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By analysis of the thermally driven oscillation of an atomic force microscope �AFM� cantilever, we have
measured both the damping and static forces acting on a sphere near a flat plate immersed in gas. By varying
the proximity of the sphere to the plate, we can continuously vary the Knudsen number �Kn� at constant
pressure, thereby accessing the slip flow, transition, and molecular regimes at a single pressure. We use
measurements in the slip-flow regime to determine the combined slip length �on both sphere and plate� and the
tangential momentum accommodation coefficient, �. For ambient air at 1 atm between two methylated glass
solids, the inverse damping is linear with separation and the combined slip length on both surfaces is
250 nm�100 nm, which corresponds to �=0.77�0.24. At small separations �Kn�0.4� the measured inverse
damping is no longer linear with separation, and is observed to exhibit reasonable agreement with the Vino-
gradova formula.
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I. INTRODUCTION

The Navier-Stokes equation together with the no-slip
boundary condition describes the flow of fluids �gases or
liquids� within the continuum approximation. In a gas, this
framework begins to breakdown when the mean free path �
can no longer be considered small relative to a characteristic
length scale for the flow, L. The ratio of these lengths is
known as the Knudsen number,

Kn =
�

L
. �1�

Low Knudsen number �Kn�1� implies that a continuum
description is appropriate, and the conventional Navier-
Stokes treatment suffices. At higher Knudsen number, how-
ever, nonequilibrium effects in the gas become significant,
and more sophisticated treatments based on the Boltzmann
equation are required. In the limit Kn→�, the molecules no
longer interact with each other, and a free molecular analysis
is applicable.

Examples in which high Knudsen number flows can occur
include the flow of gas through nanoscale pores or mem-
branes, and within hard disk recording heads. The growing
number of applications involving microfluidics and nano-
electromechanical system �NEMS� devices has led to a surge
of interest in studying fluid dynamics beyond the conven-
tional Navier-Stokes treatment. Equivalently, if the gas is at
low pressure, then high Knudsen number flows occur at mac-
roscopic length scales. For example, high altitude aircraft,
satellites, and atmospheric re-entry vehicles all encounter
flows with high Knudsen number regimes. It is therefore of

scientific interest to explore the fundamental physics behind
such flows.

The flow of gases at small but finite Knudsen number, i.e.,
in the slip-flow regime, can be calculated using slip models
derived from the kinetic theory of gases. The slip-flow re-
gime is conventionally considered to lie within the range
0.001�Kn�0.1, whereas the transition regime �0.1�Kn
�10� lies between the slip-flow and free molecular regimes.
Slip models are derived from a formal asymptotic expansion
of the Boltzmann equation in the limit of small Knudsen
number �1�. To leading order, the no-slip boundary condition
is recovered, and to next order the so-called first-order slip
condition appears with a specified slip length. Vitally the
derived slip condition is a leading order asymptotic result
and, for this reason, is only applicable in the small Knudsen
number regime. It cannot be applied in the free-molecule
flow regime, which in our experiments occurs for very small
separations.

The tangential velocity for the first-order slip boundary
condition derived from the Boltzmann equation with hard
spheres is �2,3�

vt = v · t̂ = �	���n̂ · e · t̂ , �2a�

where

	��� =
2.01

�
− 0.73 − 0.16� , �2b�

and n̂ and t̂ are the unit vectors normal and tangential to the
surface, respectively, whereas v and e are the velocity field
and rate-of-strain tensor in the gas, respectively.

Equation �2� was obtained using Maxwell’s simple
boundary condition. The tangential momentum accommoda-
tion coefficient, �, specifies the proportion of gas molecules
that are diffusely reflected from the surface to those that
undergo specular reflection. Specifically, �=1 corresponds to*wducker@vt.edu
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pure diffuse reflection and �=0 yields pure specular reflec-
tion.

For shear flow past a solid surface whose unit normal
vector n̂ is in the z direction, Eq. �2a� becomes

v�z=0 = �	���� �v
�z
�

z=0
, �3�

where v is the component of the velocity tangential to the
surface.

Critically, this is a “macroscopic” boundary condition for
the Navier-Stokes equation and, as such, does not explicitly
describe the flow profile within a few mean-free pathlengths
from the solid. Therefore, the slip length �	��� predicted by
Eq. �3� represents the distance into the solid where the ve-
locity would be zero if the velocity profile was extrapolated
from distances greater than a few mean-free pathlengths.

The slip length may vary from 1.12� �for full tangential
momentum accommodation� to infinity �no accommodation�.
In the former case, the incoming gas molecules are reemitted
from the wall with a Maxwellian distribution at the wall
temperature. In the latter case, the molecules undergo pure
reflection with no accommodation. It is important to note
that even in the case of pure diffuse reflection ��=1�, the slip
length is finite and is of the order of the gas mean-free path.

We note that the traditional Navier slip condition, which
is simply Eq. �3� but with an arbitrary slip length, is com-
monly used to quantify “slip” flows in liquids. �4,5� How-
ever, there is no theoretical justification for using such a
model, and, in any case, recent experiments demonstrate that
the no-slip boundary condition is very accurately obeyed in
Newtonian liquids �6–8�, so there may be little need for such
a model.

The experimental determination of accommodation coef-
ficients is usually achieved by �1� measuring the energy of a
reflected beam of molecules striking a surface �9� or �2� by
confining the gas to a small length scale �such as a micro-
channel �10� or a spinning rotor gauge �11��. �12,13� In mo-
lecular beam experiments, a beam of gas molecules is fired at
a fixed angle against a surface with a specified energy and
momentum whereas in confined length scale experiments,
the incident gas molecules have a random distribution of
energy, momentum and angle. Thus beam accommodation
coefficients are not directly comparable with our results or
other confined length scale experiments.

