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Finite-depth quantum circuits preserve the long-range entanglement structure in quantum states and map
between states within a gapped phase. To map between states of different gapped phases, we can use sequential
quantum circuits, which apply unitary transformations to local patches, strips, or other subregions of a system in
a sequential way. The sequential structure of the circuit, on the one hand, preserves entanglement area law and
hence the gappedness of the quantum states. On the other hand, the circuit has generically a linear depth, hence,
it is capable of changing the long-range correlation and entanglement of quantum states and the phase they
belong to. In this paper, we systematically discuss the definition, basic properties, and prototypical examples of
sequential quantum circuits that map product states to Greenberger-Horne-Zeilinger states, symmetry-protected
topological states, intrinsic topological states, and fracton states. We discuss the physical interpretation of the
power of the circuits through connection to condensation, Kramers-Wannier duality, and the notion of foliation
for fracton phases.

DOI: 10.1103/PhysRevB.109.075116

I. INTRODUCTION

Understanding the nature of entanglement in ground-state
wave functions has led to significant developments in the the-
oretical understanding and classification of quantum phases
of matter. In particular, for zero-temperature gapped phases,
it was understood that gapped ground states connected by a
finite-depth local unitary quantum circuit (quantum circuits
composed of a finite number of layers of nonoverlapping local
unitaries) have the same “long-range entanglement” structure
and are hence in the same phase [1]. This understanding has
been helpful in the classification or systematic construction of
gapped phases in various dimensions.

To map between ground states of different gapped phases,
what kind of quantum circuits do we need? It has been proven
in Ref. [2] that, to map from a product state (ground state
of a trivial phase) to either the Greenberger-Horne-Zeilinger
(GHZ) state (ground state of a symmetry-breaking phase) or
a topological state, a quantum circuit of at least linear depth
is needed. The intuition is simply that we need an “effort” or,
more precisely, time that grows linearly with the total system
size in order to establish the long-range correlation in the
GHZ state or the long-range entanglement in the topological
states. On the other hand, however, applying a generic linear
depth circuit to a product state could easily lead to too much
correlation and entanglement that cannot be accommodated
in gapped ground states. Therefore, the question becomes as
follows: Which subset of linear (or higher) depth circuits can
map between gapped phases and not beyond?

The sequential quantum circuit [3–6] (SQC) is such a
subset. As the name suggests, sequential quantum circuits are

local unitary quantum circuits that act sequentially. As shown
in Fig. 1, a sequence of local unitary quantum gates or finite-
depth quantum circuits can be applied to local patches, strips,
annuli, or other lower-dimensional subregions in the system
one at a time. To cover the whole system, the circuit depth
scales as the number of subregions, which can be constant,
linear, or higher in the linear size of the system. As the action
of each layer is restricted to one subregion, it ensures that each
local region in the system gets acted upon by only a finite
number of local unitaries in the whole circuit. We use this as
the defining feature of a sequential quantum circuit. That is, a
quantum circuit (composed of local unitary gates) is called a
sequential quantum circuit if each local degree of freedom is
only acted upon by a finite number of gates in the circuit.

Finite-depth circuits are hence examples of sequential
quantum circuits, although only a small subset. Sequential
quantum circuits have been used to propose efficient gener-
ation methods for matrix product states and a large class of
tensor product states are extensively discussed [3–6]. They
also play an important role in various quantum protocols. See,
for example, Refs. [7–9].

A direct consequence of the sequential structure is that
if the initial quantum state satisfies the entanglement area
law, the final state also satisfies the entanglement area law.
Therefore, gapped systems remain gapped under the action
of SQC. (When we say a state is gapped, it means the state
is the gapped ground state of a local Hamiltonian.) On the
other hand, the linear depth gives SQC the power to generate
or change the long-range correlation and long-range entangle-
ment in the quantum state, hence mapping between different
quantum phases.
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FIG. 1. Examples of sequential quantum circuits in 2D where
(a) a sequence of local unitary gates are applied to local patches, or a
sequence of finite depth quantum circuits are applied to (b) strips or
(c) annuli.

In this paper, we discuss the sequential quantum circuit
that generates various gapped quantum phases, including
symmetry-breaking phases (Sec. II), symmetry-protected
topological phases (Sec. III), (2 + 1)D topological phases
(Sec. IV), (3 + 1)D topological phases and Walker-Wang
models (Sec. V), and fracton phases (Sec. VI). In Sec. VII, we
show that all locality-preserving unitary operators, i.e., quan-
tum cellular automata, can be realized as sequential quantum
circuits. We discuss circuits acting in different dimensions
and in the presence of different symmetries. We note that
some sequential circuits in the context of generating gapped
phases of matter have been discussed in previous literature
[3,10–13]. We interpret the power of the SQC by connect-
ing the circuit action to Kramers-Wannier duality between
symmetric and symmetry-breaking phases, condensation on
gapped boundaries of topological and Walker-Wang models,
the foliation structure of fracton models, etc. Note that to
demonstrate that a sequential quantum circuit can connect a
generic state in one gapped phase to a generic state in another
gapped phase, we only need to show how to map between
particular chosen states (usually fixed-point states) in the two
phases. The mapping from a generic state to the fixed-point
state in the same phase can be accomplished by an additional
finite-depth circuit.

II. MAP TO SYMMETRY-BREAKING PHASES

In this section, we consider the mapping between symmet-
ric and symmetry-breaking phases. We will first focus on the
prototypical example of the (1 + 1)-dimensional [(1 + 1)D]
transverse field Ising model before generalizing it to all di-
mensions and all finite-symmetry groups. We show that the
circuit preserves the global Z2 symmetry of the (1 + 1)D
transverse field Ising model, but does not preserve locality.

The transverse field Ising model in (1 + 1)D,

H = −J
∑

i

ZiZi+1 − B
∑

i

Xi, (1)

has a symmetric phase (B > J > 0) and a symmetry-breaking
phase (J > B > 0) with respect to the global Z2 symmetry∏

i Xi. The fixed-point wave functions of the symmetry-
preserving phase and the symmetry-breaking phase are

|ψSP〉 = | + + · · · +〉,

|ψSB〉 = 1√
2
|00 . . . 0〉 + 1√

2
|11 . . . 1〉, (2)

FIG. 2. Sequential circuit that maps from the symmetric state to
the symmetry-breaking GHZ state of the (1 + 1)D transverse field
Ising model. Each blue box represents the unitary Ui,i+1 in Eq. (8).
Site N + 1 is the same as site 1.

where |+〉 = 1√
2
(|0〉 + |1〉) and we have chosen the sym-

metrized GHZ state to represent the symmetry-breaking
ground space. To motivate the sequential circuit, it is in-
sightful to map the above Hamiltonian to fermions using the
Jordan-Wigner transformation

ZiZi+1 → iγ̃iγi+1, (3)

Xi → iγiγ̃i, (4)

where γi = ci + c†
i and γ̃i = −i(ci − c†

i ). Under such a map-
ping, the symmetric and symmetry-breaking phases map to
the trivial and nontrivial Kitaev chain phases, respectively. It
is now clear that the sequential circuit that maps between these
two phases is composed of Majorana swaps [11],

UF = e
π
4 γ̃N γ1

1∏
i=N−1

e
π
4 γi+1γ̃i+1 e

π
4 γ̃iγi+1 . (5)

Here, the ordering is chosen such that from right to left, the
product goes from 1 to N − 1. Mapping back to the spin
operators and defining,

R(O) ≡ e− iπ
4 O, (6)

the desired circuit is, therefore,

U = R(Z1ZN )
1∏

i=N−1

Ui,i+1, (7)

where

Ui,i+1 = R(Xi+1)R(ZiZi+1), (8)

as shown in Fig. 2.
We note that a convenient property for R(O) is that for

Pauli operators P and Q,

R(Q)PR(Q)† =
{

P, [P, Q] = 0
iPQ, {P, Q} = 0.

(9)

Using the above property, one can immediately see that con-
jugation by Ui,i+1 sends Xi+1 to ZiZi+1.
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FIG. 3. Sequential circuit that maps from symmetric state to the
symmetry-breaking GHZ state of the (2 + 1)D transverse field Ising
model on a N × M lattice. The blue ovals correspond to the gate set
in the blue boxes in Fig. 2. The numbers in the ovals indicate the
layer numbers in the sequential circuit. The horizontal gates act on
the top layer only.

The complete mapping of operators using the unitary (7) is

X1 → X1X2 . . . XN−1XN Z1ZN ,

Xi → Zi−1Zi, i = 2, . . . , N
X1X2 . . . XN → X1X2 . . . XN ,

Z1 → Z1,

Zi → XiXi+1 . . . XN Z1, i = 2 . . . N
ZiZi+1 → Xi, i = 2 . . . N
Z1Z2 → X2 . . . XN .

(10)

Note that in the
∏

i Xi = 1 subspace, the mapping sends Xi →
Zi−1Zi and ZiZi+1 → Xi as desired. A similar circuit has been
discussed in Ref. [12].

We want to point out some important features of this cir-
cuit.

(i) |ψSP〉 maps to |ψSB〉 and vice versa.
(ii) In the bulk of the system, the transverse field term

maps to the Ising term and vice versa. Near the two end points,
the correspondence is lost, and some terms map to nonlocal
terms.

(iii) Applying the circuit twice generates translation by
one site in the bulk of the system.

(iv) The circuit is of linear depth, which saturates the
lower bound required to generate long-range correlation in the
GHZ state from a product state.

