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ABSTRACT: The density functional theory (DFT) and linear response (LR) time-
dependent (TD)-DFT are of the utmost importance for routine computations. However,
the single reference formulation of DFT suffers in the description of open-shell singlet
systems such as diradicals and bond-breaking. LR-TDDFT, on the other hand, finds
difficulties in the modeling of conical intersections, doubly excited states, and core-level
excitations. In this Perspective, we demonstrate that many of these limitations can be
overcome by recently developed mixed-reference (MR) spin-flip (SF)-TDDFT, providing
an alternative yet accurate route for such challenging situations. Empowered by the
practicality of the LR formalism, it is anticipated that MRSF-TDDFT can become one of
the major workhorses for general routine tasks.

One of the most challenging goals in electronic structure
theory is to achieve a balanced description of dynamical

and nondynamical (static) correlation effects in a cost-effective
manner. Although density functional theory (DFT)1 has been
the most successful and popular methodology, it struggles to
handle open-shell singlet cases such as diradicals and bond
breaking due to its single-reference formulation (see Scheme
1).2,3 Multireference theories,4 on the other hand, are

specifically designed for nondynamical correlation, which is
essential for electronically degenerate or near-degenerate
situations not only of open-shell species but also of electronically
excited states and conical intersections. However, its missing
dynamical correlations necessitate additional calculations in the
forms of either perturbations5 or configuration interactions,6

making the resulting theories impractical for large systems or

time-consuming tasks like nonadiabatic molecular dynamics
(NAMD) simulations.7 In fact, our interest in the development
of new quantum theories stems from the study of nonadiabatic
processes.
In addition to the accurate descriptions of ground electronic

states, proper and efficient quantum theories for strongly
correlated excited states have become important as the demands
for next-generation molecules and materials increase rapidly.8,9

Perhaps the most practical and popular methodology for
studying the excited states is the spin-conserving linear-response
time-dependent density functional theory (LR-TDDFT).10−12

It is based on the time-dependent Kohn−Sham (TD-KS)
equation with the linear-response formalism using a closed-shell
singlet ground state as its reference. Given a common set of
reference orbitals (usually obtained by Kohn−Sham DFT), LR-
TDDFT can conveniently produce a full spectrum of singly
excited states in one calculation without any prior knowledge of
the nature of states. Thus, it can easily access various properties,
including excitation energies of all excited states, as well as
interstate properties, like transition dipole moment (TDM),
nonadiabatic coupling (NAC), spin−orbit coupling (SOC),
core excitations, and so on. Despite all these advantages, there
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are well-known failures of this methodology, e.g., in describing
the long-range charge transfer excitations,13−17 doubly excited
states,18−20 bond breaking,21,22 and real and avoided conical
intersections (CI) (see Scheme 1).23−26 To cope with some of
these difficulties, DFT-based theories such as the state-specific
orbital optimized (OO)-DFT methods have been actively
developed,27 featuring an unprecedented precision of DFT
methods.28 However, its state-specific orbital optimization
requires prior knowledge of each state, which is not always
straightforward.
In this regard, LR theories are still preferable because of their

practicality and generality. Some of the drawbacks of TDDFT, in
particular, the incorrect description of the conical intersections
and the poor description of multireference electronic states, can
be corrected by the spin-flip (SF)-TDDFT,29−31 as its open-
shell high-spin triplet reference (MS = +1) generates the ground
singlet state as one of its response states as well as various
configurations including important doubly excited ones (see
Figure 1). However, the missing red configurations in Figure 1

inevitably introduce considerable spin contamination.32−34

Obviously, a fundamental solution to the problem is to recover
the missing ones. However, unlike wave function theories, a
significant challenge remains with respect to TDDFT when
going beyond the adiabatic approximation to account for more
than single excitations.35 To alleviate the problem, the tensor
equation-of-motion (TEOM) formalism was introduced yield-
ing the spin-adapted (SA)-SF-DFT.36 However, due to the

complexity of TEOM, its analytic energy gradient has yet to be
derived.
Instead of introducing high-rank excitations from a single

reference, a second red reference (MS =−1) was introduced (see
Figure 1) as an alternative way of expanding the response space
by some of us.37 In the realization of this idea, a new mixed
reference state that has an equiensemble density of theMS = +1
and MS = −1 components of a triplet state was introduced:
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The two references are transformed to a single hypothetical
reference by the two spinor-like open-shell orbitals of s1 and s2 as
shown in Figure 2a, whose one-particle reduced density matrix

