, for nearby DM (b < L/2), the relevant scale for
Shapiro delay is the DM’s closest encounter to any point
along the arm rather than a specific point, denoted as b
(note that b, < b by definition). The local statistical
distribution of » and b, of DM has been studied and
derived in the appendix of Ref. [40]. In particular, the 90th
percentile minimum DM impact parameters, b, and
b | min» are given by

V2 12 (340 km/s\ /2 (yr\1/2
oM | T T)

VL2

|

when b;, < L. In Fig. 2 we show the distance scales from
LISA, LIGO, and GQuEST for different choices of DM
mass M. As will be discussed in the next subsection and
carefully verified in Sec. III, only DM with impact
parameter b < L can potentially generate sizable signals.
We see that b, and b i, coincide at ~L. At those lower
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FIG. 2. Relevant distance scales for measuring transiting DM
signals as a function of DM mass M, assuming fpy = 1 and a
local DM mass density of ppy = 0.46 GeV/c?/cm?. The length
scale for Doppler and Einstein effect is b,;,, while the length
scale for Shapiro is by, if by, 2 L/2 and b iy, otherwise. Note
that b, .;, depends on the length scale of the detector baseline,
for which we choose three experiments with diverse baselines
(LISA, LIGO, and GQuEST) for illustration purposes. For
reference we also show a typical pulsar-Earth distance,
zo ~ 5 kpc, which is the largest distance scale for PTA searches
when M < 10°M,.

mass ranges, the Shapiro effect is boosted by the fact that
b, < b, but as we will see in the next section [cf. Eq. (32)],
the Shapiro delay in the b < L/2 limit suffers a suppression
factor of w/c. These competing factors lead to the
dominance of the Doppler effect in most experiments,
but the Shapiro effect has a slight edge for specific values of
L and M.

For reference, we also show the typical distance between
Earth and a pulsar observed in PTA experiments,
zo~ 5 kpc. For M < 10M, which is the mass range
considered in most previous works on PTA [18-21,40],
2o 1s the largest distance scale. This shows a natural mass
cutoff when extending the previous PTA results for DM
with mass M 2 10M, as we do not expect DM to give
measurable signatures in PTAs if b = z,.

B. Tidal and Q suppression

Laser interferometers are mostly sensitive to DM
with impact parameter b < L. The main reason is that if
b Z L, the peak frequency of the signal f, < 2(v/c¢)fpsr ~
1073 frsg. Thus unless the Q factor is sufficiently large
(Q > 10%), the peak DM frequency typically falls below the
sensitivity window of the GW detector. Notice that the
DM signal drops exponentially above such a signal peak
frequency. In addition, the strain due to DM with b 2 L
suffers suppression from two other effects, which we will
see explicitly from the derivation in Sec. III:

TABLEII.  Suppression factors for different contributions to the
strain when b = L. Here the notation “tidal + Q" denotes that the
signal is the sum of two terms, suppressed by the tidal and Q
factor respectively.

Suppression factor when b > L

One arm Two arm
Doppler Tidal 4+ Q Tidal + Q
Shapiro 1 Tidal 4+ Q
Einstein 1 -0

(1) Tidal suppression. Since an interferometer measures
differential quantities, when b = L, the interfero-
meter behaves like a dipole under a gravitational
field, and thus the signal can be suppressed by a
factor of L /b, which is commonly known as the tidal
effect.

(2) Q suppression. When b 2 L, the signal can evade
tidal suppression since the interferometer measures
the differential strain at slightly different times,
creating an envelope in Fourier space that is peaked
at fFSR.l When the signal is evaluated at the detector
peak sensitivity fex, the signal picks up a factor
of 1/0Q.

When the signal with b > L is evaluated at frequency
f = fT’ since (]/Q)(ff/fpeak) :fT/fFSR :2(U/C)(L/b),
we see that the Q-suppressed term is always weaker than
the tidally suppressed term for laser interferometers as
v < c. However, for some types of interferometers, such as
atom interferometers, the speed of the probe can be much
slower than the DM speed. In that case f, > fgsr 1S
possible even when b > L, and the Q-suppressed term
can dominate over the tidally suppressed term. We leave the
detailed treatment of these types of experiments for future
work. In Table II we summarize the suppression factors for
b z L for all contributions in Eq. (1), and for both one-arm
and two-arm interferometers, which will be justified in later
sections.

C. Projected sensitivity

To set the projected sensitivity for various current and
future GW detectors, we assume that the detector noise is
stationary and Gaussian with a one-sided power spectral
density S,,(f) (in units of Hz™!). The deterministic signal-
to-noise ratio (SNR), assuming optimal filtering in a
matched filtering procedure, is given by [47]

|A(f)P
Sa(f)

SNR2, = 4 /0 " df (5)

'Effects of finite photon travel time are discussed in the context
of gravitational waves in Refs. [41-44] and ultralight DM in
Refs. [45.46].
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For narrowband GW detectors, the deterministic SNR can
be approximated as SNR%, » (4Af/S,)|(fpeax)|*, where

Af is the narrow frequency bandwidth.
On the signal side, the spectrum in Eq. (3) can be
greatly simplified assuming b < L for the purpose of
|

4 (8GML SR
T3\ by f

| I:lDoppler (f) | :

computing the SNR, which takes much simpler forms
truncated at f = f,. Here we show the approximated
form of the signal strain by quoting the results from
Sec. III and taking the f < f, limit of Eq. (26), Eq. (32),
and Eq. (37),

o) Yo

=z 8rGM FSR )2 S
s % (5 ) ( o) cost (L etr., - ).

|171Einstein (f)|2 ~

for one-arm detectors. For two-arm interferometers
| Apoppler(f)]* should pick up a factor of 4sin?(A0/2),
where A@ is the angle between the two arms,
|fzShapiro (f)|* does not receive a correction when b < L/2
and AG~O(1), and |Agingein(f)]? = 0. The simplified
spectrum is very accurate for the lower mass range where
b < L, but can underestimate the upper limits on fpy by
<4 orders of magnitude on the higher mass range.

kg\ (yr
16
fDM ,Doppler <2x10 <M) ( ) (340 km/5>

8GM\2 (frs )2 o (_f f
(or) (7)o () e (7)o -0

(6)

|

The 90th percentile upper limit on fpy is derived by
requiring b, > L (in the high mass limit), and the 10th
percentile SNR to be less than 2 (in the low mass limit),
where the SNR is produced by DM with impact parameter
given by Eq. (4). Computing SNRy in Eq. (5) using the
simplified signal strain in Eq. (6), the constraints on fpy
are then roughly given by

) 0 () ()

P 550 (k”;) () (57) (2)-

ML

Here the superscripts “L” and “R” denote the low and high
mass regions of the parameter space, respectively. Note that
in the low mass regime, the SNR for the Shapiro effect
becomes independent of fpy, for which case we show the
constraint on the DM mass M instead.