(v) The circuit is symmetric. That is, the circuit is com-
posed of local gates (gate sets in the blue boxes) that commute
with the global Z2 symmetry

∏
Xi.

(vi) The circuit is not locality preserving, as the operator
X1 maps to Z1ZN X1X2 . . . XN . This is also necessary because
it is known that locality-preserving unitaries in one spatial
dimension are either finite-depth circuits or translation; nei-
ther is able to generate long-range correlation and map from
symmetric to symmetry-breaking phases.1

In Appendix A, we generalize the circuit to all finite
groups. Higher-dimensional versions of the circuit can be built
starting from the (1 + 1)D version. For example, in (2 + 1)D,
to map from the symmetric state to the symmetry-breaking
state with Z2 symmetry, we can use the circuit shown in Fig. 3.

1If we perform the Jordan-Wigner transformation and map the
transverse field Ising model to the Majorana chain, the mapping
between the two phases can be realized by translation by a single
Majorana mode.

III. MAP TO SYMMETRY-PROTECTED
TOPOLOGICAL PHASES

In this section, we construct symmetric, linear-depth SQCs
that generate fixed points of symmetry-protected topological
(SPT) phases from symmetric product states. We focus on the
bosonic SPT phases described by group cohomology [14].

We begin with 1D SPT phases, which are described by an
element [ω] of the second cohomology class H2(G, U(1)) of
the protecting symmetry G [15–17]. We can construct fixed-
point states realizing such phases by picking a representative
cocycle ω(g, h) and constructing a d-dimensional projec-
tive representation V (g) such that V (g)V (h) = ω(g, h)V (gh)
[15]. Define the d2-dimensional linear representation U (g) =
V (g) ⊗ V (g)∗ where ∗ is complex conjugation. Trivial and
nontrivial representative fixed-point states with this symmetry
can be defined on a chain of N sites, where the Hilbert space of
each site has dimension d2 and consists of two d-dimensional
particles. In the trivial state, the two particles within each site
are in the maximally entangled state |�〉 = ∑d−1

i=0 |ii〉, so the
state is a product state. In the nontrivial state, the right particle
of one site is maximally entangled with the left particle of
the next site.2 This is pictured in Fig. 4(a). These states are
both symmetric under the symmetry U (g)⊗N . It was shown
in Ref. [11] that these two states cannot be related by a
finite-depth symmetric circuit, but that they can be related by
a linear-depth symmetric circuit of SWAP gates, as pictured
in Fig. 4(a). Each SWAP gate commutes with the symmetry
U(g)⊗N , as only particles that transform under the represen-
tation V (g)∗ are swapped, so this is a linear-depth symmetric
SQC mapping a trivial SPT state to a nontrivial SPT state.

It is interesting to consider the effect of truncating this
SQC. Namely, if we stop applying gates at some point in the
circuit, what state is left over? This is illustrated in Fig. 4(b),
which shows that after applying some of the gates in Fig. 4(a),
the resulting state is a nontrivial 1D SPT on periodic boundary
conditions (PBC). This is necessary in order to ensure that
the symmetry is preserved after each step. Each gate in the
SQC serves to extend the region of the lattice occupied by the
nontrivial SPT, and the circuit ends when this region is the
entire lattice. This will contrast with the circuits we construct
for topological phases in Sec. IV, in which truncating the
SQC can result in a droplet of topological order with open
boundaries and a particular gapped boundary to vacuum.

Now, we consider 2D SPT phases, focusing on one exam-
ple and giving the general case in Appendix C. We consider
the CZX model, which is a fixed-point representative of a
2D SPT phase with Z2 symmetry [18] and is defined on
a square lattice with four qubits per site, as pictured in
Fig. 4(c). Similar to the 1D fixed-point states, the qubits are
divided into a tensor product of four-qubit entangled states

1√
2
(|0000〉 + |1111〉) which are contained within one site in

the trivial SPT fixed-point and shared between four sites in the

2Note that even though the only difference in the two states is the
choice of the unit cell, we care about the relative difference between
the two states: if one is declared as a trivial product state, then the
other is said to be nontrivial because the two cannot be related by a
finite-depth quantum circuit.
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FIG. 4. (a) The trivial (bottom) and nontrivial (top) fixed-point states for 1D SPTs on a ring (periodic boundary condition in the 1D chain
shown) of length 8. Circles indicate qubits, and two circles connected by a black line are in the maximally entangled state |�〉. The red lines
indicate the linear-depth circuit of SWAPs, which map between the two states. (b) The 1D states created after applying each of the three gates
in (a) to the initial trivial state. The red region indicates the region spanned by the nontrivial SPT with periodic boundaries, which grow with
each applied gate. (c) The trivial (upper) and nontrivial (lower) fixed-point 2D SPT states. The shaded regions depict single sites; solid lines
indicate which qubits are entangled. (d) The linear-depth circuit which maps between the trivial and nontrivial 2D SPT states. Each ellipse
indicates one application of SWAPCCZ .

nontrivial SPT fixed point [see Fig. 4(c)]. The symmetry acts
on each site as UCZX = CZ12CZ23CZ34CZ41X1X2X3X4 where
the four qubits within the site are numbered clockwise. It is
straightforward to check that U 2

CZX = 1 and that the trivial
and nontrivial states are both symmetric under U ⊗N

CZX where
the tensor product is over all N sites. Therefore, UCZX defines
a Z2 global symmetry of the models.

As these two states are in different phases with respect
to the Z2 symmetry [18], there is no finite-depth symmetric
circuit that relates them. To construct a linear-depth SQC,
we might first try to mimic the 1D case and use SWAP
gates to shift the four-qubit entangled states from within the
sites to between the sites. This will map between the two
states. However, in this case, the SWAP gates do not commute
with the Z2 symmetry since they drag around the CZ gates
involved in UCZX . To remedy this, we can dress the SWAP
gates with additional operations that restore the symmetry
without affecting the action of the gate on the fixed-point
states. Define the dressed SWAP gate acting on two adjacent
sites as

SWAPCCZ = SWAP26SWAP37

× CCZ265CCZ261CCZ378CCZ374, (11)

where the qubits are numbered as in Fig. 4(c) and CCZ is
the controlled-controlled-Z gate which acts on three qubits as
CCZ|i jk〉 = (−1)i jk|i jk〉. These CCZ are placed such that the
additional phase factors created by commuting the SWAP′s in
SWAPCCZ past the CZ ′s in UCZX are canceled by phase factors
created by commuting the CCZ ′s in SWAPCCZ past the X ′s
in UCZX . One can indeed check that SWAPCCZ acting on any
neighboring pair of sites commutes with UCZX , as is shown for
a more general case in Appendix C.

Now we can use these symmetric SWAPCCZ gates to map
between the two states. Beginning with the trivial state, we
first apply the gates sequentially between each pair of adjacent
columns, noting that all gates within a given column can be
performed in parallel such that the depth of this step is linear.
Then, we apply 90◦-rotated versions of the gates sequentially
to each row, which also has linear depth. This results in the
nontrivial SPT states. It is important that, at each step, the
extra CCZ gates included in SWAPCCZ cancel out pairwise
when acting on the state, such that they do not affect the final
state. This procedure is pictured in Fig. 4(d).

The general construction of dressing SWAP operators with
additional phases to make symmetric gates is described in
Appendix C for arbitrary 2D SPT phases. From that con-
struction and our general understanding of fixed-point SPT
states in all dimensions [14], we should be able to construct
similar circuits for SPT phases within the group cohomol-
ogy classification in all dimensions. Indeed, the construction
of symmetric SQCs for quantum cellular automata (QCA),
described in Sec. VII, can be applied to obtain symmetric
SQCs for all SPT states that can be created via a (nonsymmet-
ric) finite-depth quantum circuit (FDQC), which includes all
group cohomology SPTs [14] and some beyond cohomology
SPTs [19].

IV. MAP TO (2 + 1)D TOPOLOGICAL PHASES

In this section, we discuss the mapping from product states
to (2 + 1)D topological states with gappable boundary: the
string-net states [20]. We first discuss the circuit for generating
toric code (TC) ground states and then generalize to all string
nets. A key feature of our general construction is that we can
write SQCs, which generate string-net models with arbitrary

075116-4



SEQUENTIAL QUANTUM CIRCUITS AS MAPS BETWEEN … PHYSICAL REVIEW B 109, 075116 (2024)

gapped boundaries to vacuum, as well as models with periodic
boundary conditions.

A. (2 + 1)D toric code

We start with the ground state of the (1 + 1)D toric code
[21]. The model has qubit DOFs on edges of a square lattice,
and the Hamiltonian is

H2DTC = −
∑
vertex

∏
e
vertex

Ze −
∑

plaquette

∏
e∈plaquette

Xe. (12)

We discuss two distinct SQCs in detail. It is con-
venient to define the following notation for a unitary
gate:

(13)

where the arrows represent CNOT gates acting on the qubits
on the edges of the lattice, with the arrow pointing from the
control qubit to the target qubit. This gate will be generalized
for string-net models in the next section.