(RDM) satisfies the idempotent condition. Finally, the linear
response from the mixed hypothetical reference yields a mixed
reference spin-flip (MRSF)-TDDFT.37,38 It is noted that the
idea of two references is reminiscent of the multireference
concept, although the exact formulations are fundamentally
different. The immediate advantage of the new approach is the
expanded response space without the expensive multireference
orbital optimization, which profoundly affects its characteristics.
To illustrate it, the major features of MRSF-TDDFT are first
summarized in the following.
(1) Within the Tamm−Dancoff approximation,39 the use of

mixed-reference (MR)-RDM in the linear-response formalism
yields two completely decoupled linear-response equations for
the singlet and the triplet excited states, respectively37
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where k = S, T represent singlet and triplet states, Apq,rs
(k)(0) is the

orbital Hessian matrix, and Apq,rs′(k) is a coupling matrix between
the configurations originating from different components (MS =
+1 and MS = −1).37,38 The remaining Xpq

(k) and Ω(k) are the
amplitudes and excitation energies, respectively. The decoupled

Figure 1. Upper panel shows the two references of MRSF-TDDFT
denoted by black and red arrows. The zeroth-order MR-RDM which
combinesMS = +1 and −1 RDMs is used in MRSF-TDDFT, while only
the MS = +1 RDM are used in SF-TDDFT. In the lower panel, the
electronic configurations that can be generated by spin-flip linear
responses from the MR-RDM are given by blue, black, and red arrows.
The blue ones are generated from both references, which require a
symmetrization procedure to eliminate OO-type spin contamination.
The black and red ones are generated fromMS = +1 and −1 references,
respectively. By contrast, those of SF-TDDFT are only the blue and
black ones. Configurations that cannot be obtained even in MRSF-
TDDFT are denoted by gray arrows.

Figure 2. (a) The concept of spinor transformation, which combines
two references into a single hypothetical reference. (b) The three axes of
response theory, spin-flip idea, and multireference components, where
the shaded area represents the MRSF-TDDFT.
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equations of eq 2 nearly eliminate the spin-contamination of SF-
TDDFT. Correspondingly, the ambiguity with cumbersome
spin-state identification is no longer needed. Therefore, MRSF-
TDDFT can be readily applied to “black-box” type applications,
such as geometry optimization, conical intersection search, and
molecular dynamics simulations. Currently, the spin-flip
excitations also generate configurations for quintet states.
However, as they are not sufficiently generated, further
developments are needed for the more accurate descriptions
of quintet states.

(2) It should be noted that the triplet response states from eq
2 are the triplet states with MS = 0, which is different from the
high spin reference triplet (MS = +1) of MRSF-TDDFT.
Although they resemble each other, the former and latter are
obtained by response and variational calculations, respectively.
As the latter reference triplet does not have any couplings with
other response states, it is logical and recommended that it
should not be utilized together with response states and the
lowest response triplet should be used instead. This practice is
different from LR-TDDFT, where the reference ground singlet
state has to be utilized.

Figure 3. (a) The characteristic topology of the conical intersection (left) and linear intersection (right) between two potential energy surfaces of the
S1 and S0 states. While MRSF-TDDFT can calculate both states, the combination of LR-TDDFT and DFT is needed for them. (b) The S1 (red) and S0
(blue) energies of CItw−BLA of trans-penta-2,4-dieniminium cation (PSB3) were calculated around a loop with the radius of 0.01 Å.41 The branching
plane vectors were calculated using the algorithm byMaeda et al.,47 which yields orthogonal GDV andDCV. (c) NAC vectors (or DCVs) at theMECI
geometries of PSB3, where the left and right images are obtained by MRCISD andMRSF-TDDFT/BH&HLYP, respectively.3 The MECI geometries
were optimized byMRCISD in ref 48. The numbers in parentheses display the inner products between theMRSF and theMRCISDNAC vectors and
the ratio |NACMRSF|/|NACMRCISD| of the norms of the NAC vectors, respectively.