A problem specific to gas flow measurements at small
length scales is that the resulting mass fluxes are very small
and prone to significant experimental uncertainty. �10� Dur-
ing confinement, it is also difficult to quantify the geometry
of the small devices, which is essential in extracting accurate
slip-length measurements. These two problems can be over-
come using a colloidal probe atomic force microscope
�AFM�, which is able to �a� accurately confine a gas to very
small length scales �1–10 000 nm� and �b� accurately mea-
sure very small forces that arise from the gas flow, and there-
fore can be used to test models of the gas flow. It has been
used to measure the accommodation coefficient and slip
length in air in a mechanically driven mode by Maali and
Bhushan �14�.

Colloidal probe AFM was developed as a force sensing
tool simultaneously by Ducker and co-workers �15,16� and
Butt �17� almost two decades ago. Since then it has been
repeatedly applied to measure surface forces with a reso-
lution of 10−13 N in force and 10−10 m in separation. The
technique uses a cantilever connected to a sample plate via a
piezoelectric translation stage �see Fig. 1�. A colloidal sphere
can be mounted to the free end of the cantilever �a� to in-
crease the magnitude of forces, and �b� to provide a known
and simple geometry. In most commercial AFMs the force is
obtained from the change in end slope of the cantilever,
which is in turn measured by the light lever method �18�. The
separation between the sphere and plate is adjusted by a pi-
ezoelectric stage. Note that the separation between the sphere
and plate is the sum of the piezo displacement and the de-
flection.

The disadvantage of the AFM colloidal probe method is
that surface asperities on either the sphere or plate compli-
cate the analysis. In an ideal experiment, a perfect sphere
interacts with a perfectly smooth flat plate. In practice, the
detailed geometry of the interaction zone is not known; yet
the analysis proceeds as if the idealized geometry occurred,
so there is the possibility of introducing errors. In particular,
we, and others, usually define the zero of separation, s, as the
point where a very high-gradient repulsive force is measured,
and it is assumed that the two solids are in contact. The data
are then compared to theories based on the idealized geom-
etry using the measured s=0. An example of an error would
be if the existence of a single asperity on one surface led to
a steep repulsive surface force without greatly affecting the
lubrication force. Such an asperity would lead to a distance
offset between the measured force and the theory that is ap-
plied and may be interpreted as a slip length. A second dis-
advantage is that the geometry is a sphere approaching a flat
plate, so the flow profile varies radially and there is a non-
uniform shear in the flow.

In this paper, we use AFM to measure lubrication forces
between hydrophobic solids in air. These forces are interest-
ing in their own right because of applications to fouling of
surfaces with particles and particle spraying applications.
These forces arise because of the flow of gas in the thin film
between the solids and therefore can be used to test theories
of gas flow in confined geometry and to measure accommo-
dation coefficients. We measure forces between hydrophobic
solids so as to prevent the formation of a water film, which
would complicate the analysis. The forces are measured in
two ways, from the direct deflection of the cantilever during
a fast approach of the sphere to the plate, and also by the

FIG. 1. Schematic of the colloidal probe AFM experiment. A
sphere is attached to the end of the cantilever. The cantilever may
deflect due to thermal oscillations or static surface forces.
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analysis of the thermal vibration of the cantilever �19�. We
obtain the damping as a function of separation between the
sphere and the plate and use this to determine both the slip
length in the slip-flow regime, and deviations from slip-flow
theory within the transition and free molecular regimes. Re-
cently, Maali and Bhushan �14� have addressed the same
problem by measuring the driven oscillation of a cantilever
�20�.

II. THEORY

A lubrication force, Flub, in the z direction acting on the
sphere as it approaches an infinite flat plate, can be calcu-
lated from the Navier-Stokes equation �21�, which together
with the first-order slip condition in Eq. �3� gives

Flub = −
6
�R2

s + �total

ds

dt
, �4�

where � is the fluid viscosity, R is the sphere radius, s is the
distance from the solid surface to the point of closest ap-
proach to the sphere �see Fig. 1�, t is time, and �total is the
sum of the individual slip lengths, �	���, �Eq. �3�� from the
sphere-medium interface and from the plate-medium inter-
face. The minus sign reflects the fact that lubrication force
acts in the opposite direction to the velocity.

To obtain the total slip-length �total from Eq. �4�, we need
to measure the lubrication force and sphere velocity at a
range of separations, s. We assume the following equation of
motion of the sphere,

m
d2s

dt2 + D�s�
ds

dt
+ kx = Fnoise + Fsurface�s� , �5�

where m is the effective mass, s is the distance between the
closest point of the sphere and the plate, D is the damping
coefficient, k is the spring constant, x is the deflection of the
cantilever from its equilibrium state, Fnoise is the noise in the
system �assumed to be dominated by thermal noise�, and
Fsurface is the thermodynamic surface force acting between
the particle and the plate. The damping coefficient D in-
cludes both the lubrication force on sphere �Eq. �4�� and the
damping from the cantilever. Because the problem is linear,
these contributions are additive and so we obtain the damp-
ing on the sphere by subtracting the cantilever damping from
the total damping.

In this paper, we describe measurements of the deflection
of an AFM spring which allow us to measure the damping.
We do this in two separate parameter regimes that we call the
dc method and the thermal noise method.