The first circuit closely follows the construction given in
Ref. [10], and is pictured in Fig. 5(a). The circuit consists
of two distinct parts. First, we apply parallel gates to rows
of the lattice sequentially. Each gate generates one plaquette
term of H2DTC. After each row of gates is applied, we are left
with a TC state on a cylinder with periodic boundaries in the
x direction and smooth [22] boundaries to vacuum (i.e., the
qubits that are still in a product state) on the top and bottom
edges. In other words, each row of gates pushes the gapped
boundary one row further into the vacuum, expanding the
region spanned by the topological order. The second part of
the circuit involves the gates acting on the final row. We act
on each plaquette in the final row (except the last) sequentially
from left to right. This has the effect of “zipping” the smooth
boundaries on the top and bottom of the cylinder, resulting

FIG. 5. Quantum circuits for creating toric code ground states
with Lx = Ly = 4. The lattice has periodic boundary conditions in
both directions. Each circle represents the gate defined in Eq. (13),
while the blue arrows represent CNOT gates coupling two adjacent
vertical edges. Qubits on solid (dashed) edges are initialized in the
state |0〉 (|+〉), then the gates are applied in the order shown. (a) A
circuit that leaves a smooth boundary when truncated. The gates in
the bottom row “zip” the smooth boundaries together to create the
periodic boundary conditions. (b) A circuit which leaves periodic
boundaries when truncated.

in a TC ground state on the torus. The specific ground state
that is obtained is the +1 eigenstate of the Z-type Wilson
loops winding in both directions. The overall depth of the
SQC scales like O(Lx + Ly) where Lx, Ly are the lengths in
the x and y directions. We can use a similar circuit on the dual
lattice to prepare the eigenstate X -type Wilson loops in both
directions, such that truncating the circuit results in a rough
[22] boundary to vacuum.

The second circuit is pictured in Fig. 5(b). The key differ-
ence compared to the first circuit is that, after each step in the
circuit, we are left with a TC state with periodic boundaries in
both directions. That is, there is never a gapped boundary to
vacuum. Instead, the first two steps of the circuit prepare a TC
state on a thin torus, and each subsequent row of gates serves
to extend the region over which the periodic toric code state
is defined, similar to the circuits for SPT states defined in the
previous section. Interestingly, because the final zipping step
is not required (since the periodic boundaries in the vertical
direction are present from the start), the depth of this circuit
scales only as O(Ly). Accordingly, the ground state of the TC
that this circuit prepares is the +1 eigenstate of both the X -
and Z-type Wilson loops that wrap around the torus in the
y direction: the minimal entangled states on the x-direction
cylinder [23]. We remark that the circuit in Fig. 5(b) can
also be run such that all blue controlled-NOTs (CNOTs) are
first applied in sequence, and then the plaquette operators in
Eq. (13) are applied in sequence. The first step prepares a stack
of 1D GHZ states, and the second step merges them into the
TC ground state, with each step having depth ∼Ly.

B. Levin-Wen string-net models

In this section, we show how the construction in the pre-
vious section for the 2D TC can be generalized to arbitrary
Levin-Wen string-net states [20], writing a sequential circuit
that generates the bulk string-net ground state on a cylinder
and on the torus. In the first case, the state is created row
by row from a product state, creating and moving arbitrary
gapped boundaries in the process like in the previous section.
We generalize the unitary circuit that generates the “smooth”
boundary at the ends of the cylinder constructed in Ref. [10]
to arbitrary gapped boundaries. We show the general frame-
work here and present the technical details in Appendix B.
The general construction follows from Kitaev and Kong [22]
and bears many resemblances to the (finite-depth) quantum
circuit written in Ref. [24], mapping between different Morita
equivalent string nets.

The Hilbert space of string-net models consists of con-
figurations on a hexagonal lattice, with the edges labeled by
simple objects a, b, . . . of a unitary fusion category C. The
simple objects obey fusion constraints: a × b = ∑

c Nc
ab c,

which are assumed to be multiplicity free here (Nc
ab ∈ 0, 1).

There exists a unit object 1, such that ∀ a, 1 × a = a. The
string-net Hamiltonian is a sum of commuting projectors,
generalizing Eq. (12):

HSN = −
∑

v

Av −
∑

p

Bp. (14)

In the ground state, the vertex terms (Av) enforce the fu-
sion rules at every vertex and the plaquette terms (Bp) give
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...

=

C

C

...

L

R1

R2

...

...

s

...
R3

...

(a)

(b)

FIG. 6. (a) We start with a honeycomb lattice with periodic boundary conditions in the horizontal direction and all edges initialized on
the trivial object 1 (gray). We generate a bulk string-net ground state with two boundaries labeled by C (“smooth” boundary) by applying the
controlled plaquette projector C-Bp (17), sequentially, row by row. (b) In every step of the circuit, at least three of the edges are trivial initially,
and the bottom edge serves as the control edge.

dynamics to the string net by projecting every plaquette on
the trivial anyon sector

Bp =
∑

s

ds

D
Bs

p, (Bp)2 = Bp, (15)

with ds the quantum dimensions of the simple objects s and
D = ∑

s(ds)2 the total quantum dimension. The action of Bp

can be schematically drawn as

(16)

After the weighted sum of s loops (15) is created in the middle
of the plaquette, the loops are fused in the lattice and every

vertex is recoupled until the hexagonal basis states are recov-
ered [Eq. (B13)]. An explicit ground state on the torus can be
obtained by initializing all the edges on the trivial object, a
state which trivially satisfies the vertex constraints, and then
applying the plaquette operator on every plaquette. We remark
that these plaquette operators are not unitary, so this does not
directly lead to a circuit to prepare the ground state.

Similarly, to define our circuit, we start with an initial state
with all edges fixed on the trivial object. We leave the lattice
unoriented here for simplicity and choose an explicit orienta-
tion in Appendix B. Just like for the toric code, the circuit is
constructed such that a control edge can be assigned for every
individual plaquette operator. This edge is not yet entangled
in the lattice and is still in the trivial state |1〉. To merge the
edge into the lattice, it is first mapped to |1〉 → ∑

s
ds
D |s〉,

after which it is used as the control to draw the loops around
the added plaquette. The controlled-Bp (C-Bp) action is

similar to the action of Bs
p, but with the control edge treated as in the trivial state [10]:

(17)

The C-Bp operator now acts as a unitary with the same ac-
tion as Bs

p, provided at least one edge is in the trivial state
initially (gray). This is shown in Refs. [10,25]. The proof
relies on the unitarity of the F symbols of the fusion category
C (B2). The full circuit is shown in Fig. 6. A cylinder is

generated with boundaries labeled by C. This boundary is
the generalization of the smooth boundary in the toric code
for general string nets with Hamiltonian (14), where both
the bulk and boundary edges are labeled by objects in C.
The effect of applying operators in a new row is to push
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the boundary down and enlarge the bulk string-net ground
state.

Following Kitaev and Kong, the string-net boundaries with
edges labeled by objects in C are not the only possible
ground-state solution of Eq. (14). More generally, the edges
can carry labels in a C-module category M (indicated by blue
lines in the diagrams). Given the input category C and the
choice of boundary M, it is always possible to define the
“Morita dual” category C∗

M and consider M as a (C∗
M, C)-

bimodule category [26]. This is the structure we require to
define our general quantum circuit, the details of which are
explained in Appendix B.

The opposite category M is a (C, C∗
M)-bimodule category,

with objects that are in one-to-one correspondence with those
of M, but with their orientation reversed. One can now con-
struct a weighted sum of simple objects in M (BM

p ):

(18)

BM
p =

∑
S

dS

D
BS,M

p , (19)

with dS the quantum dimensions of the objects in M. When
applied to all plaquettes, BS,M

p maps the ground state of a
string net with input category C∗

M to that of a string net with

input category C (the operator BM
p does the reverse).

The initial trivial state, on which our general sequential
circuit will act, is interpreted as a state with all edges fixed on
the trivial object in the Morita dual category C∗

M. The objects
in M have an action on the objects in C∗

M (C∗
M × M → M),

such that on the boundary, the loops are fused with the trivial
edges (∈ C∗

M) to obtain boundaries with M labels. In the
bulk, loops are fused pairwise on every edge M × M → C
[by virtue of (B11)], such that the desired bulk string net C is
recovered. The general sequential circuit is shown in Fig. 7. It
is the generalization of the one shown in Fig. 6 for arbitrary
gapped boundaries labeled by M. The circuit is slightly more
complicated as we need different plaquette operators on dif-
ferent sublattices for the first two rows. The general picture,
however, is very similar. The same isometry argument can be
invoked here for the general plaquette operator, the proof of
which we omit, but is a generalization of the one given in
Refs. [10,25], and relies on the unitarity of all the F symbols
involved (see Appendix B).

Note that C is always a valid choice for the module category
over itself (M = C), in which case the Morita dual is simply
C itself. This case corresponds to the original circuit and
the smooth boundary is recovered. The toric code is recov-
ered from this general picture by choosing C = VecZ2 . The
“smooth” and “rough” boundaries are produced by the se-
quential circuit by choosing M = C = VecZ2 and M = Vec
(the category of vector spaces, with only one trivial object),
respectively [27].

We finish this section by showing how the circuit needs to
be adapted for generating the string-net ground state on the
torus. We can try to close the cylinder in Fig. 7 by applying

=

M

M
...

S

L1

L1

L2 L3

SS

L1 L1
L2L2

L3 L3 L3
L3

L3 L3 L3
L3

L2

L3
...

