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We explore the statistical properties of energy transfer in ensembles of doubly driven random-matrix Floquet
Hamiltonians based on universal symmetry arguments. The energy-pumping efficiency distribution P(Ē ) is
associated with the Hamiltonian parameter ensemble and the eigenvalue statistics of the Floquet operator. For
specific Hamiltonian ensembles, P(Ē ) undergoes a transition which cannot be associated with a symmetry
breaking of the instantaneous Hamiltonian. The Floquet eigenvalue spacing distribution indicates the considered
ensembles constitute generic nonintegrable Hamiltonian families. As a step towards Hamiltonian engineering,
we develop a machine-learning classifier to understand the relative parameter importance in resulting high-
conversion efficiency. We propose random Floquet Hamiltonians as a general framework to investigate frequency
conversion effects in a class of generic dynamical processes beyond adiabatic pumps.
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I. INTRODUCTION

Periodic driving of a quantum system is a versatile tool for
its coherent control, allowing one to engineer quantum phases
of matter with various applications [1]. It opens the possibility
to artificially realize exotic topological systems [2–8], many
of which have no static analog [9]. Among them, a class
of double-drive Hamiltonians displays quantized adiabatic
pumping of energy between the two drives [10–12], in close
analogy with the Thouless topological charge pumping [13]
and its inverse effect in adiabatic quantum motors [14,15].

Our contribution to the collection in honor of E. Rashba
focuses on energy pumping in doubly driven systems. Indeed,
energy pumping between multiple drives is analogous to the
anomalous Hall effect in spin orbit coupled bands. With this,
the seminal work of Rashba on spin-orbit effects in solids
[16,17] finds an application in the synthetic-dimension picture
of multiply driven systems.

Energy pumping between multiple drives could be a cru-
cial element for quantum machines and amplifiers at the
terahertz regime. Quantized energy flow between two incom-
mensurate drives has been predicted in temporal analogs of
two-dimensional topological insulators [10,18]. Nevertheless,
quantized pumping emerges as long as the system is in the
near-adiabatic limit, during which any instantaneous bulk gap
is maintained, and is restricted by the topology of the rele-
vant band [19]. Quantized energy transfer has been predicted
only for specific double-drive topological models inside the
model’s topological phase and for irrationally related drive
frequencies [10]. Energy flow outside this relatively small part
of the parameter space is practically unexplored and is not
expected to remain robust to nonadiabatic driving conditions
[20]. In this limit, the regime of harmonic frequency ratios is
particularly interesting, as it allows an energy conversion rate

exceeding the quantized value in both the topological and triv-
ial classes [10] and a sustained response in the nonadiabatic
regime [21].

Here, we propose random Floquet Hamiltonians as a gen-
eral framework to investigate frequency conversion effects in
a relatively large parameter space and a powerful tool to ex-
plore a class of generic dynamical processes beyond adiabatic
pumps. Since Wigner’s original proposal on the use of random
matrices to describe properties of highly excited nuclear levels
in complex nuclei [22–25], random matrix theory (RMT) has
been applied in a variety of physical problems, including
quantum transport [26,27] and quantum chaotic systems [28].
Inspired by the universality of RMT, we study the statistical
properties of the energy-pumping effect for an ensemble of
doubly driven random Floquet Hamiltonians. Of primary in-
terest is the characterization of the energy-pumping efficiency
distribution and its relation to Hamiltonian distributions and
Floquet-level statistics. We use the basic properties of RMT as
a standard diagnostic tool of generic nonintegrable ensembles.

From an analysis of various instantaneous Hamiltonian
symmetries, it follows that the energy pumping efficiency
distribution P(Ē ) depends on the Hamiltonian parameter en-
semble. For a Gaussian Hamiltonian distribution, the energy
pumping has no linear correlation to the Hamiltonian norm.
Remarkably, for a spherical Hamiltonian ensemble and a
Hamiltonian ensemble with complex parameters, P(Ē ) under-
goes a transition that cannot be associated with a symmetry
breaking of the instantaneous Hamiltonian. The Floquet spac-
ing statistics exhibit a linear (quadratic) level repulsion at
small spacings for Hamiltonians with real (complex) pa-
rameters, and its form indicates the considered ensemble
constitutes a generic Hamiltonian family. In all cases we
considered, we find the universal behavior P(Ē ) = f (Ē/β )
with β ∝ σ 4, and σ being a scale parameter specific to
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the distribution. As a step towards Hamiltonian engineering
targeting high conversion efficiency, we develop a machine-
learning model classifier to extract the importance of each
Hamiltonian parameter, applied to a class of random temporal
topological models. Our results can be implemented in a va-
riety of double-drive two-level systems, including a spin-1/2
[10], single-qubit systems [29,30], and noninteracting atoms
trapped in an optical cavity [12].