A. dc method

In the first method, we drive the cantilever and the piezo-
electric translation stage at high velocity �up to 1 mm s−1�
toward the surface, and measure the deflection of the canti-
lever. The inertial term and thermal noise term in Eq. �5� are
small for the conditions in which we analyze our data. The
thermal noise is not required for the analysis, and because
most of the thermal signal occurs at high frequency, it can be
averaged �to zero�. The surface force is not negligible and

must be subtracted from the measured force by performing
an initial force curve at slow speed, where there is no hydro-
dynamic force.

To obtain the lubrication force on the sphere for compari-
son to Eq. �4�, we must first subtract the damping from the
cantilever �7�. By experiment, we find that the measured
force is approximately constant at a separation of 10 m;
we take this as the cantilever drag and subtract it from the
total force to get the lubrication force on the sphere.

B. Thermal noise method

A cantilever at a nonzero temperature will have a thermal
energy of order kBT, where kB is Boltzmann’s constant and T
is the absolute temperature. The thermal energy of the can-
tilever will cause it to oscillate, and these oscillations are
routinely used to calibrate the cantilever spring constant
�22–24�. The thermal motion of an AFM cantilever near a
solid in gases has also been studied �19�. In the thermal noise
method, the cantilever is dwelled at a fixed position of the
piezoelectric drive near the surface for a fixed time �typically
20 s in our experiments�. The fixed drive position corre-
sponds to an approximately fixed separation. A force-
separation curve is measured immediately before and after
the dwell, so that the cantilever contacts the substrate and the
separation distance at the beginning and end of the dwell can
be measured. During the dwell, the spring deflection is mea-
sured at sufficiently high frequency so that the thermal vibra-
tions are resolved. This cantilever dwell process is repeated
at various sphere-plate separations so that the thermal noise
is know as a function of separation.

Alternatively, the thermal noise can be measured while
the cantilever is driven continuously toward the surface at
low piezo displacement speeds. Although this continuous
thermal noise measurement is easier to execute, three disad-
vantages arise: �a� the cantilever moves continuously while
the thermal vibrations are measured, so noise data from a
range of separations must be binned together �b� usually
these bins are measured over a shorter time than in the dwell
method, so the error is larger and �c� the time between con-
tacting the sphere against the plate is longer. The latter intro-
duces an error in the particle-plate separation because the
dimensions of the apparatus change due to small fluctuations
in temperature over time.

The cantilever has a mean deflection, x, due to surface
forces, and a time-varying departure from this deflection, y,
due to thermal noise. The amplitude of this time-varying
deflection is sufficiently small that �a� the damping coeffi-
cient is constant, and �b� the surface force can be linearized,
leading to �25�

m
d2y

dt2 + D�s�
dy

dt
+ �k −�dFsurface

dz
�

s
�y = Fnoise, �6�

where m is the effective mass of the cantilever, which com-
prises of a component due to the surrounding gas �26�. The
damping force in Eq. �6� �the second term� is the sum of all
damping on the cantilever. We are interested in measuring
the component that is caused by the lubrication force, which
is described by Eq. �4�.
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When we analyze Eq. �6� we make the simplifying as-
sumptions that m, D�s�, Fsurface�s�, and k are all frequency
independent over the range of frequencies analyzed. This
approximation is very good when the resonant frequency is
constant, because we measure over a small, constant, fre-
quency range around the resonance peak. In the presence of
a strong surface force or heavy damping the resonance peak
may shift or become broader so the frequency dependence of
parameters such as the damping or mass may become impor-
tant. Equation �6� is still valid when the frequency varies, but
the damping will become more difficult to extract. For our
experiments, the resonant frequency is constant at separa-
tions above 100 nm but may become smaller at smaller sepa-
rations due to the action of surface forces.

In our application of using Eq. �6� to the thermal method,
we assume that �a� the effective mass m of the cantilever is
independent of the separation s, and �b� the damping is suf-
ficiently small that the resonance peaks are sharp; i.e., they
exhibit high quality factors. Both are satisfied in gas �27,28�,
which facilitates implementation of Eq. �6�.

Given these assumptions, Eq. �6� is solved to obtain the
amplitude of vibration. The energy spectrum density �ESD� in
the immediate vicinity of the fundamental resonance is �29�

ESD =
1

2
k�A�2 =

B

�1 − 	 f

f0

2�2

+ �2
f�2� D�s�
ktotal�s�

�2 + C ,

�7�

where f is the frequency �Hz� and f0 is the resonant fre-
quency of the cantilever in the presence of the surface force,
ktotal�s� is the coefficient of y in Eq. �6� �effective spring
constant�, and A is the amplitude of the cantilever at a given
frequency due to the thermal motion. As the oscillation am-
plitude is very small, ktotal�s� and D�s� are treated as con-
stant, and can be determined by comparing Eq. �7� to the
measured ESD. The coefficients B and C are the fitting pa-
rameters. Our experiment measures the end slope, rather than
the deflection, and the conversion factor is contained in the
constant B. Our experiment thus yields D, the total damping
coefficient. We subtract from this the damping that occurs
when the particle is far from the plate, to obtain the damping
that arises from the lubrication force. Equation �4� is used to
obtain the fitted combined slip length, �total, which is equal to
the sum of �	��� for each surface �Eq. �3��. The accommo-
dation coefficient is then obtained from 2b.