L2

L3

FIG. 7. The general sequential circuit to generate the string-net
ground state with boundaries labeled by M by acting row by row
on the plaquettes with a controlled-BM

p . We start with an initial state
with all edges fixed on the trivial object in the category C∗

M (gray).
We need three different plaquette operators: L1 and L2 for the first
two rows and L3 for all rows below that. The precise action of the
three operators is shown in Eqs. (B13)–(B15). In the bulk, the loops
are fused in the lattice to the string-net labeled by C [by virtue of
Eq. (B11)], but the boundary edges are labeled by objects in M (top)
and M (bottom).

a new row with periodic boundary conditions, using the side
edges as the control edges this time (because the bottom edges
of the new row are already occupied after the circuit for the
first row). However, we cannot completely close the cylinder,
as there are no unoccupied edges left to use as the control on
the very last plaquette. The solution is explained in Ref. [25],
and we use a generalization of it here to construct the torus
ground state in different representations labeled by M. The
string-net ground state is created on a minimal torus first (a
torus with two vertices, one plaquette, and three edges) by
initializing the edges on the trivial object in C and applying
the plaquette operator in the reverse direction of Eq. (19) on
the one plaquette [Eq. (B20)]. The result is a minimal torus
ground state of a string-net with input category C∗

M. After this
initial step, the original sequential circuit is now used to add
plaquettes to obtain the ground state for a string net with input
category C in the bulk. For the last row, the circuit needs to be
altered, using side edges as control qudits similar to the toric
code circuit. The plaquette operator can now be applied on the
last plaquette since we are guaranteed to be in the torus ground
state already. The procedure is shown in Fig. 8. The general
circuit can be used to generate a projected entangled pair state
(PEPS) representation of the string-net ground state, in which
case the representation from Ref. [27] is recovered, general-
izing the original representation from Refs. [28,29]. Note that
in the Abelian group case, the minimal torus is trivial, and for
M = VecZ2 we recover the toric code sequential circuit (on a
hexagonal lattice).

Just like for the toric code in Fig. 5(b), we can change the
string-net circuit such that after each step, we are left with a
string net with periodic boundary conditions in both directions
(without any open boundaries). The periodic boundary con-
dition in the vertical direction can be enforced in the circuit
without applying a last row that zips the boundaries together
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...

...

... ...=

... ...

L4 L5 L6 L7

L4 L6
L5 L5

L6

L7

(a) (b) (c)

(d) (e) (f)

FIG. 8. The procedure for generating the string-net ground state on the torus. (a) The ground state of the string net with input category C∗
M

is created on the minimal torus by fixing three edges according to Eq. (B20). (b) The minimal torus is expanded by copying the initial edges
along the two noncontractible cycles of the torus (this is a sequential circuit). The black boxes identify the same plaquette at the four corners.
(c) The sequential circuit is used to generate the bulk ground state (using the bottom edge as the control) using Eqs. (B13)–(B15). (d) For the
last row, the circuit needs to be altered, using a side edge as the control [Eqs. (B16)–(B18)]. (e), (f) The plaquette operator (B19) can now be
applied on the last plaquette to obtain the torus ground state. This operator is now unitary since we are guaranteed to be in the torus ground
state already.

by first initializing a one-row torus ground state and enlarging
the torus in every step.

V. MAP TO (3 + 1)D TOPOLOGICAL PHASES
AND WALKER-WANG MODELS

We now describe SQCs for preparing topological phases in
(3 + 1)D. For the (3 + 1)-dimensional [(3 + 1)D] toric code,
there are two ways to view the bulk wave function: either as a
condensate (equal-weighted superposition) of membranelike
excitations or as a condensate of looplike excitations [30].
Correspondingly, there are two types of gapped boundary:
a rough boundary that condenses the charges and a smooth
boundary that condenses the looplike fluxes. In this section,
we discuss two sequential quantum circuits for generating
the (3 + 1)D toric code from product states. The first one
generates a membrane condensate in the bulk with a rough
boundary, while the second one generates a loop condensate
in the bulk with a smooth boundary. The first type of circuit
can be generalized to other (3 + 1)D Dijkgraaf-Witten gauge
theories. In contrast, the second type of circuit can be general-
ized to other Walker-Wang models, as we discuss later in this
section.

A. Point-charge condensed boundary

Consider the (3 + 1)D toric code defined on a cubic lattice.
In the membrane condensate picture, the Z2 DOFs are on each

plaquette. The Hamiltonian contains two types of terms, one
associated with each cube and one associated with each edge:

H3DTC = −
∑
cube

∏
p∈cube

Xp −
∑
edge

∏
p
edge

Zp. (20)

Starting from a product state Hamiltonian H = −∑
p Zp,

the toric code can be generated with a sequential circuit as
shown in Fig. 9. Within each cube [Fig. 9(a)], the bottom

FIG. 9. Sequential circuit that generates the (3 + 1)D toric code
with charge condensed boundary. (a) Within each cube, the bottom
plaquette is first transformed by a Hadamard gate and then used as
the control qubit for a set of controlled-NOT operations targeting all
the other plaquettes in the same cube. (b) Such operations are applied
to all cubes in layer 1 first, then to layer 2 beneath it, and so on.
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plaquette is first transformed by a Hadamard gate that ex-
changes Xp and Zp. It is then used as the control qubit for a set
of controlled-NOT operations targeting all the other plaque-
ttes in the same cube. After these operations, the Zp term on
the bottom plaquette gets mapped to the cube term

∏
p∈cube XP

in the toric code Hamiltonian. The sequential circuit acts by
applying this transformation first to all the cubes (at the same
time) in layer 1, then to all the cubes in layer 2 underneath
layer 1, and so on. This circuit is a direct generalization of the
circuit generating 2D toric code discussed in Sec. IV.

Applying the circuit up to layer n generates a gapped
boundary between the (3 + 1)D toric code and the vacuum
state. It is easy to see that this is the rough boundary of the
toric code (rough in the dual lattice) where the gauge charge
excitation condenses.

The sequential circuit described in Fig. 9 can be general-
ized to all Dijkgraaf-Witten (DW) gauge theories in (3 + 1)D.
DW gauge theories are membrane condensates in (3 + 1)D
where different membrane configurations can come with dif-
ferent phase factors (for toric code the phase factors are all 1).
To generate the membrane condensate, we can generalize the
sequential circuit in Fig. 9 from Z2 DOF to group G labeled
DOF and then supplement each elementary closed membrane
generation operation in (a) with the appropriate phase factor.
Similar to the string-net circuit discussed in Sec. IV, the ele-
mentary closed membrane generation operations in the same
layer can be shown to commute with each other. Therefore,
the DW states can be generated layer by layer with a linear
depth circuit. If the circuit is terminated at a particular layer,
the gapped boundary is a condensate of the bosonic gauge
charges, just like in the toric code case.

B. Flux-loop condensed boundary

A different sequential circuit can give rise to the flux-loop
condensed boundary for the (3 + 1)D toric code. The circuit
generates a loop condensate in the bulk. To describe this
circuit, we take the dual lattice of that in Fig. 9 so that DOFs
are associated with each edge. The toric code Hamiltonian is
then expressed as

H3DTC = −
∑
vertex

∏
e
vertex

Xe −
∑

plaquette

∏
e∈plaquette

Ze. (21)

We start with a trivial product state with Hamiltonian
H = −∑

Xe. The circuit to obtain the toric code is shown in
Fig. 10. Within each plaquette [Fig. 10(a)], a Hadamard gate
is first applied to a chosen edge (the thick black one), which is
then used as the target for a set of controlled-NOT gates with
all the other edges in the plaquette as the control. After these
operations, the Xe term on the target edge gets mapped to the
plaquette term

∏
e∈plaquette Ze in the toric code Hamiltonian.

The sequential circuit acts by applying this transformation
first to all the plaquettes in the first row on the bottom surface
with the black edges as the target, then to all the plaquettes in
the second row with the gray edges as the target, and so on
for all N rows in the bottom surface. Then to move up, apply
the transformation in Fig. 10(a) to all the vertical plaquettes
immediately above the bottom surface with the orange edges
as the target in step N + 1. This generates the plaquette term
for all the involved vertical plaquettes. After this step, the

FIG. 10. Sequential circuit that generates the (3 + 1)D toric code
with flux-loop condensed boundary. (a) Within each plaquette, a
Hadamard gate is first applied to a chosen edge (the thick black one),
which is then used as the target for a set of controlled-NOT gates with
all the other edges in the plaquette as the control. (b) Such operations
are first applied row by row to all the plaquettes in the bottom surface.

plaquette terms on the orange plane are automatically satisfied
because the product of the six plaquette terms around a cube
is the identity. Therefore, repeating step N + 1 allows us to
expand the topological region and push the boundary upward.

It can be checked that if the sequential circuit is terminated
at step N + m, the gapped boundary at the mth plane is the
smooth boundary type where the flux loop condenses.