The Journal of Physical Chemistry Letters pubs.acs.org/JPCL Perspective

https://doi.org/10.1021/acs.jpclett.3c02296
J. Phys. Chem. Lett. 2023, 14, 8896−8908

8898

https://pubs.acs.org/doi/10.1021/acs.jpclett.3c02296?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.3c02296?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.3c02296?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.3c02296?fig=fig3&ref=pdf
pubs.acs.org/JPCL?ref=pdf
https://doi.org/10.1021/acs.jpclett.3c02296?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


(3) Both SF- and MRSF-TDDFT remarkably produce the
ground singlet (S0) state as one of their response states, different
from LR-TDDFT. It allows a way of generating the multi-
configurational ground singlet state, overcoming the single
reference limitations of the DFT. Thus, both theories can
describe the open-shell singlet such as diradicals,40 as well as
bond-breakings.3 The O → O type configurations in Figure 1,
which include theG,D, L andR configurations with blue arrows,
are mostly responsible for them. In particular, the α(O1) →
β(O1) and α(O2) → β(O2) spin-flip transitions yield the L and
R configurations, respectively. As the two configurations occur
from the two distinct spin-flip transitions, their contributions to
the final response state of SF-TDDFT may become unequal,
which yields substantial spin-contamination. This problem was
resolved in MRSF-TDDFT by averaging contributions of the
same configuration originating from the different spin-flip
orbital transitions from the two components,MS = +1 andMS =
−1, of the MR state.37

(4) The ability to generate the ground singlet state (S0) by
MRSF-TDDFT also resolves the topological conical inter-
section problem of LR-TDDFT41 as both S0 and S1 are in the
same response states (see Figure 3a). On the other hand, the
combination of DFT and LR-TDDFT has to be utilized in the
case of LR-TDDFT, which does not guarantee correct state
couplings. Further discussions can be found later in the main
text.
(5) The simple one-electron spin-flip excitation from the

mixed triplet reference produces not only singly but also various
doubly excited configurations as shown in Figure 1 (with respect
to the closed-shell configuration).42 The doubles are critical
components for the accurate descriptions of excited states, bond
breakings, conical intersections, etc., which significantly expands
the applicability of MRSF-TDDFT.
(6) Recently, it has been demonstrated that the high spin

triplet reference of MRSF-TDDFT provides a simple way of
ensuring core-hole relaxation for accurate XAS (X-ray
absorption),43 which has been one of the main difficulties of
LR-TDDFT. Detailed discussions can be found later in the main
text.
(7) Conceptually, MRSF-TDDFT introduced one more axis

(middle vertical line) of the multireference concept to the
existing response theory and spin-flip operator axes as shown in
Figure 2b. As a result, MRSF-TDDFT can take advantage of
multireference and the practicality of linear response theory at
the same time with the formal O(N4) scaling (practically it can
be below O(N3) due to the integral screenings).44 Although it is
possible to further develop theories along other axes, such as
nonlinear response theory or double spin-flip theory, the mixed-
reference concept of MRSF-TDDFT appears to be the most
practical and efficient way of introducing additional explicit
electron correlations without sacrificing performance. The
major computational bottlenecks of the response parts are the
Davidson iterations,45 which typically are computationally less
demanding than the SCF parts in the case of response theory.
Therefore, the MRSF-TDDFT does not add too much extra
computational overhead to ground-state DFT calculations, a
great practical feature for correlated theories. In a preliminary
benchmark with our new quantum code,46 the response part
(Davidson iteration) took much less time than SCF as shown in
Figure S1a, and the timing ratio of response/SCF in Figure S1b
is on average 0.232.
(8) It is noteworthy that not all of the electronic

configurations shown in Figure 1 can be recovered. In fact,

four out of six type C → V configurations (i.e., those shown by
the gray arrows) remain unaccounted for. Typically, these
configurations represent high-lying excited states and make
insignificant contributions to the low-lying states of organic
molecules.37 Thus, the effect of the missing configurations on
the spin contamination is expected to be small.
Overall, MRSF-TDDFT introduces explicit correlations to the