III. EXPERIMENT

A. Preparation of solids

The borosilicate glass spheres mounted to the cantilevers
were purchased from Duke Scientific and have a nominal
radius of 10 m. As described above, asperities on the
sphere hinder our ability to compare experiment with theory,
so each sphere was imaged on a reverse tip grating after
being mounted to a cantilever, and any sphere with a surface
asperity greater than 10 nm in the contact region was dis-
carded �this represents 80%–90% of the mounted spheres�.
The rms roughness of the sphere surface was 0.7 nm when

imaged over 0.01 m2. The flat plates were glass micro-
scope cover slip procured from Fischer Finest, which have a
surface roughness of 0.25 nm rms and a typical maximum
peak-to-valley roughness of 1.5 nm over a 4 m2 image
area. The glass slides were cleaned in oxygen plasma for 30
s at 20 W power before a 2 h vapor deposition of trimethyl-
chlorosilane �TMCS�. After the silane deposition the water
contact angle on the surface was high ��advancing
=85° , �receding=70°�, which inhibits formation of a thin wa-
ter film on the solid. After the TMCS deposition, the slides
were ultrasonicated in toluene for 15 min, then rinsed in
Millipore water, and then finally rinsed in ethanol. The slides
were blown dry with ultrahigh purity nitrogen after each
rinsing step. The sphere cantilevers were cleaned by expo-
sure to a UV lamp for 1 h before the TMCS vapor deposi-
tion. After the silanization, they were rinsed in Millipore
water, then ethanol.

B. AFM

All the data presented here were collected on MFP-3D
Asylum Research AFMs when the system was open to the
atmosphere. The cantilevers used were rectangular or trian-
gular in geometry �gold coated silicon nitride Veeco MSCT�
with spring constants ranging from 0.01–0.05 N/m or ORC8
cantilevers �Veeco�. In order to determine the damping coef-
ficient from the ESD, the cantilever spring constant must be
known. The cantilever spring constant was calibrated using
the Hutter method for all cantilevers, and using both the
Hutter and Sader methods for the rectangular cantilevers. For
the Hutter method, the spring constant was measured after
the sphere had been mounted to the cantilever �22�, For the
Sader method, calibration was performed without the sphere
attached �for reasons discussed in �30�� and a correction ap-
plied for off-end placement of the sphere. An optical micro-
scope at 50� magnification was used to determine the sphere
loading position on the end of the cantilever. With the sphere
mounted, the resonant frequencies of the cantilevers are in
the range of 4–8 kHz. The reasons for selecting these canti-
levers are: �1� in our current experimental setup, the maxi-
mum sampling rate is 50 kHz. The Nyquist frequency is 25
kHz so we require a cantilever with a resonant frequency
below 25 kHz; �2� they have a low spring constant, which
improves our sensitivity for the dc measurement; �3� the am-
plitude of the cantilever oscillation increases with a smaller
spring constant, which is favorable for greater sensitivity in
the thermal method.

C. dc method

As the viscosity of air is very low �typically 0.02 mPa s�
we need to use very low cantilever spring constants �approxi-
mately 0.01–0.05 N/m� and very high piezo displacement
drive speeds �up to 2 mm/s� to measure the lubrication force.
In comparison, the typical AFM surface force measurements
are performed at 0.001–0.01 mm/s. To access these high
drive speeds in the AFM, we needed to bypass software lim-
its on our AFM.

Conventional AFM force measurements use a triangle
wave displacement for the piezoelectric drive, which neces-
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sarily includes high frequency drive components at the start,
turn-around and end of the displacement. When operating at
high speeds, in a low viscosity medium, this high frequency
drive stimulates vibration of the cantilever and the z actuator,
which manifest as “ringing” in the end-slope signal. To pre-
vent this ringing, we need to use a waveform without high
frequency components. The easiest way for us to do this was
to operate the drive with feedback on the LVDT position that
contained electronic damping or inertia, i.e., to operate in
closed loop rather than open loop configuration. For the
MFP-3D, we reduced the integral gain �ZIgain� on the feed-
back loop from 10.153 �default� to 9.0 to slow down the
response time of the feedback loop. To further reduce the
ringing of the z stage, we also used a new cantilever holder
with a high spring constant.

When operating at high speeds in the AFM, we need to be
mindful of filters within the instrument. In Asylum AFMs,
there is a filter on the output of the linear variable displace-
ment transducer �LVDT� used to measure the piezo position.
To make sure that the LVDT tracked the piezo motion with
high precision at high drive speeds, we set this filter �called
the Z�LVDT� filter� to 100 kHz, its maximum. We also col-
lected data at the maximum collection frequency �50 kHz�
and maximized the low pass filter value on this data �50
kHz�.

D. Thermal noise method

The cantilever is dwelled near the surface of the plate for
20 s and the deflection is recorded at a high data collection
frequency of 50 kHz �Fig. 2�. The separation distance during
the dwell is determined by performing a quick force curve �1
Hz� immediately before and after the dwell. Dwells are per-
formed at 20 different separation values so that the thermal
motion may be studied as a function of sphere-plate separa-
tion. For the purpose of illustration we consider a sample
cantilever �Rectangular silicon nitride, Veeco OCR8 cantile-
ver D, measured spring constant=0.0548 N /m, sphere
radius=15.3 m�. The thermal oscillations can be seen on
an expanded time axis �Fig. 2�. The thermal oscillations from
the dwell at each separation are then converted into an en-
ergy spectrum density �ESD, Fig. 3�. This is achieved by di-
viding each dwell data set into 2 000 smaller bins of equal
size, performing a fast Fourier transform on each bin, and

then summing the square of the magnitude output from each
bin in frequency space. Amplitude normalization of the ESD
was not implemented, since only the functional form is re-
quired to extract the slip length and viscosity. The output
from the fast Fourier transform is the amplitude squared,
which is linearly proportional to the energy �Eq. �7��.