The structure of the paper is as follows. In Sec. II, we
introduce the energy pumping in a family of two-frequency
Hamiltonians. In Sec. III, we numerically calculate the en-
ergy pumping efficiency, while in Sec. IV we develop a
machine-learning classifier. A discussion on analytical bounds
is included in Sec. V. Our main conclusions are summarized
in Sec. VI, while some technical details are deferred to three
Appendices.

II. FREQUENCY CONVERSION

Our analysis begins by considering a family of two-
frequency Hermitian 2 × 2 Hamiltonians

H (t ) = F0 + H1(ω1t + φ1) + H2(ω2t + φ2), (1)

with Hi being the periodic function of time with frequency ωi

and phase φi. The main quantity of interest is the integrated
power absorbed (or spent) by the drive i = 1, 2,

Ei(t ) =
∫ t

0
dt ′〈ψ (t ′)|dHi(t ′)

dt ′ |ψ (t ′)〉, (2)

where |ψ (t )〉 = U (t )|ψ0〉 is the instantaneous eigenstate,
U (t ) = T exp[−i

∫ t
0 H (t ′)dt ′] is the time evolution operator

with T the time-ordering operator, and |ψ0〉 the initial state.
Each Ei(t ) depends linearly on time, although the rates of
work performed by the two sources add up approximately
to zero, Ē = limt→∞ E1(t )/t = − limt→∞ E2(t )/t . We aim to
characterize the frequency conversion efficiency Ē for generic
Floquet Hamiltonians.

In the special case of the temporal analog of the
topological Bernevig-Hughes-Zhang (BHZ) model [31], the
Hall response translates to a quantized pumping of energy
Ē = ω1ω2/2π = EQ which emerges in the adiabatic limit
η � ωi, with η the driving amplitude, rationally independent
frequencies ω1/ω2 ≡ γ with γ /∈ Q, and topological regime
[10]. Rationally related frequencies ω1/ω2 ≡ q/p for p, q ∈
Z, exhibit a sustained response which could exceed the quan-
tized value EQ in both the topological and trivial regime [10],
as well as in the nonadiabatic limit η � ωi [21]. Details of the
energy pumping for the temporal BHZ model are summarized
in the Appendix A.

The goal of the present paper is to characterize generic fre-
quency conversion dynamical processes generated by random
Floquet Hamiltonians. In the most general case, adiabatic cy-
cles where there is always an energy gap in the instantaneous
spectrum should not be expected. It thus appears promising to
focus on rationally related frequencies such that the system
is strictly periodic with a period equal to T ≡ 2π/pω1 =
2π/qω2. To maximize the energy transfer, we consider Flo-
quet eigenstate initialization with |ψ0〉 the lowest of the two
Floquet eigenstates U (T )|ψn〉 = e−iεnT |ψn〉. U (T ) is the Flo-
quet single-period evolution operator [32].

When the two frequencies form a rational fraction, a further
simplification of the energy formula can be obtained. For a
general multidriven Floquet problem, it holds that

Ei(t ) =
∫ t

0
dt ′〈ψ (t ′)|ωi

∂H (t ′)
∂φi

|ψ (t ′)〉

= ωi

∫ t

0
dt ′〈ψ (0)|U †(t ′)

∂H (t ′)
∂φi

U (t ′)|ψ (0)〉

= iωi〈ψ (0)|U †(t )
∂U (t )

∂φi
|ψ (0)〉

= iωi〈ψ (0)|∂ ln U (t )

∂φi
|ψ (0)〉

= iωi
∂

∂φi
〈ψ (0)| ln U (t )|ψ (0)〉. (3)

Thus, the work done is related directly to the dependence
of the trace log of the evolution operator. In the above, we
used

∂U (t )

∂φi
=

∫ t

0
dt ′U (t ′, t )

(
−i

∂H (t ′)
∂φi

)
U (0, t ′),

with U (t1, t2) the propagator between times t1 and t2. Next,
let us concentrate on the rational-fraction case, where the
system has a time-periodic Hamiltonian with period T . Also,
we assume that the system is initiated into a Floquet eigenstate
|ψε〉 with Floquet eigenenergy ε. Following from Eq. (3),

Ei(T ) = iωi〈ψε|∂ ln U (T )

∂φi
|ψε〉

= iωi〈ψε| ∂

∂φi
(ln U (T )|ψε〉)−iωi〈ψε|ln U (T )

∂|ψε〉
∂φi

= T ωi
∂ε

∂φi
, (4)

where T is the period of the combined drive. The average
power exchanged by the drives is therefore

Ēi = ωi
∂ε

∂φi
. (5)

III. RANDOM FLOQUET ENSEMBLES

A. Gaussian ensemble

With these preliminary remarks, we now begin our analysis
by considering the model of Eq. (1) with

H0 + H1 = F0 + F1 cos(ω1t + φ1)

H2 = F2 cos(ω2t + φ2),

Fi = hi
01 + hi

xσx + hi
yσy + hi

zσz.