In Fig. 3 we show the projected constraints for several
existing and proposed GW experiments based on laser
interferometry, assuming 7 = 1 yr of observation time.
These experiments are discussed in Sec. V in more detail,
with the noise spectral densities plotted together in Fig. 6.
We derive the projections using a Monte Carlo simulation
to sample the DM initial conditions, compute the SNR with
the exact strain as derived and shown in Sec. III, and set the
SNR to 2. In the Monte Carlo simulation, the DM impact
parameters are randomly sampled and properly normalized
to the local DM density, while the velocity distribution is
taken to be the Standard Halo Model, i.e., an isotropic

1 S 1/2 /kHz\ 1/2
9 n
b 53105 (i) (57)

yr\ (270 km/s\ (km}?
fDM Shapiro ~ <3 %107 <kg> ( ) <77_U_ 7 )

(7)

|
Maxwell-Boltzmann distribution with vy = 220 km/s,
boosted by the solar system speed vy, =220 km/s,
and truncated at the escape velocity v = 600 km/s.
The mean DM velocities are » = 340 km/s and
7, =270 km/s [18]. The trajectories of DM, dependent
on time, are then parametrized by the impact parameters,
velocities, and arrival time of the DM [see Eq. (16) and
Eq. (17) for explicit forms and discussion in Sec. III]. The
constraints are reported in terms of fpy, defined to be the
fraction of DM as transiting point masses. We find that
for laser interferometers, the Doppler effect is dominant
over the Shapiro delay except for the high mass range in
Holometer and GQuUEST (which appears as bumps in the
constraint curves). We see that gravitational signals from
transiting DM are out of reach for laser interferometry-
based GW detectors, even if the DM local density is
saturated. However, if there exists an additional long-range
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Projected 90th-percentile upper limits on transiting DM fraction from several existing and proposed GW detectors based on

laser interferometry, assuming 7 = 1 yr of observation time and local DM density ppy = 0.46 GeV/c?/cm?. The limits are derived by
setting the 10th-percentile SNR defined in Eq. (5) to be 2, and the DM initial conditions are sampled using a Monte Carlo simulation.
Projections from other types of high-frequency GW experiments are shown with dashed colored lines. See Sec. V for a description of the

experiments.

fifth force between DM and baryonic matter, GW detectors
can be sensitive to a fifth force ~103 times stronger than
gravity within a year of observation, which will be
elaborated in Sec. IID. On the same plot, we show
projections from other types of high-frequency GW detec-
tors, which are modeled as accelerometers for simplicity.
More specifics are explained in Sec. V.

D. Fifth force

In the presence of a long-range DM-baryon Yukawa
force (also known as a fifth force), the potential can be
written as

GM
r

Dy (1) = —a& e/, (8)

where & is the coupling strength (normalized against
gravity), and 4 is the force range. The effect of the fifth
force can be estimated using the same signal spectrum in
Eq. (3) but truncated at » = A for Doppler effect (note that a
fifth force coupled to B or B — L induces no Shapiro delay).
In Fig. 4 we show the resulting projected constraints
from the Monte Carlo simulation on & for A =1 m and
A= 10° m, alongside several existing fifth-force con-
straints. The finite force range introduces a cutoff mass
corresponding to b,;, ~ 4. We observe that constraints on &
for experiments with long baselines such as LISA and
LIGO significantly weaken when the force range A drops
below the interferometer length. However, experiments
with shorter baselines such as Holometer and GQuEST
are less insensitive to the shorter force range as long as
Az 1 m, since the peak sensitivity of these experiments
corresponds to the b ~ 1 m scale.

Astrophysical constraints on the DM-baryon fifth force
include weak equivalence principle (WEP) tests, which
measure the differential acceleration of two baryonic bodies
toward the Galactic Center. Several existing WEP analyses
include perihelion precession (Sun-Mercury) [52], binary
pulsar (NS-white dwarf) [53], lunar laser ranging (Earth-
Moon), and torsion pendula (Be-Ti, Be-Al) [54], but have
been shown to be subdominant (upper limits on & > 10°°)
forA < 10° m[21]. Observation of neutron star (NS) surface
temperature can also place upper limits on the Yukawa
coupling constant since a large DM-baryon interaction leads
to a high NS temperature due to kinetic heating [21]. An
indirect bound on DM-baryon interaction comes from
combining [11] upper limits on DM self-interaction from
bullet cluster observation [48,49], and bounds on baryon-
baryon fifth force measured in E6tvos experiments such as
MICROSCOPE [50,51], which is shown in Fig. 4. While the
bullet cluster + MICROSCOPE bound is dominant over
the GW detector bounds for most mass ranges, if only a
subcomponent (say 1%) of DM is charged under the fifth
force, then the bullet cluster bound on DM self-interaction
does not exist, while the GW detector bounds will only
deteriorate linearly with the subcomponent fraction.

III. DERIVATION OF THE SIGNAL

The observable in a laser interferometer experiment is
the total photon roundtrip time within an interferometer
arm. In Ref. [35], this quantity is written as a sum of three
separate components, corresponding to the Doppler effect,
the Shapiro effect, and the Einstein time delay. The sum has
been explicitly shown in Ref. [35] to be invariant under
general gauge transformations. Here we follow Ref. [35]
and briefly summarize this gauge invariant quantity. Then,
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FIG. 4. Projected 90th-percentile upper limits on the fifth-force Yukawa parameter from several existing and proposed GW detectors

based on laser interferometry, assuming 7 = 1 yr of observation time and two choices of force range, 4 = 1 m and A = 10° m. Existing
constraints are shown in dotted lines. The gray line is the combined constraint from bullet cluster observation [48,49] and the

MICROSCOPE experiment [50,51], while the purple (red) lines are constraints from neutron star kinetic heating [21] with (without)
additional short-range DM-baryon interactions to facilitate energy transfer. The limits are derived by setting the 10th-percentile SNR
defined in Eq. (5) to be 2, and the DM initial conditions are sampled using a Monte Carlo simulation. Projections from other types of
high-frequency GW experiments are shown with dashed colored lines. See Sec. II D for a summary of existing fifth-force constraints,

and Sec. V for a description of the experiments.
we restrict ourselves to the scenario of a pointlike transiting  the total photon travel time within a roundtrip, T,
in an interferometer centering at the origin can be computed

DM and explicitly derive the strain for each effect.
In the presence of a general metric perturbation by including effects from the clock rate change, mirror
motion, and gravitational redshift in the photon geo-

(9)  desic [35]:
|

; 1 [L4m(+el) 1 r
T, (1) = Ty"(t) + T)(2) :67—1——/ dr{ 1+ -HM 1 4+—,r
€ Jry(1.0) 2 c

1 [ra(t+3£0) 1. 2L —
—/M dr<1 +H‘“<t+ r,r)), (10)
L ) 2 c

L
c +FM<[+?,L

ds* = —(1 = Hy)dt* + (1 + H,)dr* + 2H,dzdr...,
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where ¢ is the time when the photon leaves from the beamsplitter. Here H"/" = H, + H, & 2H,, ry (¢, r') denotes the
mirror position at time ¢’ with ' being its spatial coordinate in the absence of metric perturbations, and 67 is the clock rate
change, corresponding to the Einstein time delay. Keeping the linear terms, one can obtain the total time delay:

L 2L
cé6T,=cT,—2L = cot —|—2rM<t+c,L> —rM(t,O)—rM<t—I—C,O>

Einstein

+1/LdH°“‘ -
20, ¢ )72

Doppler

0 , _
/ drH"‘(t+2L r,r>. (11)
L C

~~
Shapiro

The second line shows the gravitational redshift experi-
enced by the photon between two unperturbed mirrors,
which corresponds to the definition of the Shapiro effect in
the literature [16,55]. The contribution from mirror motion,
corresponding to the Doppler effect, is the differential
position shift between the two mirrors during one photon
roundtrip obtained by solving the mirror geodesic equa-
tions, which, to leading order, can be written as [17]

ru(t, r)z% / “ar / Cara Mot ). (12)

The choice of initial conditions in the above time integrals
can be subtle depending on the gauge choice, so it is more
convenient to work with the mirror acceleration instead.
The Doppler strain, which is a displacement quantity, is
related to the mirror acceleration, a(f), in the frequency
domain via |Apappier(f)? ~ (22f)*L72|a(f)[* [56], cir-
cumventing the need to specify the mirrors’ initial con-
ditions. This is to be contrasted with the treatment of the
Doppler effect in PTAs, where the accelerations of the
pulsars / Earth are explicitly integrated over time to obtain
the shift in the pulsar phase [18-20,40].

The total time delay in Eq. (11) is shown to be invariant
under general gauge transformations [35]. Equipped with
this well-defined observable, we specialize to the case of a
transiting DM and compute each effect individually.

To compute the individual contributions, one has to fix a
gauge. We work with the harmonic gauge, where the metric
perturbation due to a nonrelativistic (v < ¢) point particle
is given by [57]

20
ds? = — (1 + (72")> ar?
&

+ <1 — 2q)£t2’ X)> (dx* + dy* + dz?), (13)

where @ is the DM Newtonian potential

GM

X = ol

: (14)

with rpy(7) being the DM trajectory. Assuming a straight-
line motion, we can completely specify rpy(¢) using six
phase space parameters, {rg, v},

rDM(t) =TIy + Vi, (15)

where ry and v are the three-dimensional DM initial
position and velocity. While Eq. (15) is intuitive, it is
inconvenient to use in practice, since it does not explicitly
show the DM time of closest approach, when the signal is
maximized. For DM signals induced on a spatial point of
the detector (i.e., Doppler effect and Einstein delay), a more
convenient parametrization of Eq. (14) is [40]

rpm() = b +v(1 = 1), (16)

where b is the impact parameter, and 7, can be interpreted
as the DM “arrival time.” Note that b is constrained to be
perpendicular to v; hence the total number of phase space
parameters {b, v, y} is still six, and for an experiment with
total observation time 7, only DM with arrival time within
the range —T/2 <1ty <T/2 can be feasibly detected.
One can rewrite Eq. (16) as rpy (1) = b(b + 5¥), where
n=(t—ty)/7 is a dimensionless time parameter and
T=b/v.

Finally, if the DM signal depends on the closest distance
between rpy; and the experiment baseline (i.e., Shapiro
delay in the small impact parameter limit; see Sec. III B),
assumed to be aligned in f, then the most convenient
parametrization of Eq. (15) is

rpv(t) = by + b +v(r—15,), (17)

where b, and b are the perpendicular and parallel
impact parameter respectively, and 7, | is the time when
the DM reaches b,. The phase space parameters
are {b,,b|,v,ty }, where b, is constrained to be
perpendicular to both i and ¥, giving again a total of
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six independent parameters, as expected. The perpendicular

DM distance is r,(f) = [rpy(?) x f] = b /1 + 17,
where n, = (t—1ty,)/7,, 7, =b /v, and v = |v X 1i|.

A. Doppler effect

We start by studying the Doppler effect, focusing on a
one-arm GW detector. The Doppler effect is often the only
component of transiting DM signals considered in the
literature, such as Refs. [28,33], since it is the most
dominant contribution in most mass ranges. When unper-
turbed, suppose the two mirrors are located at ry;, (an inner
mirror close to the beamsplitter) and ry,, (an exterior mirror
at the edge of the arm), which are separated by a distance of
ry, — Ty, = LA. The laser measures the distance between
the two free-falling mirrors, with trajectories given by
ry, (t) and ry, () (with arguments), evaluated at times
separated by the photon transverse time:

b {elr+8) ]
-]} o

This corresponds to the mirror motion term in Eq. (11). Itis
in fact more natural to consider the Doppler signal as the
acceleration of the mirrors caused by the transiting DM.
The strain, which is a displacement quantity, is related to
the mirror acceleration along the interferometer arm,

ay, (1) =1Ly (1) for a =1, 2, by

d? 1 L
WhDoppler(t) =7 { [aMz (f =+ ;) —dy, (t)]

o (B -2 o

In the Newtonian limit, it is clear that the mirror accel-
erations are simply given by the gravitational potential from
the DM. Alternatively, to more explicitly relate to the gauge
invariant formalism developed in Ref. [35], one can also
derive the mirror acceleration using the metric perturbation
in Eq. (13), which is a standard general relativity calcu-
lation that we briefly review. The mirrors free fall in
accordance with the geodesic equation parametrized by

the coordinate time, which is j—;rﬁh (1) +Tpoldry (1)/dt] x
drfy (t)/dtf]=0. For the metric in Eq. (13), when the

source is moving slowly (v < ¢), the Christoffel symbols
|

hDoppler (t )

Saan (X) = 2x{ [(13 ) - (¥ ﬁ)z]xKO(x) + [(z(ﬁ )+ (§-h)2 = 1) = 2i(h - 0)(¥ - ﬁ)x} K, (x)}.

are IY, =T}, =0,®/c* and Fj.k = (640;® — 6;40;P —
5,0, ®)/ ¢? [57]. In the limit where the mirror is moving
very slowly (7, < ¢), the leading order geodesic equation
is (d*/d*)ry (1) + c¢*Tj, = 0, and thus the mirror accel-

eration is given by the gradient of the potential

A A

£y (1) - A, (20)

where we define the distance between the mirrors and the
DM, Ary, (t) =1y, —rpy(2). This is of course the gravi-
tational force that the DM exerts on the mirrors. We now
take the DM trajectory in Eq. (16) choosing the unper-
turbed beamsplitter location as the coordinate origin.
Then the acceleration of the first mirror in Eq. (20) is
given by ay, (1) = —h - (GM/b*)(b +n9)/(1 +1)*
with the Fourier transform

. GM _, . - f )
aM](f) = _b—/ye 2 fl‘ole <f—> with

Su, (x) = 2x[K, (x)b — iKy(x)¥] - i, (21)
where we separated the magnitude and the signal shape for
clarity. The Doppler acceleration has a sharp peak at = 0
in real space, corresponding to the DM time of arrival as
expected. In Fourier space, the Doppler acceleration has a
weak log dependence on the frequency for f < f,, but
quickly drops to zero when f > f.. This behavior is in fact
general for all three types of signals, as we will see shortly.
The acceleration of the second mirror can be computed
using Eq. (15), Eq. (20), and Ary, (f) = Ary, (¢) + LA,