When a continuous thermal noise run is performed, the
base of the cantilever is driven toward the plate at a low
speed �100 s for each for the approach and separation� and
the deflection is recorded at a high data collection frequency
of 50 kHz. The slow approach velocity is necessary because
the deflection must be measured over enough time to gener-
ate the thermal noise spectrum. If we were to approach at
high velocity, during this required time, the sphere would
span a range of separations and we would lose separation
resolution of the damping and surface forces. The deflection
data prior to surface contact is divided into 20 segments of
sequential time points. Each segment has exactly the same
number of points and is collected over approximately 2 s.
Each segment is then converted into an ESD as above. Be-
cause the piezoelectric translation stage continues to move
during each segment of deflection data, the ESD is an average
over a small range of separations.

Two sample ESD plots are shown in Fig. 3. At larger sepa-
rations, the lubrication force damping on the cantilever is
smaller and so the peak around resonance is much sharper
�20�. Fits of Eq. �7� to the two ESD plots are shown as black
lines. The high accuracy of the fits to Eq. �7� validates our
methodology.

IV. RESULTS

The force curve-dwell-force curve sequence was per-
formed over a range of separation values from contact to
1 m, so the thermal noise method could be implemented.
Each dwell period was converted into as ESD �Fig. 3�, as
described above. Then from the fit of Eq. �7� to the ESD at
each position, we extracted the damping coefficient �Fig. 4�
and resonant frequency �Fig. 5� as a function of separation.

The damping coefficient increases as the separation s gets
smaller. This is to be expected from Eq. �4�: the lubrication

FIG. 2. �Color online� Sample data of time series of deflection
during the dwell at a fixed separation. Rectangular silicon nitride,
Veeco OCR8 cantilever D, measured spring constant
=0.0548 N /m, sphere radius=15.3 m

FIG. 3. �Color online� Energy spectrum density of a sample
cantilever at 1.091 m separation from the surface �light red, nar-
rower� and 71 nm separation �dark blue, broader�. The black lines
show the fit of Eq. �7� to the data. Each ESD is measured over 20 s.
The measured resonant frequency, quality factor and damping are
6.589 kHz, 19.86, 66.1 nN s/m �light red, far� and 6.503 kHz, 4.88
and 275.5 nn s/m �dark blue, close�. The same cantilever was used
in Figs. 2 and 3.
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force increases with proximity of the sphere to the plate.
As discussed above, the damping force on the cantilever

is the sum of two effects: �1� the lubrication force on the
sphere �our focus� and �2� the damping force on the cantile-
ver, �which is also potentially a function of separation from
the plate�. The damping on the cantilever must be subtracted
from the total damping to obtain our estimate of the sphere
damping on the sphere. To minimize the distance-
dependence of the cantilever damping, we used narrow rect-
angular cantilevers �nominal width 20 m� and large
spheres �nominal diameter 30 m�. The important regime
for estimating the distance-dependence of the cantilever
damping is when the cantilever is separated from the plate
by more than 2R�30 m. To examine this regime, we took
a cantilever of the same type from the same wafer, but with-
out an attached sphere, and used the thermal noise method to
measure the damping as a function of separation. For the

ORC8-D cantilevers used here, the damping asymptotes to
the bulk damping value at about 20 m separation. That is,
at a separation of 30 m �the separation of the cantilever
when an attached sphere in contact with the plate� the damp-
ing is approximately constant �see Fig. 4�. So, in our experi-
ments with attached spheres, we treated the damping from
the cantilever as a constant, which was obtained at large
separations.

When using triangular cantilevers, wider rectangular can-
tilevers �with a larger cantilever area� or smaller diameter
spheres, the effect of cantilever proximity to the plate cannot
be neglected. To correct for the effect of proximity to the
plate, we take a second cantilever of the same dimensions,
but without a sphere attached, and drive it toward the plate
from a distance of 2R while measuring the lubrication force
by the thermal noise method. This gives us the form of the
cantilever damping as a function of separation. We take this
damping vs separation plot and scale it by the ratio of the
bulk damping of the experimental cantilever �with a sphere�
divided by the reference cantilever �with no sphere�. We then
have an estimate of the lubrication force damping from the
experimental cantilever alone at a separation value of 2R.

Our fit of Eq. �7� to the ESDs �Fig. 3� also returns the
resonant frequency of the cantilever. The measured resonant
frequency is shown as a function of separation in Fig. 5 �red
bars�. Figure 5 also shows the resonant frequency as mea-
sured by the Asylum Research software when no surface is
present �blue line�.

At smaller separations, there is greater scatter in the mea-
sured resonant frequency. At these smaller separations, there
is greater damping on the cantilever, which causes a broader
resonance peak and therefore greater error in fitting to Eq.
�7�. For example, compare the two curves shown in Fig. 3.
Clearly the resonance peak at 1.091 m separation �quality
factor=19.86� is more sharply defined and therefore easier to
identify than the peak at 71 nm �quality factor=4.88�.

We now return to our principal aim, which is to compare
the sphere damping measured by the thermal method to the
theoretical lubrication force, described by Eq. �4�. First, Eq.
�4� is recast so that it is linear in separation

−
1

F

ds

dt
=

1

D
=

1

6
�R2 �s + �total� . �8�

In this form, the inverse damping coefficient vs separation
is linear and the combined slip length for both surfaces can
be determined directly from minus the 1 /D=0 intercept of a
linear fit, and the viscosity is proportional to the slope. The
plot 1 /D vs separation, s, does indeed yield a straight line
�Fig. 6, red bars�, in agreement with Eq. �4�. We also note
that there is a finite intercept, demonstrating that there is a
finite slip length, as expected for a gas.