implicit accounts of exchange−correlation functionals of DFT,
attempting to balance the dynamical and nondynamical electron
correlations. To showcase the above-mentioned formal
advantages, selective studies done by MRSF-TDDFT are
presented below.
Perhaps, one of the most challenging electronic structure

issues is the correct description of conical intersections (CIs) as
shown in Figure 3a.49,50 CIs are special geometries at which two
(or more) adiabatic electronic states become degenerate,51−54

which provide efficient pathways for nonadiabatic population
transfer.49,50,55−59 The degeneracy of the intersection is lifted
along two unique directions,54,60,61 which are defined by the
gradient difference (g) and derivative coupling (h) vectors
(GDV and DCV, respectively) given by

E Eg
1
2

( )S SQ Q1 0
=

(3a)

h S SQ1 0
= | | (3b)

for the case of a crossing between the ground (S0) and lowest
excited S1 singlet states. The most significant requirement for
quantum mechanical theories to describe CIs is that it should
produce nonvanishing nonadiabatic coupling between the
intersecting states. Surprisingly, this requirement for the S1/S0
CIs is violated by most of the single-reference theories as well as
some multireference theories, such as single-state (SS)-
CASPT2.25,48,62 Multi-state multireference computational
methods63−67 are capable of producing the correct topology of
CIs,25,55,68,69 however at the expense of very high cost of
computations. The popular LR-TDDFT methodology12,70,71

fails to yield the correct dimensionality of the S1/S0 CI seam and
predicts a linear crossing instead23,25,72 (see the right panel of
Figure 3a) as they have to be computed by independent DFT
and TDDFT theories, respectively.23,25,72 Consequently, the
absence of couplings between S0 and its excited states would
introduce significant uncertainties in the description of S1 → S0
internal conversion processes.
In contrast, it is remarkable that MRSF-TDDFT is capable of

producing the correct double-cone topology, as the spin-flip
excitation from a triplet produces both S1 and S0 as its response
states. The correct CI topology by MRSF-TDDFT method was
demonstrated in a conical intersection of trans-penta-2,4-
dieniminium cation (PSB3) (see Figure 3b), where the nonzero
energy differences between the red (S1) and blue (S0) loops as
calculated along the circle around the CI with the radius R
ensure the conical topology.41 The full NAC vectors at the CI of
PSB3 were also presented in Figure 3c, where the left and right
images are obtained by MRCISD and MRSF-TDDFT/
BH&HLYP, respectively. The numbers in parentheses display
the inner products between the MRSF-TDDFT and the
MRCISD NAC vectors and the ratio |NACMRSF|/|NACMRCISD|
of the norms of the NAC vectors, respectively. The two numbers
with near unity emphasize the accuracy of NAC vectors by
MRSF-TDDFT. Therefore, MRSF-TDDFT can produce not
only the correct topology of CIs but also accurate NAC vectors.
In a benchmark with 12 conical intersections, the relative
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energies of CIs and their geometries by MRSF-TDDFT are in
excellent agreement with those of MRCISD (RMSDs of 0.41 eV
and 0.067 Å, respectively).41,73

It has been shown that the nature of conical intersections
among excited states (Sx, x ≥ 1) are also strongly dependent on
the quality of quantum mechanical theories even in the most

Figure 4. 11Bu
+ (red) and 21Ag

− (black) energy profiles along the minimum-energy paths (MEPs) of trans-butadiene by (a) SA-CASSCF(4,4) (solid
lines), δ-CR-EOMCC(2,3) (dashed lines), and XMS-CASPT2(4,4) (dotted lines). (b) The MEPs by MRSF/BH&HLYP (solid lines) and TDDFT/
B3LYP (dashed lines). All calculations taken from ref 42 were done with cc-pVTZ. The BLA coordinate is defined as the difference between the
average length of single bonds and the average length of double bonds.