(6)

Here σi are the Pauli matrices. All hi
j are chosen from a

Gaussian distribution

P
(
h j

i

) = e−(h j
i −c)2/2σ 2

. (7)

We use ω1/ω2 = 2/3, ω2 = 1 and φ2 = 0 = φ1 throughout
and sample over N = 12 000 realizations of H (t ). In Fig. 1,
we depict the energy transfer between the two drives Ei(t ) for
four distinct Floquet systems chosen from a Gaussian distribu-
tion with c = 1 and σ = 1, but with approximately the same
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FIG. 1. Energy flow Ei(t ) between the two drives of rationally
related frequencies ω2/ω1 = 3/2 with Hamiltonian parameters cho-
sen from a Gaussian ensemble with c = 1 and σ = 1. Four distinct
Floquet systems with approximately the same driving amplitude,
F̄ = (‖F0‖ + ‖F1‖ + ‖F2‖)/3 ≈ 0.7, display a distinct dynamical
behavior.

amplitude F̄ = (‖F0‖ + ‖F1‖ + ‖F2‖)/3 ≈ 0.7. The resulting
energy-pumping efficiency varies substantially between the
different realizations and could exceed the quantized value
EQ, indicating that the various Floquet states exhibit distinct
dynamical behavior.

In Fig. 2, we summarize the statistical properties of the
energy-pumping efficiency distribution P(Ē ). For any value
of σ and c, P(Ē ) is well approximated by a Lorentzian curve:

P(Ē ) ∝ [1 + Ē2/γ 2]−1. (8)

In Fig. 2(a), we depict P(Ē ) for c = 1 and σ = 1 described by
γ = 0.024. Since we are interested in the nonadiabatic limit
c � ωi, we study the energy-pumping efficiency for c = 0,

(a)

(c) (d)

(b)

FIG. 2. Energy pumping distribution P(Ē ) for the real Gaussian
ensemble (Sec. III A) and a sampling of N = 12 000 realizations.
(a) P(Ē ) for (offset) c = 1 and (width) σ = 1, approximated by a
Lorentzian curve P(Ē ) ∝ [1 + Ē 2/γ 2]−1, with γ = 0.024. (b) The
dependence of γ and γn on σ for c = 0, with γn the scale parameter
of the distribution of the pumping rate normalized by amplitude,
P(Ē/‖Fi‖). (c) The dependence of γ and γn on c for σ = 1. (d) Dis-
tribution of the nearest-neighbor Floquet spacing P(εs), indicating
level repulsion

with the relevant scale now given by σ . The scale parameter
γ plotted in Fig. 2(b) grows as γ ∝ σ 4 for σ � 1 and de-
creases for σ � 0.5. The normalized distribution P(Ē/‖Fi‖) is
described by γn with a similar behavior. For a given σ = 1, γ

is an increasing function of c and γn a weakly-dependent [see
Fig. 2(c)], indicating that the Hamiltonian strength dominates
the pumping strength at the nonadiabatic regime. The con-
sidered model belongs in the trivial dynamical class C = 0,
where C is the Chern number associated with the instan-
taneous ground state band. In Appendix C, we discuss the
geometric aspects of the energy pumping effect encoded in the
Berry curvature of the quasienergy state for various Hamilto-
nian realizations, and provide analytical expressions for C.

As the universality of transport properties is related to the
level statistics and spectral correlations [23,26], it is natural
to study the level statistics of the Floquet operator U (T ).
We focus on the nearest-neighbor spacing distribution P(εs)
between two adjacent ordered levels, εs = (ε2 − ε1)/〈εs〉.
Level statistics have been used in random Floquet systems
to understand the statistics of Floquet operators [33], Floquet
thermalization [34], and disorder in driven topological phases
[35]. In Fig. 2(d), we depict P(εs) for σ = 1 and c = 1,
well approximated by P(εs) ∝ εse−bε2

s , with b = 0.12 and a
linear level repulsion at small spacings. The form of P(εs)
resembles the spacing distribution of a Gaussian orthogonal
ensemble with b = π/4 [25] and indicates that the consid-
ered ensemble constitutes a generic Hamiltonian family. The
Floquet operator can be in a different random matrix class to
the instantaneous Hamiltonian. Finally, no linear relationship
can be established between Ē and both the instantaneous
and time-averaged Hamiltonian norm H̄0 = ‖H (t = 0)‖/c0

and H̄ = ‖F0‖/c0, with c0 = 3‖1 + ∑
i σi‖ a normalization

constant. The two data sets are characterized by an almost
vanishing correlation coefficient r = 0.05 [see Appendix A
Fig. 6 for the dependence of Ē on either H̄0 and H̄ and
Eq. (B2) for the definition of r].