An alternative theoretical model has been presented by
Vinogradova for a sphere approaching a plate. This model
treats the slip length as a shear independent constant �Eq.
�3�� but makes a higher order approximation by considering
the curvature of the sphere as it approaches the flat surface.
For two identical surfaces with the same slip length �31�

−
1

F

ds

dt
=

1

6
�R2�
s , �9a�

FIG. 4. �Color online� Damping coefficient as a function of
separation. The damping coefficient is obtained from the fit of Eq.
�7� to the ESD �Fig. 3� at each separation �red bars�. The range of the
error bars is the difference between the separation measured by a
force curve before and after the dwell. The blue line shows the
estimated damping from the cantilever, which we subtract before
comparing the data to the theoretical damping on the sphere. The
damping from the cantilever alone �with no sphere attached� is
shown over a range of separation from 2R to �2R+1 m� �blue
line�. The cantilever is the same as used to capture the data in Fig.
2.

FIG. 5. �Color online� Resonant frequency measured from the
ESD fit, as a function of separation �red bars�. The range of the error
bars represent the separation measurement before and after the
dwell. The resonant frequency measured at large separation for a
period of 200 s is also shown �blue�. Far field resonant frequency
=6.648 kHz, Spring constant=0.0548 N /m. Same cantilever from
Fig. 2.
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� =
s

1.5�total
	�1 +

s

3�total
�ln�1 +

3�total

s
� − 1
 . �9b�

At large separation where this alternative formulation is
strictly valid, this equation gives the same result as Eq. �8�.
Interestingly, we find that the Vinogradova solution fits the
experimental data with greater precision �see Fig. 6� at
smaller separations, i.e., in the transition regime, even
though the Vinogradova solution is only strictly valid in the
slip regime, i.e., at small Kn corresponding to large separa-
tion.

As the first-order slip boundary condition is only valid for
small Knudsen number, Eqs. �8� and �9� can only be used in
a regime where the mean-free path can be considered small
relative to the separation. We therefore do not fit Eqs. �8� and
�9� to data below 200 nm. In the linear fit �Eq. �8�� to the
data in Fig. 6 the slip length is obtained from the separation-
axis intercept and the viscosity from the gradient of the line.
Therefore a systematic error �for example, in the spring con-
stant or sphere radius� has no effect on the measured slip
length. In the Vinogradova solution the gradient and inter-
cept are not independent. So although the Vinogradova and
linear fits agree with high precision between 200 nm and
1.2 m, the measured slip lengths and viscosities are differ-
ent.

A sample of the data from the continuous thermal noise
method is shown in Fig. 7 �as red circles� at a piezo displace-
ment approach rate of 25.2 nm/s. Overlaid with this data is a
set of data from the dc force curve, driven at an approach
rate of 2.19 mm/s. The agreement of these two independent
measurements of the lubrication force damping gives confi-
dence that the analysis has been performed correctly. A linear
fit between 200 and 600 nm returns a measured total slip
length of 270 nm. The measured air viscosity from the gra-
dient of the linear fit is 0.017 mPa s, compared to a bulk
value of 0.02 mPa s. The fit is not performed for s

�600 nm because in this run, the cantilever drag is a large
component of the total damping and above 600 nm it be-
comes comparable to the lubrication force. Therefore the
data above 600 nm is less reliable.

Table I is a summary of the measured combined slip
length, accommodation coefficient and viscosity for all ex-
periments, using a linear fit to the data. We list the combined
slip length �from the two surfaces� because this is what we
measure in our experiment. Although the chemistry on the
sphere and plate are the same, the surface roughness is not,
so the slip length may be different on the two solids. To
determine the accommodation coefficient, we assume that

FIG. 8. �Color online� Measured inverse damping coefficient as
a function of separation for a short-range continuous-run approach
between 0 and 200 nm. The extrapolation of the linear fit in the
range of 200–1200 nm to Eq. �4� is shown in black and the extrapo-
lation of the fit of the same data to the Vinogradova equation �Eq.
�9�� is shown in light blue. For the linear fit, the measured combined
slip length was 320 nm and the viscosity was 0.0186 mPa s. For
the Vinogradova equation, the viscosity was held to the same value
as the linear fit �0.0186 mPa s�, and the fitted combined slip length
was 392 nm. Sphere radius=12.7 m and cantilever spring con-
stant �triangle�=0.019 N /m.

FIG. 6. �Color online� Inverse damping as a function of separa-
tion obtained by analysis of the ESD in the dwell thermal noise
method �red bars�. A linear fit to the data between 200 nm and
1.2 m is shown in black and extrapolated to zero separation. A fit
of the Vinogradova theory over the same range is shown in blue.
The linear fit returns a slip length of 320 nm and a viscosity of
0.0186 mPa s �black line�. The Vinogradova fit returns a slip length
of 392 nm, when the viscosity is fixed at the same value as the
linear fit, 0.0186 mPa s �blue line�. The range of the error bars
represents the separation measurement before and after the dwell.
The cantilever is the same as in Fig. 2.

FIG. 7. �Color online� Inverse damping coefficient as a function
of separation obtained by analysis of the ESD in a slow �25.2 nm/s�
approach �red circles�. A linear fit to the data between 200 and 600
nm is shown is black and returns a slip length of 270 nm and a
viscosity of 0.017 mPa s. The damping coefficient can also be ob-
tained from the deflection of the cantilever in a separate high-speed
�2.19 mm/s� approach �blue crosses�. Gold coated silicon nitride
cantilever Veeco MSCT-D, sphere radius=11.2 m, and cantilever
spring constant �rectangle�=0.031 N /m.
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the slip length on each surface is equal and use a mean free
path of 66 nm for air.