Figure 5. Time evolution of the adiabatic S0 (black), S1 (red), and S2 (blue) populations for (a) the first 100 fs and (b) the entire 2 ps duration of the
NAMD simulations taken from ref 86. The light blue curve in panel a and the green curve in panel b represent fittings of the S2 and S1 populations by a
monoexponential function, respectively. Panel c compares the S2 (blue) and S1 (red) PES profiles along the MRSFMEPs (solid lines) with the EOM-
CCSD curves (dashed lines). The molecular structure with atom numbers is given in the inset. Panel d shows the S2 and S1 PES profiles obtained with
the 3SA-CASSCF(10,8) (solid lines) and the eXtended Multi-State Complete Active Space second-order Perturbation Theory (XMS-CASPT2,
dashed lines). MEPs on the S2 (blue) and S1 (red) PESs optimized using the nudged elastic band (NEB)

106,107 method in connection with MRSF-
TDDFT and connecting the FC region, the CI21,BLA, and the S1, min geometries; the respective BLA values are given parenthetically. The BLA
coordinate is defined as the difference between the average increments of the lengths of the double bonds and the decrease of the single bond, BLA =

R R R( )1
2 C O C C C C4 8 5 6 4 5

+= = , where ΔR’s are displacements with respect to the S0 equilibrium geometry. For all other electronic structure
methods, the MRSF-TDDFT MEP geometries are utilized by employing a 6-31G* basis set with Cs symmetry restriction. Adopted with permission
from ref 84. Copyright 2009 American Chemical.
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prototypical and simple conjugated systems of s-trans-butadiene
and s-trans-hexatriene.42 The bright 11Bu

+ state comprises a
zwitterionic one-electron HOMO (π) → LUMO (π*)
transition,74−78 while the dark 21Ag

− state79−82 is dominated by
multiconfigurations of the HOMO−1 → LUMO and HOMO
→ LUMO+1 one-electron and HOMO2 → LUMO2 two-
electron transitions. After the π → π* transition to the bright

11Bu
+, the bond length alternation (BLA) motion along the

geometric backbone leads to the conical intersection between
11Bu

+ and 21Ag
−.74−78,83−85 While high-level theories like δ-CR-

EOMCC(2,3) and XMS-CASPT2 consistently predict that the
11Bu

+/21Ag
− crossing occurs near −0.03 Å along the BLA (dashed

and dotted lines in Figure 4a, respectively), the corresponding
potential energy surfaces obtained with SA-CASSCF (solid line

Figure 6. (a) The core-hole relaxation is accomplished by replacing the two singly occupied open (O1 and O2) orbitals of the ROHF reference with
other ones. While the O1 is replaced with 1s, the O2 can be (a) the original LUMO orbitals. (b) The simulated core to valence hole spectra without an
empirical shift and corresponding orbital transition diagrams of valence excited states of thymine by ΔCHP-MRSF(R)/BH&HLYP with aug-pcX-2/
aug-pcseg-1, where the π and n holes are represented by blank circles. Oscillator strengths for ΔCHP-MRSF(R) are taken from CHP-MRSF(R)
results. The core to π, n, and π* + 1 holes are represented by red, blue, and green colors. The solid and dotted lines represent the excitations from
1s(O8) and 1s(O7) core, respectively (see Figure 5 for atom numbering). Here, we introduce a double hole particle relaxation, which relaxes a core and a
valence hole at the same time. For example, the final configuration of 1s1n2π*1, which is 1s → n core excitation of nO8π* state can be accomplished by
the π* → n response excitation from the reference double hole particle CHP configuration of 1s1n1π*2. Adopted from with permission from ref 43.
Copyright 2022 American Chemical Society.
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in Figure 4a) as well as with the LR-TDDFT (dashed line in
Figure 4b) do not cross. The CASSCFmisses the crossing by the
overestimation of the zwitterionic 11Bu

+ (red) state due to the
missing dynamical electron correlation. On the other hand,
TDDFTmisses it, as the 21Ag

− (black) state near the CI region is
not sufficiently stabilized due to the missing doubly excited
configurations.42 Remarkably, MRSF-TDDFT (solid line in
Figure 4b) properly recovers the crossing, as it can provide the
doubly excited configurations to 21Ag