B. Spherical ensemble

We now consider the model of Eq. (1) with

H0 + H1(t ) = F0 + (G1 · σ ) cos(ω1t + φ1),

H2(t ) = (G2 · σ ) cos(ω2t + φ2),

F0 = G3 · σ,

Gi = ρ
(√

1 − χ2
i cos θi,

√
1 − χ2

i sin θi, χi

)
,

(9)

where χi is chosen from a uniform distribution on the interval
[−1, 1] and θi on the interval [0, 2π ], providing Haar-measure
sampling. Configurations obtained by an SU(2) transfor-
mation of vectors Gi result in the same energy pumping
efficiency. The resulting behavior is summarized in Fig. 3
for different values of the distribution norm ρ, ω1/ω2 = 2/3,
ω2 = 1, and φ1 = 0 = φ2. Quite surprisingly, there is a critical
value ρc ≈ 1.5, above which P(Ē ) changes from a symmetric
triangular distribution with support at |Ē | < ξ :

P(Ē ) ≈ 1

ξ 2
(Ē − ξ ) [ρ < 1.5] (10)
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(a)

(c) (d)

(b)

FIG. 3. Energy pumping distribution P(Ē ) for the spherical
ensemble of Sec. III B with distribution norm ρ and N = 12 000 real-
izations. (a) For ρ = 0.5 < ρc, P(Ē ) is approximated by a symmetric
triangular distribution which terminates at Ē = ±ξ . (b), (c) Above
ρc, P(Ē ) ∝ e−|Ē |/β is described by a Laplacian curve. (d) Parameters
ξ , β and standard deviation σ0 as a function of ρ, with a transition at
ρc ≈ 1.5

to a distribution approximated by a Laplacian:

P(Ē ) ≈ 1

β
e−|Ē |/β [ρ > 1.5]. (11)

This behavior cannot be associated with an instantaneous
Hamiltonian symmetry breaking. For ρ � 1, we find the scal-
ing σ0 ∝ ρ4, with σ0 the standard deviation of the triangular
distribution. Nearest-neighbor spacing distribution P(εs) is
approximated by a curve of the form P(εs) ∝ εse−bε2

s with
b = 0.16 and a linear level repulsion at small spacings (see
Fig. 7 of Appendix A). For all model realizations, it holds that
C = 0.

C. Complex Gaussian ensemble

To complete the description, we now turn to generalized
two-frequency models with complex parameters of the form

H (t ) = F0 + F1eiω1t + F2eiω2t + H.c., with

Fi = 1

2
√

2

[
f r
1 + i f i

1 f r
2 + i f i

2

f r
3 + i f i

3 f r
4 + i f i

4

]
.

(12)

H (t ) supports various topological realizations, including the
temporal BHZ model as a possible outcome. Parameters are
chosen from P( f r,i

j ) = e−( f r,i
j −c)2/2σ 2

. We examine the results
of Fig. 4, where we plot P(Ē ) for σ = 1 and N = 104 realiza-
tions, with ω1/ω2 = 2/3 as well, and ω2 = 1.

Once more, a transition is observed. Below ccr = 2, we
observe a Laplacian distribution,

P(Ē ) ≈ 1

β
e−Ē/β [ccr < 2], (13)

[see Fig. 4(a) for c = 1], while above, we observe a Gaussian:

P(Ē ) ∝ e−Ē2/2σ 2
0 [ccr > 2] (14)

(a)

(c)

(d)

(e)

(b)

FIG. 4. Energy-pumping distribution P(Ē ) for the complex
Gaussian Hamiltonian ensemble. These results represent sampling
of N = 104 realizations. (a) For offset c = 1 < ccr , P(Ē ) is described
by a Laplacian curve, while (b) for c = 3 > ccr by a Gaussian, with
ccr = 2. (c) Standard deviation σ0 of P(Ē ) (blue line) and σn of
the distribution of nomrmalized pumping, P(Ē/‖Fi‖) (red line) as a
function of c for σ = 1. (d) Standard deviation σ0 and σn as a function
of σ for c = 0. e) Nearest-neighbor Floquet spacing distribution
P(εs ) for σ = 1 and c = 1, indicating no sign of integrability

[see Fig. 4(b) for c = 3]. For a given σ = 1, the standard
deviation σ0 of P(Ē ) is an increasing function of c, while the
normalized distribution P(Ē/‖Fi‖) is described by a standard
deviation σn with a weak dependence on c, Fig. 4(c). For c = 0
and σ � 1, both σ0 and σn scale as σ0 ∝ σ 4, illustrated in
Fig. 4(d). Finally, the nearest-neighbor spacing distribution
P(εs) shown in Fig. 4(e) exhibits quadratic level repulsion
at small spacings, P(εs) ∝ ε2

s e−bε2
s , and resembles the spac-

ing distribution of a Gaussian unitary ensemble, for which it
holds b = 4/π [25]. Here we find b = 0.165 and note that the
transition at ccr = 2 is not evident in P(εs).