-4, if h<L
am ([)% b-fi+79-h)2 . .
: g, (1) + O | APRLEEE L | i b L
(22)
The Fourier transform is given by
0, if b<< L
au,(f) = g - _ . . (23)
" am, (f) + (%)atidal(f)’ if b>1L
where we have approximated 5(f) ~ 0 and
(24)
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The total Doppler effect can be computed by Fourier transforming Eq. (19) and, using Eq. (23), we have

cos(zf;R) (f), if b< L
7 2 —i FSR
o () ~ =y e 25 (L, ()= ( )awatr). it @)
4frse) " b

Q-suppressed tidal-suppressed

Equation (25) is illuminating, as it shows that we can safely ignore the contribution from the second mirror if b < L
since the acceleration of the first mirror is much greater than the second mirror. However, if b > L, then both mirrors
experience similar acceleration from the same transiting DM. This leads to a suppression factor of (L/b), known as the
tidal factor as alluded to in Sec. II, which is well studied in the literature of accelerometers [29,33]. However, an additional
piece of the power spectrum is not suppressed by the tidal factor, but arises from the fact that a laser interferometer measures
the differential acceleration between the mirrors at a slightly different time. Defining Q = frsr/f, the Doppler signal

is thus

2o(_f )|z (L
<o (a7 [ ()

- 8GML 4 .
|hDoppler( )| "’( 2b1}> ( I}SR> 4sin* (4stR

(£)

where we assume that either the Q-suppressed or the tidal-
suppressed term dominates when b > L. Effects from the
finite photon travel time in laser interferometers have
been considered previously in the literature of gravitational
wave [41-44] and ultralight DM [45,46]. However,
previous studies on macroscopic DM have generally
neglected this effect by treating the interferometer as a
simple accelerometer, which amounts to dropping the
sines and cosines of ~(f/fgsr), the second term of
|

(83, (¥)?) = 3%
ZCU XK G(

i,j.k

| stldal

where ¢;;; are some O(1) coefficients. We observe that
(|34dal(x)|*) ~ (4/5)(|54, (x)|?). The spectral shapes of the
tidal-suppressed piece and the Q-suppressed piece are in
fact very similar to each other (constant until f, and then
exponential decay), but are suppressed by factors of
different physical origins. To set an upper limit on the
DM fraction, we compute the 10th percentile |71Dopp1er NP
using Eq. (26) with the impact parameter given by Eq. (4),

‘3‘ k3 + K] =3 {

)Kj(x) =

ifb<L

’ i b>>Land 1/Q;> L/b,

)

(26)

, if b> L and 1/Q; < L/b

Eq. (26), and estimating Syqy(f/f.) = 3p, (f/f:). This
treatment is well justified for GW detectors that utilize
FP cavities with Q > 1 such as LIGO, but does not apply
to other laser interferometers such as Holometer and
GQuEST.

The average signal shape can be computed by taking the
amplitude squared of Eq. (21) and Eq. (24) while sub-
stituting the angular factors derived in the Appendix [see
Eq. (A2) and Eq. (A4)],

4 (1, ifxxkl
3 | mxe ™, ifx>1
16 (1, if x <1
{ . b (27)
15 | zxde™, if x> 1

|
while taking the mean value of the angular factors and v.
In the limit where b < L, one recovers Eq. (6). On the
other hand, if the interferometer has two arms separated
by an angle of A#, then we replace the angular factors in
Eq. (27) with the two-arm angular factors in Eq. (AS),
while removing the n-independent term in Eq. (24),
giving, up to O(1) factors, a factor of 4sin’(A6/2) in
Eq. (26).
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B. Shapiro delay

The Shapiro delay has been studied extensively for
transiting DM signals in PTAs [16,18,40]. A pulsar located
at a distance of z, from Earth has a long baseline of L ~ kpc,
which is greater than the DM impact parameter even for DM
as heavy as 10M,. Hence most PTA works compute the
Shapiro signal assuming z, > b, in which case it has been
shown that the relevant impact parameter is defined relative to
the line of sight between Earth and the pulsar, i.e., b, . For
laser interferometers, however, the baseline L can, in general,
be smaller than the DM impact parameter, b. In this section,
we show that if » > L, then the relevant impact parameter is,
in fact, b as the length scale of the detector becomes negligible
and the detector becomes “pointlike,” which is consistent with
Ref. [16]. In the opposite limit where b < L, an interferom-
eter becomes similar to the pulsar-Earth system, and the
relevant impact parameter is b | .

We choose the midpoint of the interferometer arm
as the coordinate origin in Eq. (17). The total Shapiro
delay is given by the change in the proper length of the
interferometer arm, measured over a photon roundtrip

:% {Al(tJrch) +Al<t+3;;>], (28)

where Al(f) is the shift in the proper arm length,
measured by a photon that passes through the midpoint
L/2
=) J2 dzhi;
(142, ryq + zi)n'n/. Under the DM grav1tat10nal field
in Eq. (13) and Eq. (14), and assuming that DM moves
in a straight line with a constant velocity according to
Eq. (15), the motion of rpy(z) within a one-way photon
travel time can be simply treated as rpy (7 + (z/¢)) =
rpm(?) + (z/c¢)v, and hence [16]

M
AL() G/
L2 \/Z—rn

where we defined the parallel and perpendicular distance of
DM, relative to the arm midpoint, r| = |[rpy () — Fpiq) X
fi| and 7| = [rpp () — Iyig] - A, and used the nonrelativistic
limit fi — (v/c)V ~ h. The integral in Eq. (29) can now be
computed analytically [16],

hShapiro (t )

of the arm, r.,, at time 7, i.e.,

(29)

P+ (L/2) /R + [ + (L/2)F
P = (L/2)+ R + [y = (/2P

L2 .
M log(g), 1f,/rL—|—r”NL/2
) L 2 2> ’
e 1f,/rL+r|NL/2

GM
Al(t) = —5-log
c?

: (30)

taking a simpler form in the two different limits. We
observe that when b = L /2, then the Shapiro delay depends
on the magnitude of b, similar to the Doppler effect.
However when b < L/2, the effect only depends on the
perpendicular component and has a weak log boost from
the small distance (as opposed to the Doppler case). Using
the parametrization in Egs. (16)—(17) for the upper and
lower entries of Eq. (30) and performing a Fourier trans-
form, we find®

%e-zaifzo.le—f/fu’ if b<L/2

Al ~ <Y

c

. . . (31)
2L -2t (]4) ifb>L/2

We then Fourier transform the total Shapiro delay in
Eq. (28):

S (82GMN\2 [ f
|hShap1ro(f)| _( C3 > cos <4fFSR>

(f%)ze*f/fu, it b<L)2
X . (32)

(=)K3(£). ifbzLe

We emphasize that Eq. (32) should be read with caution.
The two entries of Eq. (32) are decided by the relative
magnitude between b and L/2. If b= L/2, then the
Shapiro signal is cut off at the frequency corresponding
to b. Otherwise if b < L/2, then the Shapiro spectrum is
suppressed by factors of v/c compared to the Doppler
spectrum in Eq. (26), and is cut off at the frequency
corresponding to b .