− (black).
As illustrated in the above examples, it is clear that MRSF-

TDDFT can provide high-quality potential energy surfaces
regarding conical intersections in part due to the balanced
electron correlations, which is one of the most critical aspects for
successful nonadiabatic molecular dynamics (NAMD) simu-
lations. In the excited-state dynamics of thymine, the
applicability of MRSF-TDDFT for the NAMD simulations
was scrutinized.86 Although theoretical simulations generally
agree on the involvement of two excited states,87,88 namely, the
optically bright S2 state (π → π*) and the dark S1 state (n→ π*),
its slow kinetics of the excited-state decay has been a subject of
debate.89−100 As a result, three different decay mechanisms of
S1-, S2-, and S2&S1-trapping

101 models were theoretically
proposed. It is interesting that the S2-trapping model was
proposed by the studies with CASSCF.90,102,103 In contrast,
MRSF-TDDFT yielded an S1-trapping process with the
experimentally consistent two time constants of τ1 = 30 ± 1 fs
and τ2 = 6.1 ± 0.035 ps,86 where the former and latter
correspond to fast S2 → S1 internal conversion via the conical

intersection CI21,BLA and slow S1 → S0 decay, respectively. The
corresponding state population changes from NAMD simu-
lations are shown in Figure 5a,b. The fast S2 → S1 has been well
supported by the time-resolved X-ray absorption (τ1 = 60 fs)104

as well as the recent photoelectron spectroscopy (τ1 = 37 ± 1 fs)
studies,105 while the latter slow time scale has been
experimentally well-documented.91−100

It was found that the discrepancies between CASSCF and
MRSF-TDDFT in terms of decay mechanisms came from the
differences in the description of the CI21,BLA conical intersection
of S2 → S1 internal conversion as shown in Figure 5c,d, where it
is seen that the MRSF-TDDFT curves (solid curves in Figure
5c) are in good qualitative agreement with the EOM-CCSD
method (dashed curves) in terms of curve crossing between the
two excited states along the BLA coordinate. While the XMS-
CASPT2 (dotted line in Figure 5d)methods also show the curve
crossing at the CI21,BLA, the lack of the dynamical electron
correlation in CASSCF (solid line) significantly overestimates
the bright S2 state relative to the dark S1 and leads to the absence
of the S2/S1 crossing, resulting in a slow S2 → S1 relaxation (the
S2-trapping model).
Thus, the NAMD study on thymine again revealed the

importance of balanced dynamical and nondynamical electron
correlations for successful excited-state simulations and its direct
connection to the quality of inherent conical intersections.86 At
the same time, it is observed that the NAMD simulations in
combination withMRSF-TDDFT can provide consistent results
with experiments. The same techniques have also been applied

Figure 7. 3D potential energy surfaces of S1 (red) and S2 (blue) states around conical intersection (inD3h system) between them. The energy paths that
connect the stationary points on the lowest-energy triplet (blue) and two lowest-energy singlet (black and red) are shown in line. The triplet energy
paths are projected on the bottom. The energies of MRSF-TDDFT and XMS-CASPT2 (in parentheses) are given next to the stationary points. The
point with D3h symmetry is marked as D3h. The rest of the points have C2v symmetry. ϕ is defined as the torsion angle of CH2 while, δ is defined as the
difference between two identical C−C bonds out of three (denoted as A) and the other bond (denoted as B). All data were taken from ref 40.
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to other systems. In the case of uracil, a plausible photohydration
mechanismwas established by the newly discovered high-energy
intermediate.108 The ultrafast aromatization dynamics in the
excited state were found in dihydroazulene by revealing a
characteristic damped bond-alternation motion.109 A new
singlet-to-singlet TADF (thermally activated delayed fluores-
cence) was suggested on the basis of ultrafast equilibrium by
excited-state dual minima.110 Equipped with practicality and
accuracy, therefore, it is expected that the MRSF-TDDFT can
become a de facto standard for excited-state nonadiabatic
dynamics.
As mentioned earlier, the high spin triplet reference of MRSF-

TDDFT provides a natural way of introducing core-hole
relaxation effects as shown in Figure 6a,43 where the core-hole
is kept by maximum overlap method during ROHF process.111