A particular realization of the model Eq. (12) is the random
temporal BHZ model:

H (t ) = η0σz + ηx
1 sin(ω1t + φ1)σx − ηz

1 cos(ω1t + φ1)σz

+ ηx
2 sin(ω2t + φ2)σy − ηz

2 cos(ω2t + φ2)σz. (15)

Depending on the parameters, the considered model could
belong in a topological dynamical class with |C| = 1. For
η

j
i = η, η0 = ηm and |m| < 2 (topological class), it is well

established that the energy transfer is quantized in the near-
adiabatic limit η � ωi [10]. Away from this limit, strong
fluctuations are induced by the nonadiabatic driving condi-
tions for both rationally and irrationally related frequencies,
while the former exhibit more efficient pumping that exceeds
the quantized rate (see Fig. 9 of Appendix A). In this regime,
the topological properties become less important and the tem-
poral BHZ model is one realization of an ensemble of many
that belong to the same symmetry class, making the statisti-
cal description of the pumping effect necessary. Only in the
strong-drive limit does the physics related to the topological
class becomes dominant and quantized energy transfer is re-
stored.
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FIG. 5. Normalized energy-pumping efficiency distribution
P(|ĒQ|) ∝ e−|ĒQ |/β with β = 0.26 for a binary machine learning
classifier. Data are classified into a low and high efficiency class
with a decision boundary at Ēd = 0.5.

IV. PARAMETER IMPORTANCE

A random Floquet Hamiltonian approach can be utilized
to investigate frequency conversion processes in a relatively
large parameter space. Yet there are several questions that
are difficult to settle, including the importance of Hamilto-
nian parameters in a resulting conversion process with high
efficiency. To this end, we propose a feature extraction clas-
sification algorithm applied to the random temporal BHZ
model of Eq. (15) to recognize the relevance of topology
in nonadiabatic pumps. Machine-learning approaches have
been successfully applied in diverse fields including the iden-
tification of quantum phases [36,37], ab initio solution of
many-electron systems [38], estimation of magnetic Hamil-
tonian parameters [39,40], and others.

We generate a data set of N = 105 elements for binary
classification with eight uncorrelated features (η j

i , φi, and C),
depicted in Fig. 5. Input data with an efficiency below the
decision boundary ĒQ � Ēd correspond to class low, while the
rest are classified as high, with ĒQ = Ē/EQ being the normal-
ized efficiency. Parameters η

j
i are sampled from a Gaussian

distribution with c = 1 and σ = 1 and phases φi from a uni-
form in the interval [0, 2π ]. The statistical properties of the
data set, together with details on the classification model, are
given in Appendix B. Choosing Ēd = 0.5, 81% of all data are
classified as low, while 60% are characterized by a vanishing
Chern number C = 0. Interestingly, 34% of data with low
efficiency belong to the C = 1 class, while it rises to 66%
for the high class, indicating that topological models have a
higher representation in the high class. As features and tar-
gets are interacting nonlinearly, we employ a gradient-boosted
trees model classifier, which exhibits the best performance in
terms of commonly used metrics such as recall, precision, and
accuracy [41].

A key step towards Hamiltonian engineering targeting
high conversion efficiency is understanding the influence
of individual features. The relative feature importance I
reflects how often a feature is used in the split points
of a decision tree. We identify I (η0) = 24.1%, I (ηz

2) =
15.9%, I (ηz

1) = 13.6%, I (ηx
1) ≈ 12.6% ≈ I (ηx

1), I (φi ) =
10.6%, and I (C) = 0.01%. Our findings suggest that the

uniform z component of the magnetic field is most valu-
able in achieving high conversion efficiency in nontopological
pumps, while an instantaneous topological model is almost
irrelevant. The relative feature importance remains unchanged
for different decision boundaries Ēd ∈ [0.4, 0.6] and under the
inclusion of a multiclass approach (e.g., splitting the data into
low, intermediate, and high efficiencies).

V. ANALYTICAL BOUNDS ON THE PUMPING
OF ARBITRARY STATES

Before closing, we consider the energy pumping in a
doubly driven system which is not initialized in a Flouqet
eigenstate. Nonadiabatic aspects of the energy pumping make
the pumped power in an arbitrary superposition of Floquet
states differ from the simple weighted sum of the pumping
rate in each of the eigenstates. To study this, let’s look at the
work operator

Ŵk (T ) = iωk
∂

∂φk
ln U (T ) = ωkT

∂

∂φk

(∑
i

εi|i〉〈i|
)

. (16)

A straightforward manipulation leads to the following ex-
pression:

Ŵk (T ) = ωkT

⎛
⎝∑

i

∂εi

∂φk
|i〉〈i| +

∑
i �= j

(εi − ε j )| j〉〈i|∂φk j〉〈i|
⎞
⎠,

(17)

with |∂φ j〉 = ∂
∂φ

| j〉, and εi the Floquet quasienergies.
We can separate the work operator into two cases: two-

level systems and larger systems. For two-level systems, we
further assume that the Flqouet quasienergies appear in same-
magnitude pairs, ε1 = −ε2. By squaring the operator Wk (T ),
we obtain

W 2 = 1

2
TrW 2 = (ωkT )2

((
∂ε1

∂φk

)2

+ 4ε2
1|〈1|∂φk 2〉|2

)
. (18)

On the other hand, for multilevel systems, we obtain a lower
bound on the energy pumped:

W 2 � 1

N
TrW 2 = 1

N
(ωkT )2

(
N∑

i=1

(
∂εi

∂φk

)2

+
N∑

i=1, j

(εi − ε j )
2
∣∣〈i|∂φk j〉∣∣2

⎞
⎠. (19)

Interestingly, the maximum work transferred in a multidrive
system depends on the quantum metric based on changes in
the relative phase of the drive. We intend to investigate the
maximum work done in future work.

VI. DISCUSSION

To conclude, we investigated the Floquet statistics for an
ensemble of doubly driven random Hamiltonians in large
parameter space, with an emphasis on the distribution of
the energy pumping efficiency, by leveraging ideas from
RMT. For nonadiabatic pumps, it holds P(Ē ) = f (Ē/β ) with
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β ∝ σ 4 and σ a scale parameter specific to particular Hamil-
tonian ensemble.

Our main finding is that in the spherical ensemble,
Sec. III B, as well as in the complex Gaussian ensemble,
Sec. III C, there is a transition in the type of distribution
that describes the pumping rate. This transition cannot be
associated with a symmetry breaking of the instantaneous
Hamiltonian. It occurs when the drive angular frequency and
amplitude are of about the same order. While this transition
is not associated with the Chern number of an underlying 2D
band structure, it is likely driven by Berry curvature effects
which become significant at the same range.

The scaling of energy pumping at small amplitudes
requires some additional consideration before closing. Partic-
ularly, we could ask whether any of our results are described
by a Magnus expansion at the range of low-normed Hamilto-
nians (η � 1) [42–44]. We find that such an expansion is not
sufficient to capture our numerical results. First, we calculate
the low-driving scaling of the quantity Ē/EQ ∝ ηα for specific
model realizations, presented in detail in Appendix A. There it
appears that for either a generic or a topological nonadiabatic
pump, α does not exhibit universal properties. Also, as we
show in Appendix A 1, the leading powers for the cross-drive
work obtained by a fourth-order Magnus expansion for a
generic model are Ē ∼ η0η

4
D, with η0 the amplitude of the

constant term in the Hamiltonian, and ηD the scale of the two
drives. It thus becomes apparent that the considered regime
of intermediate driving amplitudes for which the pumping
efficiency becomes significant, 0 � η < ωi, lies outside the
applicability of the perturbative approach.

Our results can be directly applied in frequency conver-
sion platforms based on single-qubit quantum devices with
a deep level of control, making the implementation of vari-
ous classes of quantum Hamiltonians possible [29,30]. The
considered models offer a simple interpretation of energy and
particle pumping of analogous protocols, including Thouless
charge pumping in photonic [45], ultracold fermions [46], and
single-spin [47] systems, quantum pumps in quantum dots
[15], and photon pumping in cavities [12,48].

Energy pumping between different drives of the same
system is indeed a generic feature of multidriven Floquet
systems. Nonetheless, little is known about the distribution
of such pumping. Numerically, we managed to characterize
some swath of models. We expect, however, that this question
could motivate a Floquet random-matrix-type theory aimed
at energy transfer and similar dynamical properties unique to
driven systems.

Future interesting directions for multiparameter Floquet
quantum Hamiltonians include the statistics of the quan-
tum geometric tensor [49,50] or more application-oriented
approaches, using deep reinforcement learning algorithms
aiming at optimizing frequency conversion processes [51].
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APPENDIX A: QUANTIZED FREQUENCY CONVERSION

Our analysis begins by introducing the temporal analog of
the chiral BHZ model [31],

H (t ) = ηmσz + H1(ω1t + φ1) + H2(ω2t + φ2), (A1)

with H1(t ) = η[sin(ω1t + φ1)σx − cos(ω1t + φ1)σz],
and H2(t ) = η[sin(ω2t + φ2)σy − cos(ω2t + φ2)σz] the
Hamiltonian of the two drives. Here the gap parameter m
controls the topological |m| < 2 and nontopological |m| > 2
regime of the model. The Hall response translates to a
quantized pumping of energy between the drives as

EQ = ω1ω2
C

2π
, (A2)

with C the Chern number of the band. Together with the
adiabatic requirement η � ωi, a necessary condition is that
ω1 and ω2 are rationally independent, ω1/ω2 ≡ γ with γ /∈ Q,
and the model is in its topological regime |m| < 2 [10]. In
this respect, energy quantization emerges once the dynamics
of the system effectively samples the whole Floquet zone
and C takes an integer value. The energy pumping effect for
a rational frequency ratio, ω1/ω2 ≡ q/p for p, q ∈ Z, could
exceed the quantized value EQ in the entire topological region
and can even be extended in the trivial regime [10]. In this
case, only part of the Berry phase is sampled along a particular
periodic path through the Floquet zone, which in turn depends
on the choice of the offset phases φi.