For comparison, the average across 12 repeat runs by the
dc method from experiment 6 returns a slip length of
252�85 nm standard deviation and a measured viscosity of
0.021�0.002 mPa s. We note that the viscosity of air is
relatively insensitive to variations in temperature and humid-
ity and is independent of pressure; it is expected to be
0.0186 mPa s for the present case. As such, the observed
maximum deviations �approximately �30%� in the mea-
sured viscosity in Table I are due to uncertainties and sys-
tematic errors in the fits and measured parameters; this is
consistent with the expected uncertainties in cantilever cali-
bration, sphere dimensions and fitting of the damping curves.

We can easily measure the damping coefficient at separa-
tions below 200 nm, as shown in Fig. 8. These data do not fit
to the extrapolation of Eq. �8� from the data in the range of
200–600 nm. The data generally follow the extrapolation of
Eq. �9� but not with as high precision as the data between
200 and 600 nm. This is not unexpected, as the range is
outside the validity of the slip-flow regime; i.e., the Knudsen
number is approaching 1. To the best of our knowledge, there
is no complete theory to compare to the data in this range.

V. DISCUSSION

A. Validation of the thermal noise method

We measure the slip length by two methods: the thermal
noise method and high-speed dc drive. The velocity divided
by the force from the high-speed dc measurement is also
plotted against separation in Fig. 7 �blue crosses�. These two
data sets are from separate experiments at different approach
speeds with completely different analysis. To illustrate this,
consider that the average approach speed in the dc measure-
ment is five orders of magnitude greater than the approach
speed in the thermal method. The velocity of the tip under-
going thermal motion is on the order of 1–10 m /s, which
is two to three orders of magnitude below the piezo displace-
ment drive speed in the dc method. It is important to stress
that although the analysis of the damping by the thermal
method and the dc method are completely independent, they
have a high level of agreement �Fig. 7�. This agreement pro-
vides strong evidence that the initial assumptions of Eq. �6�
and its implementation are valid.

Over the range of 0–200 nm of separation, there is a sys-
tematic drop in the measured resonant frequency of the can-
tilever. This is not due to noise in the ESD fit but is due to
surface forces present in the experiment which alter the ef-

TABLE I. The measured total slip length �combined from both surfaces� and viscosity for eight different
experiments measured from the linear fits, using the dwell method and the continuous method. Two approach
runs are tabulated for each “continuous” experiment. The accommodation coefficient � is calculated by
assuming the slip length is the same on the sphere and the plate, and that the mean free path of air in 66 nm.

Experiment No. Cantilever geometry
Combined slip length

�nm� �
Viscosity
�mPa s�

Sphere radius
�m�

Dwell Thermal Noise Method

1 Rectangle 320 0.62 0.0186 15.3

2 Rectangle 274 0.69 0.0201 15.9

Average 1–2 297

Continuous Thermal Noise Method

3.1 Triangle 426 0.50 0.0162 11.7

3.2 262 0.71 0.0146

4.1 Triangle 326 0.61 0.0156 12.7

4.2 402 0.52 0.0170

5.1 Triangle 250 0.73 0.0172 12.7

5.2 295 0.66 0.0186

6.1 Triangle 95 1.22 0.0137 12.7

6.2 205 0.83 0.0161

7.1 Rectangle 72 1.35 0.0206 11.4

7.2 206 0.83 0.0259

8.1 Rectangle 223 0.79 0.0254 11.2

8.2 239 0.76 0.0269

Average 3–8 250

Average 1–8 257 0.77 0.0190

Standard deviation 1–8 99.0 0.24 0.0043
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fective spring constant of the cantilever. Ducker et al. �25�
previously described how this shift in resonant frequency can
be used to determine the surface force Fsurface�z�

Fsurface�z� = �
0

z

k�1 −
f0�z�2

f0���2�dz , �10�

where f0�z� represents the resonant frequency at a given
equilibrium separation and f0��� is the resonant frequency
with no surface present. The surface force calculated from
the resonance shift is shown in Fig. 9 �red circles�. We also
took the same raw deflection data and smoothed it to remove
the thermal oscillations. Because the data are from a slow
run, the only terms left in Eq. �5� are the spring force and the
surface forces, so the surface force can be determined di-
rectly from the average spring deflection and this is shown in
Fig. 5 �black points�. The high level of agreement between
these two independent methods of analyzing the data again
provides strong evidence that the initial equation of motion
and the analysis methodology are correct.

A further validation of the initial assumptions is that the
measured gradient of the inverse damping coefficient yields
a constant viscosity that agrees with the bulk viscosity of air
within error. We measure an average air viscosity of
0.019�0.005 mPa s, which compares with a known bulk
value of 0.0186 mPa s. The error in measured viscosity does
not include the systematic error in the spring constant.

Why is there such good agreement between the damping
coefficients measured by the dc and thermal methods �4–8
kHz�? In general the damping coefficient of a resonator in a
viscous fluid is frequency dependent. The thickness of the
viscous boundary layer around the oscillator can change as a
function of frequency which changes the amount of damp-
ing.

To understand the damping on the oscillating sphere, we
need to examine the hydrodynamics of the flow. A critical
parameter to the flow around the oscillating sphere is the
boundary layer thickness �b�

b = �


f�
, �11�

where � is the fluid viscosity, f is the frequency of the can-
tilever, and � is the fluid density. In air, for an oscillation
frequency of 8 kHz, the boundary layer thickness is 28 m.
So the boundary layer is an order of magnitude greater than
the separations that we measure. This means that the squeeze
film flow between the sphere and the surface, which domi-
nates the measured hydrodynamic force, is in the low inertia
regime. As such, the hydrodynamic force will be frequency
independent. We also note that the flow is in the linear
Stokes regime, so the drag force is linearly proportional to
the velocity and we expect the damping coefficient to be
constant.