In the case of LR-TDDFT, the corresponding accuracy is crude,
with errors as large as∼10 eV for second-period elements like C,
N, O, and F,112 and even larger errors for heavier elements. With
the additional scalar relativistic effects on K-edge excitation
energies of 24 s- and 17 third-row molecules, on the other hand,
the particular ΔCHP-MRSF(R) exhibited near-perfect pre-
dictions with root-mean-square error (RMSE) ≈ 0.5 eV,
featuring a median of 0.3 and an interquartile range of 0.4.43

The XAS of valence excited states can also be calculated by the
same protocol. The 1s core excitation spectra of oxygens either
of ππ* (π hole) and nπ* (n hole) states of the three particular
structures (FC, CI21, and S1min) of thymine were simulated by
ΔCHP-MRSF(R), and the results are presented in Figure 6b.43

Remarkably, a near perfect 1s(O8) → n(O8) core to valence n
hole excitation value of 526.8 eV (exp. 526.4 eV) at S1, min in the
case of the aforementioned thymine is predicted without any
empirical shift, supporting the experimental assignment.104

Overall, MRSF-TDDFT is accurate enough to provide the
reference values for the correct assignment of XAS peaks.
As KSDFT is based on a single reference, it finds difficulties in

describing open-shell singlet systems such as diradicals as well as
Jahn−Teller distortion phenomena. Diradicals are molecules
with two unpaired electrons occupying two (nearly) degenerate
molecular orbitals.113−119 As a result, the lowest singlet state
requires open-shell treatment, which has been a major challenge
for single-reference theories. When there is weak or no couplings
between the two electrons, Hund’s rule120 dictates triplet
ground state. As both singlet and triplet response states are
described byMS = 0 configurations inMRSF-TDDFT, the open-
shell singlet (OSS) and triplet states can be well described by the
two electronic configurations L and R shown in Figure 1. When
the two unpaired electrons rather strongly interact121 with each
other such as in diradicaloids, the OSS state is better
approximated by a linear combination of two closed-shell
configurations G and D with fractional weights.122,123

As all the important configurations of L,R,G, andD as well as
other configurations of Figure 1 can be adopted in the
description of lowest OSS and triplet states, MRSF-TDDFT
remarkably exhibited a high prediction accuracy of the adiabatic
ST gaps as compared to available experimental values with the
mean absolute error (MAE) of 0.14 eV.40 In an application to
the Jahn−Teller distortion of trymethylenemethane (TMM),
MRSF-TDDFT also exhibited high accuracy. The TMM
diradical has a triplet ground state, 3A2′ and doubly degenerate
1E″ (1B and 1A states) singlets at the D3h (C2) symmetric
geometry, where the 1B and 1A states are represented by the
combination of L andR and the out-of-phase linear combination
of theG andD configurations, respectively, as shown in Figure 7.

The degeneracy of the two singlet 1B and 1A states at D3h
symmetry is well predicted byMRSF-TDDFT, which is lifted by
bond-length alternation geometric distortions (δ coordinate).51
Rotation along the dihedral angle φ, another Jahn−Teller
distortion, leads to the lowest singlet state of the TL geometry.
The values of XMS-CASPT2 (numbers in parentheses) are
generally in good agreement with MRSF-TDDFT, highlighting
the quantitative accuracy of MRSF-TDDFT even in such a
difficult multiconfigurational system.
The relativistic version of MRSF-TDDFT has also been

developed considering the spin−orbit coupling (SOC) within
the mean-field approximation,124 which would be an ideal tool
for the study of intersystem crossings of large systems.
According to the benchmarks, the errors of 3P1 − 3P0 splitting
by SOC of C, Si, Ge, and Sn are less than 4% compared to
experiments. The SOC values of 4-thiothymine by SOC-MRSF-
TDDFT with various XC functionals are generally in excellent
agreement with those of GMC-QDPT2 within ∼10 cm−1.
Ionization potentials (IPs) and electron affinities (EAs) by
MRSF-TDDFT were also realized with the help of extended
Koopmann theory,125 which is an essential technique for
photoelectron spectroscopy as well as conceptualization of
excited states by Dyson orbitals. The QM/MM embedding with
the advanced electrostatic potential fitted (ESPF) method has
been also established for the modeling of realistic systems or
solvent effects.126 The MRSF-TDDFT has finally been released
publicly by the GAMESS (July 31, 2022 R1 Public Release
Version).127 A dedicated new software46 for MRSF-TDDFT
shall also be publicly released soon, which is ideally tuned for the
best performance (>10× faster) of response theories.
In light of the aforementioned advantages, it is highly