When the two frequencies are incommensurate, the en-
ergy transfer is maximized when the system is initialized in
an eigenstate of H0(t = 0), while in the opposite case of

FIG. 6. The dependence of Ē on either H̄0 (blue points) or H̄ (red
points), implying that the two quantities are statistically uncorrelated
and no linear relationship between them can be established. Hamilto-
nian parameters are chosen from a Gaussian distribution with σ = 1
and c = 1.
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FIG. 7. Energy-pumping efficiency distribution P(Ē ) (upper
panel) for a set of Hamiltonian parameters chosen from a spherical
ensemble with ρ = 1 < ρc and N = 12 000 realizations. Nearest-
neighbor spacing distribution P(εs ) (lower panel) for the same
values.

commensurate frequencies it is preferable to consider a Flo-
quet eigenstate initialization, |ψ0〉 = |ψF 〉 with U0(T )|ψF 〉 =
εF |ψF 〉. Here U0(T ) is the Floquet single-period evolution
operator [32]. In Fig. 8, we depict the energy transfer in
the adiabatic strong-drive regime η = 10, gap parameter
in the topological regime m = 1, ω1 = 1, and �φ = φ1 −
φ2 = 0 for both incommensurate ω2/ω1 = (

√
5 − 1)/2 (up-

per panel) and commensurate ω2/ω1 = 2/3 (lower panel)
frequencies. As expected, in both cases the energy pump-
ing rate is Ēi = EQ. The nonadiabatic regime η � ωi,
in which any bulk gap in the initial Hamiltonian is not
maintained under time evolution, is not accessible ana-
lytically. We resort to a numerical calculation of Ei(t )
of Eq. (2) and subsequent estimation of the normalized
conversion efficiency ĒQ = Ē/EQ, summarized in Fig. 9.
We use ω2/ω1 = 2/3 (red line) or ω2/ω1 = (

√
5 − 1)/2

(blue line) and gap parameter m = 1.2. Strong fluctuations
are induced by the nonadiabatic driving conditions, for both

FIG. 8. Adiabatic energy flow Ei(t ) between the two drives for
the temporal BHZ model and incommensurate frequencies ω2/ω1 =
(
√

5 − 1)/2 (upper plane; blue curve) and commensurate frequen-
cies ω2/ω1 = 2/3 (lower plane; red curve). We choose η = 10 and
m = 1.2. In both cases, the energy flow increases (decreases) at a
quantized rate Ē = EQ, illustrated with black dashed lines.

FIG. 9. Normalized energy pumping efficiency ĒQ = Ē/EQ as
a function of the driving amplitude η for m = 1 and two choices
of frequency combinations, ω2/ω1 = 2/3 (red line) and ω2/ω1 =
(
√

5 − 1)/2 (blue line). We note that ĒQ fluctuates before it con-
verges to unity for sufficiently strong drives ηad ≈ 3. Fluctuations
are stronger for commensurate frequencies, with an efficiency that
exceeds the quantized value in the nonadiabatic regime η � ωi.

rationally and irrationally related frequencies, while the for-
mer exhibit more efficient pumping that exceeds the quantized
rate. In this regime, the topological properties become less
important and the temporal BHZ model is one realization
of an ensemble of many that belong to the same symmetry
class, making the statistical description of the pumping effect
necessary. Only in the strong-drive limit, the physics related to
the topological class becomes dominant and quantized energy
transfer is restored.

1. Low-driving expansion

Here we demonstrate numerically that the low-driving scal-
ing of the quantity Ē/EQ is model dependent and does not
exhibit universal properties. We consider both the temporal
BHZ model Eq. (A1) as well as a generic Hamiltonian of the
form

H (t )/η = F0 + F1 cos(ω1t + φ1) + F2 cos(ω2t + φ2), (A3)

where Fi = hi
01 + hi

xσx + hi
yσy + hi

zσz. For all considered
models, we use ω1/ω2 = 2/3. We choose two different re-
alizations of Eq. (A3) for which it holds that Ē/EQ > 1 at
η = 1, with EQ = ω1ω2/2π , and two realizations of the tem-
poral BHZ model; m = 1.2, �φ = 0.4 and m = 1, �φ = 2.4.
The overall picture suggested by Fig. 10 is that for low-driving
η � ωi, the scaling of the quantity Ē/EQ ∝ ηα for either a
generic or a topological nonadiabatic pump does not exhibit
universal properties.