C. Walker-Wang with loop condensed boundary

The circuit in Fig. 10 can be generalized to construct all
Walker-Wang (WW) models in (3 + 1)D [31]. The ground
state of any WW model is a loop condensate, although the
loops are more complicated than that in the toric code. To
construct the ground-state wave function from a product state,
we can choose a target edge in each plaquette and use it to
draw loops in each plaquette in a way similar to that described
in Sec. IV for the string nets. The only difference is that, in the
WW wave functions, when we draw loops, there can be extra
phase factors due to edges lying over or under the plaquettes.
Applying these operations in each plaquette in the sequence
shown in Fig. 10(b) generates the WW wave function. Note
that the plaquette terms in the WW model satisfy the same
local constraint as that in the toric code model: the product
of the six plaquette terms around a cube is identity. For toric
code, this constraint is satisfied in the whole Hilbert space,
while for a generic WW model, this constraint is only satisfied
in the closed loop subspace. To see why this constraint holds,
notice that the product of plaquette terms in the WW model
in a closed surface measures the strings that go through the
surface. For a topologically trivial closed surface like the
surface of a cube, in the closed loop subspace, all strings
going into the surface must come out. Therefore, the net flux
going through a cube is zero in the closed loop subspace: the
product of all the plaquette terms must be identity. Therefore,
generating the plaquette terms in the bottom and side faces of
a cube automatically gives rise to the plaquette term on the
top face. The circuit depicted in Fig. 10 hence proceeds in
the same way as for toric code. The gapped boundary created
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(a) (b)

123

4

5

(c)

FIG. 11. (a) Pauli stabilizer terms of the X -cube model. The model is defined on a cubic lattice and qubits live on the edges. The X stabilizer
term is associated with the cube and the Z stabilizer terms are associated with the vertices. (b) Sequential circuit for X -cube model (of height
Lz = 2 cubes) with smooth boundaries at the top and bottom and periodic boundaries on the sides. Left: We start with Lz = 2 layers of toric
code (shown in orange) with periodic boundary conditions in the layer directions and a layer of trivial qubits in state |0〉 (shown in purple). We
add trivial qubits in state |0〉 on the vertical edges; the dots on the vertical edges are not shown for clarity. Right: On each vertical plaquette,
we perform CNOT gates as shown using arrows that go from control to target qubits. We first do these gates as shown in parallel on all the top
layer vertical plaquettes, then we do the layer below it, and so on. In the figure, we have Lz = 2, hence, our circuit has depth 2 as shown on
the right. (c) Sequential circuit to convert X -cube model with smooth boundaries into an X -cube model on a torus. We add a layer of qubits
on vertical edges in state |+〉 above the top smooth boundary (the top orange layer) such that we can join to the bottom smooth boundary (the
bottom orange layer) via these vertical edges to impose periodic boundary conditions; the dots on the vertical edges are not shown for clarity.
In one step of the sequential circuit, all qubits on the vertical edges in the same color are used as control qubits. The CNOT gates from each
of these control qubits have target qubits on the edges of a single cube. An example is shown on the right. The CNOT gates are shown using
arrows that go from control to target qubits.

with a circuit terminating at step N + m has the corresponding
(2 + 1)D topological order of the WW model.

VI. MAP TO FRACTON PHASES

In this section, we construct sequential circuits for the
preparation of the X -cube model, which is a well-known
example of fracton topological order [32]. The X -cube model
is a commuting projector model where the projectors are Pauli
operators, as shown in Fig. 11(a). We use two different ways
to construct the circuit: the first one is associated with the “fo-
liation” structure of the X -cube model [33] while the second
one is related to the “p-string condensation” picture [34,35].

A. Foliation circuit for X -cube model

We now state the foliation circuit for the X -cube model.
We write the circuit to prepare an X -cube model of height
Lz cubes with smooth boundaries at the top and bottom and
periodic boundary conditions on the sides; however, it can be
generalized to other choices of boundary conditions. We start
with Lz layers of toric code with periodic boundary conditions
which were prepared using the sequential circuit shown in
Sec. IV A and a layer of trivial qubits in state |0〉. We then
combine the toric code layers and the layer of trivial qubits
into an X -cube model with smooth boundaries using a sequen-
tial circuit as shown in Fig. 11(b). The CNOT gates are first
applied in the top layer of vertical plaquettes, all in parallel,
and then in the next layer, and so on. The overall circuit depth
for preparing the X -cube model with smooth boundaries is
linear. We apply a circuit of depth O(Lx + Ly) for the toric
code layers and then we need a sequential circuit of depth
O(Lz ) to combine them into an X -cube model of height O(Lz )
cubes and with smooth boundaries [Fig. 11(b)].

The same circuit can be used to prepare the X -cube model
with periodic boundary conditions in the vertical direction
with fewer starting trivial qubits. To be specific, under peri-
odic boundary conditions, the layer of trivial qubits shown
in purple is not needed along the vertical direction and the
orange layer at the bottom will connect to the top orange layer.
The entangling gates, as shown in Fig. 11(b), will then prepare
the X -cube model on a 3-torus.

However, if we first prepare the height Lz X -cube model
with smooth boundaries and then convert it to the X -cube
model on a 3-torus with height Lz + 1 by doing local gates
at the top layer, we need a sequential circuit as shown in
Fig. 11(c). We add a layer of trivial qubits on vertical edges
above the top smooth boundary in state |+〉; these vertical
edges now connect to the bottom smooth boundary due to
periodic boundary conditions. Using these vertical qubits as
control qubits, we do CNOT gates sequentially to prepare the
layer of cube stabilizers. The CNOT gates that are applied
in parallel are specified by the choice of the control qubits
shown on the vertical edges with the same color and along
the diagonal [left of Fig. 11(c)] and by the gates shown [right
of Fig. 11(c)]. Thus, to convert the X -cube model with smooth
boundaries into a 3-torus, we need a sequential circuit of depth
O(Lx + Ly) [Fig. 11(c)].

A generalization of the X -cube model is the Ising cage-net
model, which is obtained from a coupled layer construction
of double-Ising string-net models instead of toric code layers
[35]. In Ref. [25], a generalized notion of foliation and a
sequential circuit for preparation of the Ising cage-net model
is presented. For the X -cube model, the resource toric code
layers can be prepared in parallel before being inserted one
by one into the bulk to increase the size of the X -cube model.
For Ising cage net, however, this is not possible. Using the
scheme presented in Ref. [25], a thin slab (of small Lz) of Ising
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cage net can first be prepared with O(Lx + Ly) steps. Then, the
height of the slab Lz can be increased one at a time, each time
requiring a circuit of depth O(Lx + Ly). Therefore, overall a
quadratic [O(L2)] depth circuit is needed to generate the Ising
cage-net model.

Whether one can do better than quadratic circuit
depth for the Ising cage-net model is an open question.
It will also be interesting to construct sequential cir-
cuit maps for more general fracton models such as the
type-2 fracton models which have fractal-shaped logical
operators [32].

B. p-string condensation circuit for X -cube model

We now construct a linear-depth sequential circuit for the
preparation of the X -cube model using p-string condensation
[34,35]. We first consider three decoupled stacks of toric
codes in xy, yz, and zx planes such that a part of this stack
z > L has undergone p-string condensation. That is, Z − Z
stabilizers have been added to the double edges of the 3-
foliated stack lattice for z > L, such that only the product
of toric code X plaquette stabilizers around a cube which
share the support of Z − Z double-edge stabilizers survive
as stabilizers. In the part z � L, we do not add these Z − Z
stabilizers and, hence, we still have toric code vertex and
plaquette stabilizers. Thus, the part z > L is like the X -cube
model, the z < L part is like the decoupled toric code stack,
and there is a gapped boundary between the two at z = L. We
assume periodic boundary conditions in the x and y directions,
while the boundary conditions in the z direction do not play
a role since we will only consider moving the z = L interface
by one lattice constant.

See Fig. 12(a) for this starting configuration of stabilizers.
In the X -cube-like part, the stabilizers are the 24-body X
stabilizer terms around a cube, Z − Z stabilizers on every
composite edge, and the original Z vertex stabilizers of the
toric code. At the z = L plane interface between the X -cube-
like part and the decoupled toric code part, the X stabilizers
supported on the cube are a 20-body X term on the cube above
z = L and the toric code X -plaquette term in the z = L plane.

Our goal is to grow the X -cube portion of the model from
z > L to z > L − 1, i.e., to push the gapped boundary between
the two models, similar to how our previously defined circuits
push a gapped boundary to vacuum. In Fig. 12(b), we write the
finite-depth circuit that acts on the layer of cubes right below
z = L to achieve this.

The Z − Z stabilizers on the vertical bonds right below
z = L follow from the relation among the toric code Z vertex
stabilizer terms around a “vertex” of the 3D stack lattice and
the Z − Z double-edge stabilizer terms supported on the same
qubits as those vertex stabilizers. In this manner, the interface
at z = L has moved to z = L − 1 after the circuit is applied on
the layer of cubes right below z = L.

Starting from toric code layers, the circuit depth of the
p-string condensation circuit is linear, i.e., it scales as O(Lz )
since it takes a finite-depth circuit to grow the X -cube part
by one unit length in Lz. Since the toric code layers in xy
planes can be prepared in parallel in circuit depth O(Lx + Ly),
the overall circuit depth scales linearly in the system sizes as
O(Lx + Ly + Lz ).

1 2

(b)

(a)

3 4

FIG. 12. (a) We start with the 3-foliated stack of 3D toric codes
such that the resulting lattice has double edges with two qubits each.
We add Z − Z stabilizers on the double edges for z > L such that
only a product of toric code X -plaquette stabilizer terms that share
the support of Z − Z stabilizers around a cube survives as a stabilizer.
In other words, we have performed p-string condensation in the
region z > L. (b) The sequence of gates that acts on the cubes in
the layer below z = L to grow the X -cube-like part from z > L to
z > L − 1. The arrows denote the CNOT gates and the dashed circles
denote Hadamard gates. We show the gates on a single cube here but
the gates act across the entire layer of cubes.