In a two-arm interferometer system with an O(1)
(in radians) arm separation angle, the total Shapiro strain
is the difference between individual arm strains. If
b <« L/2, then the Shapiro delay for one of the arms
should be much stronger than that of the second arm
(it is statistically unlikely that the DM with the smallest
b, for one arm also has a comparably small b, ,
relative to the second arm unless the angle between the
two arms is very small, which is in general not true
for any realistic GW detector). Otherwise, if b > L/2,
then the two interferometer arms effectively become two
point detectors oriented toward directions fi; and fi,, and
the total strain suffers a tidal suppression factor of L/b,
similar to the Doppler effect in Eq. (22). Using Eq. (30),
we find

*Useful ~ Fourier  transform integral: [ dxe
log(m) ‘Zk”‘ e %M where a,fy €R, a > 0, y > 0,
and A=p>—4ay <0. We dropped all delta functions as
usual.
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lo L—Z) if b<L)2
GM g(r x> )’ ~
Al(t.A)) = Al(t By) &~ o (1)< . (33)
¢ mfbm(f)' (h; —h,), ifb2L/2
Taking the Fourier transform of Eq. (33) using Eq. (17) and Eq. (28), the total Shapiro strain is
] 87GM 2 f (ﬁ%)zfzf e, if b<L/2
|hShapiro(f)|2 - (—3) cos’ <4f 2 2 2 ’ (34)
c FSR (SL_b) (7) S, (}4) . if bz L2

where 5, (x) is defined in Eq. (21), but with fi replaced by
n; —f,. Comparing Eq. (34) with Eq. (32), we see that the
Shapiro spectrum for a two-arm interferometer is identical
to that of a one-arm detector for b < L/2, but picks up a
suppression factor of 4 sin?(A60/2)(L/8b)*> when b > L/2.

C. Einstein delay

The gravitational effect due to the Einstein delay is given
by the difference of the clock proper time z at the
beamsplitter over a photon roundtrip time

Niinaein(t) = % [T <z + 2CL> - T(r)] . (35)

The proper and coordinate times are related by dz(t)/dt =
1 — (1/2)hgy, so that using Eq. (13) and Eq. (35), we write

Gt = 2 [o(1+ %) e, (9

c
where the DM gravitational potential @ is evaluated at the
beamsplitter. Putting the DM trajectory in Eq. (15) with
the beamsplitter location chosen as the coordinate origin
into the potential, one finds ® (1) =—(GM/b)(1+n*)~/?

with the Fourier transform ®(f) = —(2GM/v)e 2%/
Ko(f/f.), giving the Einstein strain

N _ (8GM\? (frsr\? . f f
|hEinstein (f)|2 - ( CZU ) <T> Sln2 <2fFSR> K% <f_‘r> .

(37)

Note that the impact parameter only enters the spectrum
through the peak frequency fpea, but not the amplitude.

If the interferometer has two arms, then the Einstein
delay contribution cancels between the two interferometer
arms, and thus the effect vanishes.

IV. STOCHASTIC SIGNAL

In the small DM mass limit, it is possible that each
individual DM is not sufficient to produce a sizable signal,
but the collective effect due to all DM passing by the

[
detector might be large enough to be measured. In this
limit, DM behaves collectively like a stochastic back-
ground. The total strain %(f) is given by summing over
strains h,(¢) from all individual DM:

h(t) = ha(t). (38)

Correlations from the stochastic DM field have been
previously studied in Ref. [18] in the context of PTAs.

A. Doppler effect

For a given ¥, the differential volume of an element in a
cylinder is dV = vbdbdgdt,, where ¢ is the polar angle of
b on the plane perpendicular to v. We have assumed
monochronic DM masses. Using the parametrization in
Eq. (16), the autocorrelation function of EDOPPICI( f) is then
given by integrating over the volume

} ~ 00 21 T/2

X /vm vf,(v)dv /” sin 8d0
0 0

x A " AR ()R (F). (39)

where f,(v) is the Maxwell-Boltzmann distribution for the
velocity, and @ and ¢ are the polar and azimuthal angles for
v respectively. The factor of 1/(4z) comes from normali-
zation of the angular integration over 8 and ¢. Note that we
also set the lower limit of the integral over b to b, as
defined in the rhs of Eq. (4). The integral is formally
divergent if we allow b — 0, which is a case of statistical
outliers skewing the mean of a distribution. Following the
treatment of Ref. [18] in the context of PTAs, the
divergence can be regulated by truncating the integral at
the 90th percentile of minimum impact parameter among
DM particles, which is insensitive to statistical outliers.
Since the DM trajectory in Eq. (15) is a function of
t — ty, the strain in Fourier space 71( f) can only depend on
to through a phase factor exp(—2zift,). Integrating over f,
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thus evaluates to a delta function in f — f” in the limit when
fT > I <hD0ppler(f) hDopplcr(f/)> = SDoppler (f)é(f - f/)’
indicating that the stochastic signal is stationary when
the observation time is sufficiently large. The strain power
spectrum reads as

n 00 2” /USSC
SDOpplet(f) _EA bdbA d(pA vfy(v)dv

T 2r - 2
XA sm@dé/o dplR(f)P (40)

Anticipating that the signal’s dependence on the velocity is
going to be weak, we set the velocity to 7, while integrating
over angular factors of b - fi and ¥ - it using Eq. (A2). We
show the analytic form for the Doppler effect and extend
the spectrum result for » < L to b — oo, since we expect
the detector to only be sensitive to b < L. Then integrating
Eq. (40) with Eq. (26), we find’

4
SDoppler (f ) =B Doppler (%) COS2 (2](}(@) <%mm >

f f
<t ) () .
where f, = v/(27by,), and
1287L>G*Mppyifom
BDoppler = 3 45
c*'v
M 340 k L\?
=2x10"73 Hz! (—) Som (fm/s) (_) :
kg v km
(42)

For stationary signals, considering the cross-correlation
between two detectors and the optimal matched filtering,
the stochastic SNR is given by

S%(f)

SNR% o e T
S, (F)Sn, ()

_or [T arr? 43
X,stoc TA f (f) ( )

where S, | (f) are the one-sided autocorrelated power
spectral density of the two detectors 1,2, T'(f) is the
cross-correlation function across detectors, and X can
correspond to the Doppler, Shapiro, or Einstein effect.
For simplicity, we assume I'(f) ~ 1, i.e., the two detectors
are colocated and aligned without correlated noise, and
Su, (f) = S,,(f) = S,(f). Note that if there is only one
detector, then due to the random nature of both the signal
and the noise, no matched filtering can be applied.

In the first panel of Fig. 5, we show constraints on
the DM fraction fpy for LIGO, LISA, GQuEST, and

*Useful integral: [* x[K3(x) + K3 (x)]dx = aKy(a)K(a) for
a> 0.