desirable to consider further developments and improvements
of MRSF-TDDFT. As a variant of DFT, one of the real
difficulties in the applications of MRSF-TDDFT is the choice of
exchange−correlation (XC) functionals. They are approximate
energy functionals, which are typically developed specifically for
the ground state and therefore need not be successful in
modeling the excited state. The collinear formulation of MRSF-
TDDFT further limits the use of proper XC functionals, as only
the exact exchange term survives.128 As a result, XC functionals
with a large contribution of exact exchange such as BH&HLYP
with the economical 6-31G(d) or cc-pVDZ basis sets can be
recommended for the most practical computations. The
excitation energies are affected both by the reference KS orbitals
and the elements of Casida A matrix or the orbital Hessian
matrix. The former affects the HOMO−LUMO gaps mostly,
while the latter determines the relative energies among response
states. The large contribution of exact exchange in BH&HLYP
tends to increase the HOMO−LUMO gap, and so do VEEs.
Therefore, it would be interesting to see if effective density
functionals explicitly designed for excited state or more
preferably for MRSF-TDDFT can be developed. Regarding
XC functionals, these approximate XC functionals in general do
not exhibit the correct 1/r asymptotic behavior, where r is the
electron−nucleus distance, but fall off too rapidly. Conse-
quently, TDDFT in general gives substantial errors for excited
states of molecules with extended π-systems as well as for
charge-transfer (CT) states.13−17 Recently, by individually
tuning XC functionals for SCF and response parts of
computations, we have developed a new family of XC
functionals designed for MRSF-TDDFT, which would alleviate
these situations.129 In the benchmarks against Thiel’s set,130 the
conventional BH&HLYP functionals in combination with
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MRSF-TDDFT exhibits the MAE = 0.379 eV and IQR = 0.511
eV, while theMAE of CC2 theory is 0.32 eV. However, theMAE
by the recently developed new functionals of DTCAM-VEE is
reduced to 0.218 eV and IQR = 0.327 eV, demonstrating the
accuracy of VEE can be significantly improved. However, it
should be emphasized that the VEEs are the properties of
Franck−Condon geometries. The vast majority of potential
energy surfaces including conical intersections are away from it,
necessitating new strategies in the design of XC functionals for
the excited state in general.
As illustrated in Figure 2b, it would be interesting to explore

further expansion along the multireference axis, which would
allow us to study even more difficult multiconfigurational
systems such as metallic complexes with highly degenerated
electronic states, where the response configurations generated
by the current MRSF-TDDFT may not be sufficient. Methods
for systems with odd electrons should be also developed. The
idea of utilizing two references can be also applied to other
theories such as the SF-Bethe−Salpeter equation (BSE)
formalism of many-body perturbation theory,131 SF-algebraic
diagrammatic construction (ADC),132 SF-ORMAS-CI (spin-
flip occupation restricted multiple active space CI),133 as well as
SF-EOM-CC.134 As MRSF-TDDFT can deal with strong
correlations, its extension to solid systems can also be highly
anticipated. In fact, we have shown that the quasi-particle
approach on the basis of the extended Koopmann theorem can
produce correlated band structures rather easily.135

In summary, multiple benchmarks have established that the
combination of the multireference concept with the linear
response theory implemented in MRSF-TDDFT provides an
efficient way of balancing the dynamical and nondynamical
electron correlations, overcoming the major limitations of other
quantum theories. In the current Perspective, the superior
aspects of MRSF-TDDFT have been highlighted in the series of
challenging applications such as conical intersections, non-
adiabatic molecular dynamics (NAMD) simulations, core-hole
relaxation, and diradicals. With its high performance, versatility,
and practicality, it can be anticipated that MRSF-TDDFT will
become one of the major workhorses for routine tasks of
quantum chemical calculations. As its accuracy and capabilities
can be further improved by developing specific XC functionals
or expanding the response space, the future of MRSF-TDDFT
and its variants is bright.
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