VII. QUANTUM CELLULAR AUTOMATA

In this section, we show that arbitrary quantum cellular au-
tomata (QCA) can be realized as sequential circuits. A QCA is
a unitary operator Q that preserves locality, meaning that, for
any operator Oi supported on lattice site i, QOiQ† is supported
on sites that are at most a distance c away from i for some
constant c [36]. We focus on implementing translationally
invariant QCA on periodic boundary conditions. Any finite-
depth quantum circuit (FDQC) gives an example of a QCA,
but there are also QCA that cannot be realized as FDQC, such
as the 1D shift operator S, which acts on operators on a 1D
lattice as SOiS† = Oi+1. However, it is easy to show that S
can be realized as a sequential circuit of SWAP gates [37].
Now, we will show that any QCA in any spatial dimension can
be realized as a sequential circuit. Additionally, if the QCA
Q commutes with some global onsite symmetry Ug = u⊗N

g ,
the gates in the corresponding sequential circuits will also
commute with U (g). Therefore, symmetric QCA are a strict
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subset of symmetric SQCs. On the other hand, SQC are not
always QCAs as they do not always preserve locality.

The construction we use is closely related to the con-
struction used in Ref. [38] to realize QCA as finite-depth
circuits with geometrically nonlocal long-range gates. Let us
first consider 1D QCA, and then later generalize to higher
dimensions. The starting point is the standard form of a 1D
QCA. After blocking sufficiently many sites, any QCA will
have a unit range, meaning that QOiQ† is supported only on
sites i − 1, i, i + 1. Then, it was shown in Ref. [39] (see also
Ref. [40]) that the QCA on a ring of N sites can be expressed
in the following way:

Q(N ) =
⎛
⎝N/2∏

i=1

v2i−1,2i

⎞
⎠

⎛
⎝N/2∏

i=1

u2i,2i+1

⎞
⎠, (22)

where we take periodic boundaries. Therein, u is a uni-
tary map between a (d × d)-dimensional Hilbert space to
an (� × r)-dimensional Hilbert space where �r = d2, and
similarly v maps from and (r × �)-dimensional space to a
(d × d)-dimensional space. We emphasize that these internal
dimensions � and r do not represent any physical degrees
of freedom, nor do they appear in the sequential circuits we
construct; they are simply a convenient technical tool. Indeed,
since the input and output Hilbert spaces differ, u and v do
not represent physical operations on their own, but they can
be combined to define physical operations such as Q(N ). As
such, Eq. (22) is not an FDQC, so it can also represent QCA
that are not FDQCs, such as the shift QCA.

To realize this QCA as a SQC, we closely follow the idea
used for SPT states in Sec. III. The fundamental unitary gates
in the SQC are the QCA on a ring of length 4,

Q(4)
i, j,k,l = vi, jvk,l u j,kul,i, (23)

and also the gate

wi, j = u−1
j,i v

−1
i, j . (24)

Note that, unlike u and v, the operators Q(4) and w are gen-
uine physical unitary operators acting on four and two sites,
respectively. Using these gates, we realize the QCA on a chain
of even length N > 4 as an SQC in the following way:

Q(N ) ≈ Q(4)
1,2,3,4

N−4
2∏

i=1

SWAP2i+2,2i+4w2i+1,2i+4

× Q(4)
2i+1,2i+2,2i+3,2i+4. (25)

This equality follows from commuting all SWAP gates to
one side of the equation, as is shown graphically in Fig. 13.
Therein, the “≈” sign means equivalence up to the SWAP
gates which can easily be undone in a sequential manner.

Now we show how to apply the same construction to
arbitrary spatial dimension D. We assume the topology of
a D-dimensional hypercubic lattice with periodic boundary
conditions. Once again, we can block sites such that Q spreads
any operator by at most one site in all directions. Now, sup-
pose we compactify all dimensions except one by viewing
the D-dimensional system as a ring of supersites, each con-
sisting of (D − 1)-dimensional tori. Then Q can be viewed
as a 1D QCA acting on this compactified system. Therefore,

FIG. 13. Circuit diagram corresponding to Eq. (25) with N = 8.
The sign “≈” means equivalent up to a sequential circuit of SWAP
gates. The gates Q(4) and w are shown in dashed and dotted boxes,
respectively. Operators in the bulk of the circuit cancel pairwise, as
indicated by the crosses. Note that this diagram does not depict the
differences between the onsite physical dimension d and the internal
dimensions �, r of the standard form of the QCA.

we may use the above result to express it as a SQC in one
direction; see Fig. 14(a). According to Eq. (25), the gates in
this SQC are Q(4) and w and SWAP. The SWAP gate acts
on the compactified systems by swapping corresponding sites
between the two tori, so each SWAP of tori is local and
can be done in depth 1. Since Q is locality preserving in
all dimensions, Q(4) can be viewed as a (D − 1)-dimensional
QCA. Likewise, w, which essentially acts as the QCA on two
supersites, is also a (D − 1)-dimensional QCA, as was proven
explicitly in Ref. [38]. Now, we use an inductive argument.
We have already shown how to realize any 1D QCA as an
SQC. Now, assume we can realize a (D − 1)-dimensional
QCA as an SQC. According to the above discussion, any
D-dimensional QCA Q can be written as an SQC consisting
of (D − 1)-dimensional QCA. By the inductive assumption,
each of these QCA is, in turn, an SQC, such that Q is itself
an SQC. When constructed in this way, the depth of the SQC
realizing Q grows like O(N ) where N is the number of sites.
This inductive procedure is illustrated in Fig. 14 for D = 2.

It turns out that the SQCs constructed above are also
composed of symmetric gates, so they are symmetric SQCs.
That is, suppose that Q(N ) commutes with some global onsite
unitary symmetry u⊗N for all N . It is clear that the SWAP
gates commute with the global symmetry, as does Q(4) by

FIG. 14. To construct a D-dimensional QCA as a sequential cir-
cuit, we decompose it in terms of (D − 1)-dimensional QCA acting
sequentially in one direction (a), then decompose each (D − 1)-
dimensional QCA into (D − 2)-dimensional QCA (b), and so on.

075116-12



SEQUENTIAL QUANTUM CIRCUITS AS MAPS BETWEEN … PHYSICAL REVIEW B 109, 075116 (2024)

assumption. It was shown in Ref. [38] that w also commutes
with the symmetry. Therefore, each of the local gates in the
SQC [Eq. (25)] is symmetric, so it is a symmetric SQC. One
application of this comes from applying the construction to
the FDQCs, which create SPT ground states from symmetric
product states [14]. These FDQCs commute with the global
symmetry protecting the SPT as a whole, but the individ-
ual gates do not commute with the symmetry. Applying our
construction gives an SQC consisting of symmetric gates that
realize the same unitary. This gives an alternative, but similar,
construction of SQCs for SPT states compared to those given
in Sec. III.

It is interesting to consider truncating the SQCs we have
constructed. Consider the case of D = 3, where an important
class of QCA is given by those which disentangle ground
states of Walker-Wang models [41–43]. It has been argued
that these QCA are nontrivial, meaning that they cannot be
written as a product of FDQCs and translations. The argument
is rooted in the fact that if the QCA acts as an FDQC followed
by a translation, then it can be easily truncated to act only in
a finite region of space. These truncated circuits could then
be used to generate an isolated boundary of the Walker-Wang
models that host surface topological order, which is conjec-
tured to be impossible in some cases. Thus, the nontrivial
nature of the QCA is tied to the inability to truncate its action
to a finite region of space straightforwardly. Since we have
constructed SQCs realizing QCA, and these SQCs can be
truncated, one may worry that there is a contradiction. How-
ever, this is not the case, as truncating the SQC implements
the QCA exactly on a smaller periodic system without intro-
ducing any boundaries. Therefore, the SQCs cannot be used
to isolate boundaries of the Walker-Wang models, and the
nontriviality of the QCA, as described above, is compatible
with the existence of a SQC realizing the QCA. The sequential
circuit shown in Sec. IV B for constructing the Walker-Wang
wave function is not mapped from a QCA and does leave
open boundaries if truncated. But as it always generates two
surfaces (top and bottom) at the same time, there is no contra-
diction with the nontriviality of the QCA either.

VIII. SUMMARY AND OUTLOOK

In this paper, we discussed the generation of nontrivial
gapped quantum states, starting from product states, using se-
quential quantum circuits. In particular, we discussed how the
circuit that generates the (symmetrized) symmetry-breaking
state and the SPT states preserves global symmetry but not
necessarily locality; how the circuit that generates fractional
topological states is associated with gapped boundaries to the
vacuum with either charge or loop condensation; and how the
circuit that generates fracton states is related to the foliation
structure or p-string condensation in the fracton states.

We can compare four types of many-body unitaries: the
finite-depth quantum circuit (FDQC), the quantum cellular
automata (QCA), the sequential quantum circuit (SQC), and
the linear depth quantum circuit (LDQC). Table I summarizes
the similarities and differences between them. Based on what
we know, we see that they have a strict containment relation

FDQC ⊂ QCA ⊂ SQC ⊂ LDQC. (26)

TABLE I. Comparison of four types of many-body unitary trans-
formations: finite-depth local unitary circuit (FDC), quantum cellular
automaton (QCA), sequential quantum circuit (SQC), and linear
depth quantum circuit (LDQC). “Yes” means all the unitaries in
this class preserve certain properties. “No” means some unitaries
in this class do not preserve the property. Asterisk: we consider
Walker-Wang models with a modular input category as short-range
entangled even though they are generated with a nontrivial QCA.