Holometer, which all have two detectors. For the mass
range and experimental parameters considered in this work,
the Doppler stochastic reach is subdominant compared
to the deterministic reach, which is consistent with the
conclusion of Ref. [28]. This can be explicitly shown by
estimating the SNR assuming both the signal and the noise
are constant within the experiment’s frequency window
Af; using Egs. (26) and (41), one observes

SNRstoc.Doppler 1

- Ko(x)K, (x)
(SNRdet,Doppler ) :

\/TAfx[Ko(x)z + Kl (x)Z] X=fpeak/ f=

1
= \/T—TAflog(fpeak/fr)’ (44)

~

in the limit f,e < f, showing that the stochastic con-
straint grows logarithmically for lower masses. As for all
GW detectors considered in this work, including LIGO,
LISA, GQuEST, and Holometer, TAf > 1, and hence the
stochastic limit is subdominant for the whole mass range
as shown in Fig. 5. Notice that for PTAs, for example,
TAf ~ 1 thus the stochastic constraint can take over at a
relevant mass range [18].

B. Shapiro delay

The stochastic Shapiro delay can be derived in a similar
manner. Recall from Sec. III B that in the » < L limit, the
impact parameter relative to the interferometer arm sets
the size of the signal. The volume of a differential element
is given by dV =wv,db db|dt,  [18]. The stochastic
Shapiro power spectrum is thus given by integrating the
Shapiro strain in Eq. (32) with the parametrization in
Eq. (17) over volume

n ) L/2 Vese
Sshapiro (f) 24—/ de_/ db||/ vify, (vy)dv
T Jo -L/2 0

T 2r -
x /0 sin 0o /0 dlhsnpo (DI (45)

where we again assume that v points at a direction of (6, ¢),
fu, (v1) is the perpendicular (relative to the interferometer
arm) velocity distribution, and we performed the integral over
to.; assuming 7 >> 1. Anticipating that DM with b, < L/2
will dominate the stochastic signal, we perform the integral in
Eq. (45) using the upper entry of Eq. (32) and find

3
it (7))

X (] - e—(f/szSR)(C/M))G)(L - bi,min)»

(40)

where
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FIG. 5. Projected 90th-percentile upper limits on stochastic DM signals from LIGO, LISA, GQuEST, and Holometer, assuming
T = 1 year of observation time and local DM density ppy = 0.46 GeV/c?/cm?’. The limits are derived by setting the 10th-percentile
SNR defined in Eq. (43) to be 2. See Sec. V for a description of the experiments.

— 64ﬂ2L2G2MpDMfDM bi

B Shapiro C7

M v 2/ L\?
=8x 1072 Hz ™! — L ) (=),
x “ (kg)fDM (270km/s km

(47)

and we substituted the mean value, 7,, of the velocity
distribution, and introduced a cutoff requiring b, ., < L
to ensure that there is a nonzero number of DM with b, < L.

The projected reach of the stochastic Shapiro signal
is shown in the second panel of Fig. 5, and is derived
by setting the SNR in Eq. (43) with the spectrum in
Eqgs. (46)—-(47) to be 2. Unlike the Doppler effect, the
stochastic Shapiro signal can actually have better reach
than the deterministic signal in the lower DM mass range,
such as M < 10° kg for LIGO, for example. This can be
traced to the fact that the Shapiro deterministic signal
amplitude is independent of the DM mass once the DM

impact parameter becomes less than L. However, the
stochastic Shapiro spectrum scales linearly with the DM
mass, as is evident in Eq. (47), resulting in a larger SNR for
the relevant mass range.

The stochastic signal derived in this section in general
agrees with the results in Ref. [18] studied in the context of
PTAs. In particular, the stochastic spectrum in Eq. (42) and
that in Eq. (46) have the same scaling relations of M, fpu.,
Ppoms U, U, and L (up to the definition of the observable) as
the spectrum derived in Ref. [18]. A notable difference is
that Ref. [18] presented the stochastic signal as a nonsta-
tionary process, with a power spectrum that is a function of
both f and f’, as opposed to the stationary signal we
derived in this section, where the power spectrum is only a
function of f, similar to a stochastic GW background [58].
As discussed in Sec. IV A, one can explicitly demonstrate
that the stochastic DM signal is stationary by integrating
over the DM arrival time, #, (Doppler) or f, (Shapiro),
over the experimental time 7. In the limit f7° > 1, which

122003-14



MACROSCOPIC DARK MATTER DETECTION WITH ...

PHYS. REV. D 108, 122003 (2023)

holds for all GW detectors considered in this work with
T = 1 year, one finds that (i(f)h(f")) is proportional to
S(f = f'), which is the definition of a stationary process.
Physically, this demonstrates that for a sufficiently long
observation time, DM can arrive at any time during the
experiment, which is a uniformly random variable, and
hence the signal produced is stationary in nature.

V. GRAVITATIONAL WAVE EXPERIMENTS AND
NOISE CURVES

In this section, we discuss various types of GW experi-
ments that are sensitive to transiting macroscopic DM
signals, with a focus on laser interferometers. An overview
of experiments considered in this paper is given in Table III.
A collection of noise spectral densities for such experi-
ments can be found in Fig. 6.

A. Laser interferometers

Gravitational waves were first detected by LIGO and
Virgo [14]. Since then, laser interferometry laboratories,
both ongoing and proposed, have expanded their coverage
to encompass a broader range of signal frequencies. At
higher frequencies (ZHz), the advanced LIGO and Virgo
are to be joined by Cosmic Explorer [66], Einstein
Telescope [64,65], and proposals such as NEMO [67]
and LIGO Voyager [61]. On the other hand, LISA [59] is
proposed to operate at lower frequencies below Hz. At the
same time, the experimental apparatus proposed mainly to
detect quantum gravity effects, such as Holometer [23],
GQUEST [26], and the 3D interferometer [27], are sensitive

to signals at high frequencies in the MHz range. While our
calculation cannot be applied directly to a 3D interfero-
meter, interesting signals from a transiting DM could in
principle be induced in such a device. We leave a detailed
analysis for future work.

The peak sensitivity frequency is typically set by the arm
length L and the quality factor Q of the FP cavity (if any),
fpeak = ¢/(4xQL). Throughout the paper, for laser inter-
ferometers, we consider the sensitivity as obtained by a
two-arm configuration. The angle between the two arms is
given by the proposed detector geometry, as quoted in
Table IIl. Throughout this work, we have used the
published noise curves for all experiments as shown in
Fig. 6 unless otherwise specified. GQuUEST is in principle a
narrowband detector utilizing novel photon counting tech-
niques to evade the standard quantum limit [26], where the
bandwidth and estimated sensitivity are given in Table III.
We note that the sensitivity of GQUEST given in Table III
assumes an integration time of 1000 s and a single
interferometer setup in which the autocorrelation is mea-
sured. Future development of a colocated setup, allowing
for cross-correlation and extended operation of GQuEST,
can lead to a better sensitivity than the conservative
estimate given in Table III.

B. Other types of gravitational wave detectors

1. Optically levitated sensors

Optically levitated sensors with tunable frequencies have
been proposed to detect GWs at high frequencies in the

TABLEIII. Overview of GW experiments with potential sensitivity to macroscopic DM signals through the Newtonian potential and a
fifth force. See Sec. V for a description of experiments and Fig. 6 for the experimental sensitivity curves.