B. Slip length as a parameter

In general, the slip length is not the ideal parameter to use
to characterize the analysis of slip-flow measurements that
we perform using AFM at atmospheric or lower pressure
with the linear model �Eq. �4��. The difficulty is that the
slip-flow regime is applicable only at separations signifi-
cantly greater than the mean free path. Thus, the data is
collected at separations greater than twice the mean free path
nm, and then extrapolated to a negative separation of about
twice the mean free path to obtain the slip length. For the
work here, this extrapolation was from +200 nm to approxi-
mately −200 nm. This long extrapolation is the principal
source of error in our measurements of the slip length or
accommodation coefficient. As an alternative, an extrapola-
tion to the damping coefficient at zero separation would be a
parameter with a smaller associated error.

C. Comparison between the dc and thermal methods

In the thermal method, the damping coefficient and the
resonant frequency are independent parameters in the fit of
the data to the equation of motion, so the damping coefficient
is independent of the magnitude of surface forces. As long as
the gradient of the surface force can be considered constant
�or negligible� over the amplitude of the cantilever oscilla-
tion, surface forces do not affect the thermal method. We
often observe an attractive, low gradient equilibrium force
that arises from the build up of electrostatic charge on the
plate. �This force is consistent with the formation of induced
dipoles on the sphere and plate.� We find that the slip length
and viscosity measured by the thermal method are the same
regardless of the presence or absence of this force, even
when the electrostatic force has the same magnitude as the
lubrication force. In contrast, the dc method measures the
sum of the forces. So the electrostatic force must be sub-
tracted from the total force in the dc method, which intro-
duces a large error when the static and lubrication forces are
similar in magnitude. The independence of the static and
dynamic contributions of the force is a major advantage of
the thermal noise method over the dc method.

An additional advantage of the thermal noise method is
that the approach speeds are very low, so there is no ringing
of the cantilever �7�. The disadvantages of the thermal noise

FIG. 9. �Color online� Quasistatic surface force as a function of
separation during a slow approach, calculated in two ways: �1� di-
rectly from the deflection �black� and �2� from the shift in resonant
frequency of the cantilever, using Eq. �10� �red circles�. The agree-
ment between these independent measurements of the surface force
gives confidence that the analysis has been performed correctly.
Same cantilever from Fig. 7.
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method are �1� it relies on the correct equation of motion
�which we have validated� �2� the continuous method is very
slow, so thermal drift can be a problem and �3� it requires
capture of large amounts of data. For example, each data set
in the continuous method required 100 megabytes of storage.

D. Comparison between the continuous and dwell thermal
noise methods

The presumed advantage of the dwell method is that the
increased time at each separation allows better measurement
of the ESD. In our measurements, the period of the dwell at
each separation was 20 s, whereas in the continuous mea-
surement, the period over which we binned data was 2 s.
Comparison between the data in Figs. 6 and 7 shows that
there is less scatter in the damping for the dwell method, as
expected. The data in Table I tell much the same story. The
small number of data points for the dwell method prevents a
rigorous comparison, but both dwell measurements produced
a viscosity and slip length near the average whereas there
was a large scatter in the continuous method. The errors in
separation due to drift in the dwell method and continuous
method are similar.

E. Comparison between the thermal noise method and the
driven oscillator method

Maali and Bhushan �14� measured lubrication forces by
driving the cantilever at a single frequency and monitoring
the phase and amplitude response �19�. An advantage of the
driven cantilever is that only the amplitude and phase re-
sponse at a single drive frequency need to be measured, so
the measurement is much faster. An advantage of the thermal
noise method is that it is offers the minimum perturbation:
for the same cantilever, the amplitude of vibration will be
larger for the driven method, resulting in a loss of distance
resolution. Also, the thermal method is an equilibrium
method, so measures the equilibrium properties of the thin
film, whereas the driven method has a flux of energy from
the cantilever, which may heat the thin film between the
probe and the plate. By experiment, we find that the area
under the ESD is independent of separation, so we do not

resolve any change in the temperature of the cantilever dur-
ing the approach. The thermal method also measures the en-
tire resonance peak, which can be used to validate the equa-
tions of motion. However, it is possible to drive the
cantilever over a range of frequencies to collect the entire
spectrum �25�. Finally, the driven method relies on the mea-
surement of phase, and small phase offsets can introduce
errors in the analysis.

F. Comparison to measurements of accommodation
coefficients in similar systems

We measure �=0.77�0.24 for TMCS-coated silica.
Other studies have found similar values for uncoated silicon.
In a microchannel experiment, Veijola et al. measured a
TMAC of 0.621–0.661 in air against silicon with a surface
roughness of 1 nm �32�. In similar microchannel experi-
ments, Jang and Werely measured a TMAC of 0.85 against
silicon with a surface roughness of 6.4 nm in air �33�. Huang
et al. measured a larger TMAC of 0.90 in air against a glass
surface, with a higher surface roughness �70 nm� �34�.

VI. CONCLUSION

We have demonstrated both a thermal noise method and a
dc method for measuring lubrication forces in air. The data
for both lubrication measurements show the expected func-
tional form for damping in the slip-flow regime. We have
measured a combined slip length of 250 nm for two hydro-
phobically coated glass solids, which corresponds to an ac-
commodation coefficient, �=0.75. We have also measured
the lubrication force in the transition and free molecular flow
regimes �s�200 nm�. The data in this regime has a similar
form to the Vinogradova equation. In addition, we show that
the thermal measurement can be used to measure the quasi-
static surface force in agreement with the dc method.
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