Preserving FDQC QCA SQC LDQC

Finite correlation length Yes Yes No No
Zero correlation length Yes Yes No No
Short-range entanglement Yes Yes∗ No No
Locality Yes Yes No No
Ground-state degeneracy Yes Yes No No
Entanglement area law Yes Yes [44] Yes No

Table I summarizes the similarities and differences be-
tween the three sets in terms of their effect on global
properties of gapped many-body states. Linear depth circuit is
the most powerful which can map gapped states to generic en-
tanglement volume-law states. The other three types of unitary
all preserve entanglement area law, hence mapping gapped
states to gapped states. SQC can change short-range corre-
lation into long-range correlation, short-range entanglement
into long-range entanglement. It can also change the locality
of their parent Hamiltonian and its ground-state degeneracy,
hence capable of mapping between different gapped phases.
They can also generate a nonzero finite correlation length
from a state with zero correlation length.3 FDQC and QCA,
on the other hand, preserve the locality of operator, correlation
function, and entanglement and cannot change ground-state
degeneracy of gapped Hamiltonian.

The multiscale entanglement renormalization procedure
(MERA) [45–47] is another way to map nontrivial entangled
states to product states. It takes a many-body entangled wave
function, applies one layer of finite-depth circuit which disen-
tangles local degrees of freedom (DOF), and maps the wave
function back to its original form but with a doubled unit
cell. Such a step is then repeated at the renormalized length
scale until the wave function is completely disentangled after
log L steps. It differs from the sequential circuit in that in later
steps of the procedure, the degrees of freedom are very far
away from each other, and the unitary gates applied are not
local anymore. This nonlocality in unitary gates is also why
the MERA procedure does not violate the linear lower bound
in circuit depth to generate GHZ or topological states [2].
MERA is more powerful than a sequential circuit as it can
map product states to gapless states [48].

Throughout the paper, we focused on gapped phases with
a commuting projector Hamiltonian and a zero correlation
length ground-state wave function and an important class of
gapped phases left out of the discussion are the chiral phases.

3For example, SQCs can generate arbitrary matrix product states on
open boundary conditions, which can have finite, nonzero correlation
length [50].
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In an upcoming work [49], we show that chiral phases can
be generated by incorporating sequential adiabatic evolution,
an analog version of sequential quantum circuit, where local
Hamiltonian terms in subregions are adiabatically evolved in
a sequential manner while the whole system remains gapped
throughout the process.
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APPENDIX A: MAP TO SYMMETRY-BREAKING PHASES
OF GENERAL FINITE GROUPS

In this Appendix, we show how the construction in Sec. II
can be generalized from the Z2 group to arbitrary finite groups.
We start by generalizing the Hilbert space from the Z2 case
{|0〉, |1〉} to a finite group G {|z〉 : z ∈ G} and replacing the X
and (1 ± Z )/2 operators with

X g|z〉 = |gz〉, g, z ∈ G

T h|z〉 = δh,z|z〉, h, z ∈ G
(A1)

where (X g)† = X g−1
is unitary and T h is a projection onto

the state |h〉. These operators satisfy the commutation relation
X gT h = T ghX g. Using these new operators, we can rewrite the
Z2-invariant transverse field Ising model (1) as

H = −J
∑

i

∑
h∈G

T h
i T h

i+1 − B
1

|G|
∑

i

∑
g∈G

X g
i , (A2)

which is now invariant under a global symmetry G, i.e.,
(
∏

i X g
i )H (

∏
i X g

i )† = H .4

4We remark that the Hamiltonian (A2) actually has a larger S|G|
symmetry. If one wishes, the redundant symmetry can be explicitly
broken by modifying the transverse field. For example,

H = −J
∑

i

∑
h∈G

T h
i T h

i+1 − B
1

|G|
∑

i

∑
g∈G

Cg
←−
X g

i ,

where Cg are some random coefficients with the constraint that Cg =
Cg−1 and

←−
X g |h〉 = |hg−1〉 denotes right multiplication.

Similar to the transverse field Ising model, the Hamiltonian
above has a symmetric phase (B � J > 0) and a symmetry-
breaking phase (J � B > 0). The corresponding fixed-point
wave functions are given by

|ψSY〉 = | + + · · · +〉,

|ψSB〉 = 1√|G|
∑

g

|gg . . . g〉, (A3)

where |+〉 = 1√|G|
∑

g |g〉. To construct a quantum circuit that
maps |ψSY〉 to |ψSB〉, we define

Ri j (W ) ≡
∑
h∈G

T h
i X h

j W jX
h−1

j , (A4)

where W is a unitary operator so that Ri j (W ) is unitary in each
subspace projected by T h

i and, consequently, unitary in the
full Hilbert space. One can also check that Ri j (W ) is invariant
under the symmetry operation(∏

k

X g
k

)
Ri j (W )

(∏
k

X g
k

)†

=
∑
h∈G

T gh
i X gh

j W jX
(gh)−1

j

= Ri j (W ). (A5)

Any circuit made up of Ri j (W ) gates is hence symmetric.
In analogy to Eqs. (7) and (8), consider a circuit of the form

U = RN1(S)
1∏

i=N

Ui,i+1, (A6)

where

Ui,i+1 = Ri,i+1(S†HadS†)Ri,i+1(S). (A7)

The matrices Ri,i+1(S†HadS†) and Ri,i+1(S) in (A7) are chosen
such that they will reduce to R(Xi+1) and R(Zi, Zi+1) in (8) for
the G = Z2 case, respectively. To map |ψSY〉 to |ψSB〉, we need
to find unitaries Had and S that map

Had|+〉 = |e〉, S†|z〉 = e−iθ (z)|z〉, (A8)

such that

Ui,i+1|+,+〉 = 1√|G|
∑

h

X h
i+1S†

i+1Hadi+1|h,+〉

= e−iθ (e)

√|G|
∑

h

X h
i+1|h, e〉

= e−iθ (e)

√|G|
∑

h

|h, h〉.

(A9)

According to the mapping (A8), the first row of Had is
restricted to be 1√|G| (1, . . . , 1), and S must be diagonal. In
addition to these two constraints, the Had and S matrices can
be selected freely as long as Had is unitary and S is diagonal.
A particular choice of Had can be taken as

Had =
∑
p,μ,ν

∑
z

√
ρp

|G|Ap
μν (z)|p, μ, ν〉〈z|. (A10)

Here p labels inequivalent irreducible representations of the
group G, μ and ν are the row and column indices of the
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representing matrix Ap, and ρp is the dimension of the rep-
resentation space. “Had” is a mapping from group elements
to entries in the irreducible representation matrices and in
particular it should map the identity element to the trivial
representation of G in order to ensure the mapping (A8).

We can also check the mappings of operators under the
circuit (A6) and discuss whether these mappings hold for a
general group G. First, the symmetry operator remains invari-
ant under the circuit

N∏
i=1

X g
i →

N∏
i=1

X g
i (A11)

as our unitary circuit converses the symmetry. And the
transverse magnetic field term is always mapped to the fer-
romagnetic term:

1

|G|
∑
g∈G

X g
i →

∑
h

T h
i−1T h

i , i = 2, . . . , N (A12)

which can be proved by the following steps:

Ui−1,i

⎛
⎝ 1

|G|
∑
g∈G

X g
i

⎞
⎠U †

i−1,i

=
∑

h

T h
i−1X h

i S†
i Hadi|+〉〈+|Had†

i SiX
h−1

i

=
∑

h

T h
i−1T h

i (A13)

and

Ui,i+1

(∑
h

T h
i−1T h

i

)
U †

i,i+1 =
∑

h

T h
i−1T h

i . (A14)

Unfortunately, the other mappings in the Z2 case in (10) do not
hold for a general finite group G. For instance, the ferromag-
netic term

∑
h T h

i T h
i+1 generally does not map to the transverse

field term 1
|G|

∑
g∈G X g

i+1.
Things become easier in the case where G is Abelian, as the

Had matrix in (A10) reduces to conventional Fourier transfor-
mations of the Abelian group G. Without loss of generality,
we consider the example of a cyclic group ZM , where we can
choose

Had =
M−1∑
α,z=0

1√
M

exp

(
2π i

M
αz

)
|α〉〈z|,

S =
M−1∑
z=0

exp

(
π i

M
z2

)
|z〉〈z|. (A15)

In the simplest case where G = Z2, the Had and S matrices
will reduce to the conventional Hadamard gate and phase
gate, respectively. It can also be verified that Ri j (S) =
exp[−i π

4 (ZiZ j − 1)] and Ri j (S†HadS†) = exp(−i π
4 Xj ),

which implies that the generalized circuit (A6) will reduce to
(7) in the Z2 case up to a global phase.

For the Abelian groups, all the operator mappings for the
Z2 case are preserved as long as we choose the gate as in

(A15). The mappings in (10) will become

1

|G|
∑

g

X g
i →

∑
h

T h
i−1T h

i , i = 2, . . . , N

1

|G|
∑

g

X g
1 →

∑
g

1

|G|
∑
h,h′

e− 2π i
|G| (h′−h)gT h

1 T h′
N

N∏
i=1

X g
i ,

∑
h

T h
i T h

i+1 → 1

|G|
∑

g

X g
i , i = 2, . . . , N

∑
h

T h
1 T h

2 → 1

|G|
∑

g

X g
1

N∏
i=1

X g
i . (A16)

In the bulk of the system, the transverse field term maps to
the Ising term and vice versa. Near the left end point, the cor-
respondence is preserved only under the symmetric subspace∏N

i=1 X g
i = 1.

Generalization to higher-dimensional versions shows no
difference with the Z2 case, as shown in Fig. 3.