Su(f peak) Detector
Experiment Operating frequency” [Hz]~! L [m] geometryb

Laser interferometers
LISA [59] [107#,1] Hz 1074 25x%x10° 7/3
LIGO (aLIGO, Voyager) [60,61] [10,10%) Hz 10=47 4000 /2
KAGRA [62] [10,10*] Hz 1074 3000 n/2
Virgo [63] [10,10%] Hz 10746 3000 /2
ET [64,65] [10,10%] Hz 1074 10° 7/3
CE [66] [10,10%] Hz 10-%0 4x 104 /2
NEMO [67] [1, 3] kHz 10748 4000 /2
GQUuEST [26] 1.5 x 107 (30 MHz) 10740 5 /2
Holometer [25] [1, 8] MHz 1046 39 /2
Other gravitational wave detectors

Optically levitated sensor (100 m) [68,69] (10, 300] kHz (~0.1f) [107%2,107%6] 100 Cavity
Bulk acoustic wave [70,71] MHz—GHz (~10 Hz) 107%4 ~1073  Plate resonator
Spherical resonant mass [72,73] (Mini-GRAIL, Schenberg antenna) 3 kHz (100 Hz) 10—+ 0.7 Spherical mass
Pulsar timing array (e.g., SKA [74]) [107,1077] Hz 1072 ~10%0 Timing array

*For narrowband experiments, the readout bandwidth is additionally quoted in brackets.
For interferometers with two arms, we quote the angle between the two arms.
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FIG. 6. Sensitivity curves of GW experiments. The projected noise spectral densities for laser interferometers are plotted in solid lines.
Strain sensitivities for narrowband detectors are shown in shaded regions within the quoted bandwidths. Note that the presented
frequency range for the levitated sensor corresponds to the tunable frequency range of the trapping potential, rather than the
measurement bandwidth. See Table III for an overview of the GW experiments and Sec. V for a description of experiments.

~[10, 300] kHz range [68,69]. Such a device consists of a
nanoscale or microscale sensor (sphere or disk) levitated
optically and placed at an antinode of a tunable trapping
laser inside an FP cavity. An interferometerlike configu-
ration [69] further increases the sensitivity by noise
cancellation between its two arms. A one-meter prototype
of the detector is under construction. The optically levitated
sensor is a resonant detector, where the motion of a
dielectric nanoparticle suspended at an antinode of the
cavity can be detected. The operating frequency is deter-
mined by the tunable trapping frequency of the nano-
particle: @f = mi‘i%] -
mass, U is the optical potential, and x, is the antinode
location. The dominant noise source is from the Brownian
thermal motion of photon scattering from the nanoparticle,
which is suppressed at higher frequencies and cryogenic
temperatures. For such resonant sensors, we assume the test
mass to be free over the interaction timescale, so the
characteristic frequency of the signal is larger than the
trapping frequency, 2zf, 2 m.

In a local Lorentz frame with the inner mirror at the
origin, we treat both the levitated object and the end mirror
as free objects within one measurement, initially at x; and
¢ .- The relevant quantity measured is the displacement of
the levitated object from the antinode of the trapping laser,
Ax = 6xp;, — 0x, = 07, — O0x,. A detector specialized to
probe GW signals would benefit from having x; as small as

where mg is the nanoparticle

possible [68], so here we also work in the limit where
X, < ¢, treating the device as an interferometer with two
mirrors separated by a distance of ~Z,,. We use the strain
sensitivity quoted in Ref. [69] to calculate the SNR, without
a careful treatment of the cavity response. The cavity
response might boost the signal on the higher frequency
end up to an order of magnitude (for the 100 m stack
detector). In addition to the classical Doppler acceleration,
we also consider the Shapiro effect, which can displace the
minimum of the optical potential and hence the sensor
location. We estimate the Shapiro strain using formulas
derived for laser interferometers in Sec. III B. We empha-
size that, while the leading order effect in an optically
levitated sensor is expected to be captured by the Doppler
component of the interferometry signal, the interferometry
treatment here is an approximation, where the total effects
are not gauge invariant in the setup of an optically levitated
sensor with a trapping potential. We leave a more detailed
calculation for future work.

We note that there are experiments with stand-
alone levitated or trapped test masses not included in this
paper [75-82]. They either operate at lower frequencies
comparable to laser interferometers or with lower accel-
eration sensitivities than the apparatus considered. Another
recent proposal involving an array of levitated mechanical
sensors and the projected sensitivity to composite DM can
be found in Ref. [83].
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2. Resonant mass detectors

Resonant mass detectors have their origins at the
beginning of experimental GW physics, i.e., the Weber
bar experiment. In general, resonant vibration modes of the
test mass as induced by an external force can be sensed
through certain read-out systems. Along one direction of
the test mass, considering the fundamental mode, the strain
sensitivity of such detectors can be converted to acceler-
ation sensitivity according to A(f) ~ a(f)/(8Lf?), where
L is the length of the resonant mass in such a direction [47].
To estimate the DM sensitivity, we consider the classical
Doppler acceleration as given by Eq. (21) projected onto
one direction. We acknowledge that the exact signal
induced by the DM’s potential requires a careful calculation
that can be done using the metric perturbation formalism.
However, as the DM sensitivity for such experiments is
suppressed, as shown in Figs. 3 and 4, we do not attempt to
refine the calculation further. Spherical resonant mass
experiments, such as Mini-GRAIL [72] and Schenberg
antenna [73], transform excited mechanical modes to
electrical signals. Such experiments operate at ~kHz
frequencies, and the strain sensitivities are typically less
than laser interferometers operating at the same frequency.
At the same time, a new type of resonant mass detector, the
Bulk Acoustic Wave experiment, is designed to operate at
higher frequencies in the MHz—GHz range [70,71]. These
experiments generally sense the acoustic waves inside a
piezoelectric material along a certain direction (e.g., for a
cylinder, along the length) through the SQUID readout.
There is a broad range of operating frequencies depending
on the acoustic eigenmode. The strain sensitivity is
improved with a large mode quality factor and cryogenic
temperatures. Note that such experiments employ higher
resonance modes to achieve broadband sensitivity. To
convert the strain sensitivity, we have assumed the funda-
mental mode. Notice that at a similar frequency range,
membrane optomechanical experiments based on optical
cavities (see, e.g., [84]) can reach a similar acceleration
sensitivity of ~10~> m/s?/v/Hz. We do not make explicit
projections for such experiments and refer the readers to the
BAW projection as a reference.