APPENDIX B: MAP TO STRING-NET STATES WITH
GENERAL GAPPED BOUNDARIES AND THE TORUS

This Appendix contains some of the necessary notions
from category theory to define the general sequential circuit
in Sec. III B.

Following Kitaev and Kong, gapped boundaries of string-
net models are classified by C-module categories M, where
C is the (unitary) fusion category of the string-net model. The
boundary can be interpreted as a gapped domain wall between
the string net C and the vacuum, given by the category of
vector spaces Vec, in which case M can be viewed as a
(C, Vec)-bimodule category. At the same time, given M and
C, we can always find the (unique) Morita dual category of C,
D = C∗

M, in which case M is an invertible (C,D)-bimodule
category. This is the structure we will require to define our
quantum circuit. We refer the reader to Refs. [26,27] for more
details about the underlying mathematics and will present
only some key ingredients here in order to define the sequen-
tial circuit. Given the resemblance of the operators needed to
define our sequential circuit and the (finite-depth) circuit from
Ref. [24], we follow the same conventions here.

The Hilbert space of string-net models consists of con-
figurations on a hexagonal lattice, with the edges labeled by
simple objects a, b, . . . of a unitary fusion category C. The
simple objects obey fusion constraints: a × b = ∑

c Nc
ab c,

which are assumed to be multiplicity free (Nc
ab ∈ 0, 1) from

now on. There exists a unit object 1, such that ∀ a, 1 × a = a.
Each simple object has a quantum dimension da associated to
it. We can diagrammatically write the resolution of the identity

(B1)
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The fusion category has an associator or CF -symbol: we use
the C superscript to distinguish the symbol from other asso-
ciators that will be defined below, expressed in terms of the
simple objects as

(B2)

This CF -symbol is simply the usual F -symbol for fusion cate-
gories and obeys the well-known pentagon equation. We also
require the “bubble pop” identity:

(B3)

A (right) C-module category M has simple objects that will
be denoted by capital Roman letters (A, B,C, . . . ) and a right-
action of C on M, � : M × C → M. The action is strict:
A�1 = A and generally we can write A�a = ∑

B∈M NB
Aa B.

Note that these new NB
Aa are distinct from the original fusion

rules of C (Nc
ab) and may carry multiplicities (NB

Aa > 1) even if
the Nc

ab do not. M has an associator �F that implements the
following recoupling at the boundary of the string net:

(B4)
where the boundary is now blue, labeled by objects in the
module category M. A suitable gauge choice can be made
such that (�F A1b

B

)B,m

b,1k = (�F Aa1
B

)A,m

a,k1 = δm
k . (B5)

The inverse symbol is denoted by �F .
We now have a second unitary fusion category D with

simple objects labeled by greek letters (α, β, δ, . . . ). In our
case, this category will be chosen to be the unique Morita dual
of C, given M: D = C∗

M. The F -move for D is defined in the
following way:

(B6)

Just like for M, it is not guaranteed that D is multiplicity free,
even if C is.

We will now take M to be a left D-module category, with
an associator �F . The bulk string net D is now on the left of

the boundary:

(B7)
A similar gauge choice can be made such that(�F 1βA

B

)B,m1

β,1k = (�Fα1A
B

)A,1m

a,1k = δm
k . (B8)

The inverse symbol is denoted by �F . For M to be a (D, C)-
bimodule category we require one last additional associator
��F :

(B9)

with a similar gauge choice leading to(��F 1Ab
B

)b,m1

A,1k = (��FαA1
B

)A,1m

B,k1 = δm
k . (B10)

The inverse symbol is denoted by ��F . There are in total six
coupled pentagon equations that the set of F -symbols should
satisfy. These are given in Ref. [27].

One final ingredient we need is a resolution of the identity
that allows for fusion of two M lines in terms of a D and a
C line. Although M has no intrinsic duality, we can define
the “opposite” bimodule category M, a (C,D)-bimodule cat-
egory, which contains the dual objects of M. The rigorous
mathematical picture behind this is called a Morita context
[22,51]. This allows us to define

(B11)

and the opposite resolution in terms of a D line:

(B12)

where dA, dB are quantum dimensions for the objects in M.
Note that the invertibility of the bimodule M guarantees
(B11) and (B12).

We are now ready to write the precise action of the general
sequential circuit in Figs. 7 (cylinder case) and 8 (torus case)
in terms of the individual plaquette actions for the seven
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sublattices L1, . . . , L7. The original smooth boundary case in
Fig. 6 is recovered by choosing M = C. In this case, the
Morita dual is simply C itself (D = C) and all F -symbols
defined above reduce to CF (up to some suitable permuta-
tions of the labels). For simplicity, we will only treat the
general case. We will follow the orientation convention as

in Ref. [24]. The control edges in the sequential circuit are
colored red in Eqs. (B13)–(B19). In the full sequential cir-
cuit, the control edge has not been acted on by previous
operations and is still labeled by the trivial object in D. For
the purpose of generality, we assume it to be arbitrary in
Eqs. (B13)–(B18):

(B13)

The case for the original plaquette operator Bs
p [Eq. (15)}is recovered by choosing M = C = D in (B13). The matrix [Bs

p]
we recover in this case is different than the one in the original Levin-Wen string-net paper because of the different orientation
convention and the fact that no tetrahedral symmetry of the CF -symbols is assumed [52]:

(B14)
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(B15)

(B16)

(B17)
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(B18)

(B19)

Finally, we show the action of growing an S-loop on the minimal torus with trivial edges:

(B20)

This action is the first step in the sequential circuit to construct
the string-net ground state on the torus (Fig. 8). It guaran-
tees that the state is already in the ground state before the

last plaquette operator (B19) is performed. Therefore, (B19)
is unitary, even though no edge is left to serve as a valid
control.

APPENDIX C: MAP TO SPTS IN TWO DIMENSIONS AND HIGHER

The sequential circuit in Sec. III for generating the CZX state (the 2D Z2 SPT) from the trivial state can be generalized
to group cohomology SPT states with any symmetry and in any dimension [14]. Following the notation in Sec. III, consider
fixed-point wave functions as shown in Fig. 4(c).
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There are four spin DOFs in each site with basis states |g〉, g ∈ G. The symmetry acts on each site as

Ug|g1, g2, g3, g4〉 → α(g2, g1)α(g1, g4)

α(g3, g4)α(g2, g3)
|gg1, gg2, gg3, gg4〉, (C1)

where α(gi, g j ) = ν3(gi, g j, g−1g∗, g∗). Four spins connected by a black square are in a local entangled state 1√|G|
∑

g |gggg〉.
When the entangled states are each contained within a lattice site, the state is a trivial SPT. When the entangled states are
between lattice sites, the state is a nontrivial SPT. See Fig. 4(c).

The circuit that maps between the two proceeds with a sequence of SWAP gates, as shown in Fig. 4(d). The sequence of
SWAP gates maps between the two wave functions. However, after each SWAP gate, the symmetry action changes and needs
to be restored. Following the notation in Fig. 4(c), after the step of SWAP, spins 1 and 5 are exchanged and spins 4 and 8 are
exchanged. Therefore, the phase difference that needs to be corrected to restore the symmetry action is

α(g2, g1)����
α(g1, g4)

α(g3, g4)����
α(g2, g3)

α(g6, g5)����
α(g5, g8)

α(g7, g8)����
α(g6, g7)

α(g3, g8)����
α(g2, g3)

α(g2, g5)����
α(g5, g8)

α(g7, g4)����
α(g6, g7)

α(g6, g1)����
α(g1, g4)

(C2)

which can be separated into two parts for the upper and lower halves of the squares

α(g2, g1)α(g6, g5)

α(g2, g5)α(g6, g1)
,

α(g3, g8)α(g7, g4)

α(g3, g4)α(g7, g8)
. (C3)

The two parts can be corrected separately with phase factors acting on 1,2,5,6 and 4,3,8,7, respectively. We will focus on the
upper part. Using cocycle calculation, we see that

α(g2, g1)α(g6, g5)

α(g2, g5)α(g6, g1)
= ν3(g2, g1, g−1g∗, g∗)ν3(g6, g5, g−1g∗, g∗)

ν3(g2, g5, g−1g∗, g∗)ν3(g6, g1, g−1g∗, g∗)

= ν3(g2, g1, g−1g∗, g∗)ν3(g6, g2, g−1g∗, g∗)

ν3(g6, g1, g−1g∗, g∗)

ν3(g6, g5, g−1g∗, g∗)

ν3(g2, g5, g−1g∗, g∗)ν3(g6, g2, g−1g∗, g∗)

= ν3(g6, g2, g1, g∗)

ν3(g6, g2, g1, g−1g∗)

ν3(g6, g2, g5, g−1g∗)

ν3(g6, g2, g5, g∗)

= ν3(g6, g2, g1, g∗)

ν3(gg6, gg2, gg1, g∗)

ν3(gg6, gg2, gg5, g∗)

ν3(g6, g2, g5, g∗)
(C4)

which can be achieved by conjugating the symmetry operation by a phase factor of ν3(g6,g2,g1,g∗ )
ν3(g6,g2,g5,g∗ ) .

Similar calculations can be done for the lower part of the squares and vertical swaps. Therefore, the SWAP gate can be
dressed by phase factors to make sure that symmetry operators remain invariant throughout the transformation. Moreover, the
phase correction coming from the upper half and the lower half cancel each other when acting on the ground-state wave function;
therefore, the added phases do not change the ground state, so the ground state transforms as we wanted under the SWAP gates.

A similar construction applies to group cohomology SPT states in higher dimensions.
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