3. Long-baseline atom interferometers

Long-baseline atom interferometers are another venue for
both GW and DM direct detection. There has been a growing
interest in such detectors and active proposals. Long-
baseline atom interferometers consisting of two spatially
separated single atom interferometers are proposed to
close the midband window between the low-frequency
LISA (~0.01 Hz) and ground-based laser interferometers
(~1 Hz). The operation frequency is limited by gravity
gradient noise on the lower end and the rate of relaunching
cold atoms on the higher end. With improved noise models
and space-based designs, some missions can cover a lower

frequency range even beyond LISA (see Ref. [85] for a
review). A long-baseline atom interferometer, such as
MAGIS [86,87], AEDGE [88], or AION [89], resembles
a single-arm laser interferometer that can perform differ-
ential phase measurements at any given time and benefit
from noise cancellation between the two devices. Although a
single atom interferometer can also serve as an accelerom-
eter, the tidal effect is determined by the rather small wave
packet separation, typically <1 m, that would generally
suppress the sensitivity. Here we briefly discuss the pros-
pects for long-baseline atom interferometers and leave
detailed studies for both types of proposals for future work.
A long-baseline atom interferometer precisely measures the
light traveling time between the two atom interferometers
distantly separated by a baseline length L. The two atom
interferometers are run by a common laser. The laser drives
the atomic transition between the ground and excited states
and transfers 277/4 momentum to the atoms at each pulse,
where 1 is the laser wavelength. Laser pulses applied at
different times serve as “mirrors” and the “beamsplitter” for
the interferometer. The phase of the interference fringe at
each atom interferometer depends both on the laser phase
and the phase accumulated by the atoms themselves. The
pair of atom interferometers serve as both precise inertia and
laser frequency reference. For the single-photon transition
scheme, the relative interference phase between the two
atom interferometers is given by A¢ = w,(2L/c), where
@ is the atomic transition frequency, and the baseline length
determines the light traveling time. Thus, naively, the strain
on the baseline length h(f) ~AL/L, as induced by the
transiting DM interacting with the atom cloud and the
traversing photon through the Newtonian potential, can
be sensed by such detectors. However, the exact phase shift
as induced by the transiting DM depends on the internal
mechanism of the atom interferometry, as well as how the
photon propagates with space-time fluctuations. For exam-
ple, the Shapiro effect can be dominant in the high DM mass
regime, and cannot be captured by the classical acceler-
ometer projection based on the Doppler effect. The strain
sensitivity of proposed long-baseline atom interferometers
can be comparable to laser interferometers. Thus, we post-
pone the study of the gauge invariant phase calculation to
future work.

4. Pulsar timing arrays

Pulsar timing arrays have been studied as powerful and
complementary probes to DM subhalos at small masses
(M < 10°M) [16-19,40,90]. In this work, we appropri-
ately extend the results from [19] to lower masses using
analytic results, assuming observations of 200 pulsars
across 20 years of observational time, 2 weeks of cadence,
and 50 ns of white noise in the timing data, which
corresponds to an estimated scenario of the Square
Kilometer Array (SKA) experiment [91].

122003-17



DU, LEE, WANG, and ZUREK

PHYS. REV. D 108, 122003 (2023)

VI. DISCUSSION AND CONCLUSION

In this paper, we consider the effects of transiting macro-
scopic dark matter on GW experiments, particularly laser
interferometers. Gravitational interaction and an additional
Yukawa interaction are both considered. We applied the
formal gauge invariant observable for laser interferometers
to the case of transiting DM. Importantly, in addition to the
Dopper effect, which is the only effect considered in existing
literature, the Shapiro effect and Einstein delay may also be
present for a generic interferometer design. The Shapiro
effect is the change in the messenger travel time along the
interferometer arm. The Einstein delay is the time dilation
of the clock’s proper time, which cancels between arms for
a two- or multi-baseline interferometer. We show that, for
most operating and proposed laser interferometers, the
Shapiro effect is subdominant compared to the Doppler
effect. However, we also observe that depending on the
experimental parameters, the Shapiro effect may take over
for higher DM masses.

In general, GW experiments operating at higher frequen-
cies are sensitive to macroscopic DM with lower masses.
Across the landscape of experiments included in this paper,
apart from PTAs in the very low-frequency range, for laser
interferometers in the 10~* Hz—kHZ range and high-
frequency apparatus (including Holometer and GQuEST)
in the kHZ-GHz range, the projections peak at DM masses
in the range of ~1-10' kg. The signal is dominated by
transiting DM with an impact parameter smaller than the
interferometer baseline length, i.e., b < L. This is a result
of several effects, such as the peak frequency of the DM
signal compared to that of the experiment, the tidal effect,
and the time differential effect of the strain measurement.
Typically the peak frequency is the dominant factor.
However, for experiments with a large quality factor, the
tidal effect may be the most relevant suppression for DM
with large impact parameters.

We have also investigated constraints from the stochastic
signal produced by an ensemble of transiting DM. We
found that for the Doppler effect, the constraints from
stochastic signals are always weaker than the deterministic
constraints. On the other hand, for the Shapiro effect, the
stochastic signal could dominate over the deterministic
signal in the low mass regime.

Lastly, we have left out the analysis of an important type
of GW experiment, i.e., atom interferometers, as the exact
gauge invariant observable induced by transiting DM is
different than that of laser interferometers. We postpone
such a study for future work.
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APPENDIX: ANGULAR FACTORS

In this Appendix we derive the mean values of angular
factors involving dot and cross products between V, b, and
N, assuming an isotropic distribution of ¥, and a uniform
distribution of b constrained on a plane perpendicular to V.
We note that while the DM velocity in the lab frame has a
preferred direction, the isotropic velocity distribution is a
good approximation for analytic estimates, as verified by
the Monte Carlo simulation.

Without loss of generality, we set i = (0,0, 1) on the z
axis. In spherical coordinates, we write ¥ = (sinfcos ¢,
sin@sin ¢, cos ). Since b is constrained to be perpendi-
cular to ¥, we can write b = cos b, + sin ¢b,, where b; =
(—sin ¢, cos ¢,0) and b, = (cos@cosep,cosfsingp, —sind)
are orthogonal unit vectors that are perpendicular to V.
Averages over an angular factor X are then computed by the
integral

1 T 27 2
MZQ%mmglwAdM@mﬁ(m)

One easily evaluates V-1 =cosf, b-f = —sinfsing,
[V x A|> =sin?@ and |b x f|*> = cos? ¢ + cos® @ sin® ¢,
giving

() = (b8 = |
(19 % AP) = (b x a7) == (A2)

Cross terms between b and ¥ include (b-f)(¥-i) =
—sinfcos@sing and (b x i) - (v x i) = sinfcos O sin g,
which integrate to zero:

>

(b-f)(¥-n)) =0
(b x ) - (¥ x 1)) =0. (A3)
Higher-order factors include (b -n)* = sin*@sin* ¢,
(v-0)*=cos*@ and (b - A)2(¥-1)2 = sin? @ cos? G sin? ¢,
A A 1
(b)) = (7)) = °
N 1
(b-8)*(v-R)%) = . (A4)
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For interferometers with two arms separated by A@, we setfi; = (0,0, 1) and fi, = (0, sin A8, cos Af), again without loss of
generality. Then the angular differences between the two arms are

o

{[(b-h) —(

(10b-5,)( 1) = (b 8)(5 ) 2) = gin® A0

~—

A = () = (3 y)) = 3 s’ @)

4
2_ ({’ . ﬁ2)2]2> = Bsinz A0
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