A cursory further investigation into the scaling prop-
erties of the energy pumping of examples of model 10
reveals why there is no universal scaling. When the scal-
ing of Ē is explored with respect to the magnitude of F0

and separately with respect to the magnitude of F1 or F2, it
becomes clear that the scaling observed in Fig. 11 reflects
the highly nonlinear nature of frequency pumping. Using
the very same representative realizations from Fig. 11, we
find that a fourth-order Magnus expansion for the Floquet
Hamiltonian yields an even higher scaling power. Within
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FIG. 10. Energy pumping efficiency Ē/EQ as a function of the
driving amplitude η in the nonadiabatic limit η < ωi. (a), (b) Energy-
pumping efficiency for generic model realizations and (c), (d) for
topological temporal BHZ model realizations. The insets depict the
scaling exponents Ē/EQ ∝ ηα (red lines) with α = 6 for (a), α = 7
for (b), α = 6 for (c), and α = 12 for (d).

the manifold where ||F0|| = ||F1|| = ||F2||, and H = η0F1 +
ηD[F1 cos(ω1t ) + F2 cos(ω2t )], we find

Ē ∼ η0η
4
D (A4)

in the limit of both η0 � 1 and ηD � 1.

APPENDIX B: FEATURE EXTRACTION
CLASSIFICATION ALGORITHM

In this Appendix, we present details of the classification
algorithm employed to derive the importance of individual
parameters in resulting highly efficient energy pumping. We
consider the following random-BHZ Hamiltonian:

H (t ) = η0σz + ηx
1 sin(ω1t + φ1)σx − ηz

1 cos(ω1t + φ1)σz

+ ηx
2 sin(ω2t + φ2)σy − ηz

2 cos(ω2t + φ2)σz (B1)

FIG. 11. Pearson’s correlation coefficient r between pumping
efficiency Ē , initial time Hamiltonian norm H̄0, driving amplitudes
η

j
i , phases φi, and Chern number C. Ē is only weakly associated with

C and ηz
i , with r = 0.3 and r = 0.2, respectively, while r < 0.05 for

the remaining parameters.

and calculate the energy conversion efficiency Ē for commen-
surate frequencies ω2/ω1 = 3/2 and Floquet initialization.
We generate a data set of N = 105 elements, with pa-
rameters η

j
i sampled from a Gaussian distribution P(η j

i ) =
e−(η j

i −c)2/2σ 2
, with c = 1 and σ = 1, while phases φi are cho-

sen from a uniform distribution in the interval [0, 2π ]. Sixty
percent of the generated data belong to the C = 0 topologi-
cal class. The energy-pumping efficiency distribution decays
exponentially P(|Ē |) ∝ e−|Ē |/β , with β = 0.26 (see Fig. 11).
Maximum efficiency in the ensemble is found at Ēmax = 3.78
and the mean value at Ēmean = 0.275.

We note that the linear correlation between efficiency Ē
and Hamiltonian parameters is weak, a result established by
calculating the Pearson’s correlation coefficient between two
data sets x and y of length N ,

rxy = 1

σxσy

N∑
i=1

(xi − x̄)(yi − ȳ), (B2)

where x̄ = ∑N
i=1 xi/N is the sample mean and σ 2

x =∑N
i=1(xi − x̄)2 the standard deviation. Figure 11 presents r

between pumping efficiency Ē , initial time Hamiltonian norm
H̄0, driving amplitudes η

j
i , phases φi, and Chern number C.

Ē is only weakly associated with C and ηz
i , with r = 0.3

and r = 0.2, respectively, while r < 0.05 for the remaining
parameters.

The main issue addressed here is to identify which of
the Hamiltonian parameters are important in resulting in
high-frequency conversion efficiency, a question treated as
a classification problem. We proceed with constructing the
model using eight uncorrelated features (amplitudes η

j
i ,

phases φi and Chern number C). Input data with an efficiency
below the decision boundary Ē � Ēd correspond to class low,
while the rest are classified as high. We introduce the normal-
ized pumping efficiency ĒQ = Ē/EQ and use the quantized
energy transfer EQ as a reference. This binary classification
is visually explained in Fig. 5 with a decision boundary at
Ēd = 0.5. Eighty-one percent of all data belong to the low
class (imbalanced data) and 40% of all data are characterized
by a finite topological charge C = 1. In the low class, 34%

FIG. 12. Energy-pumping efficiency distribution P(|Ē |) for a
multiclass machine-learning classifier. Data are classified into low,
intermediate, and high efficiency classes with two decision bound-
aries at Ēd = 0.2 and Ēd = 0.5.
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FIG. 13. Berry curvature B(θ1, θ2 ) of the quasienergy state of Hamiltonian Eq. (1) plotted over the Floquet zone θi ∈ [0, 2π ) for
Hamiltonian parameters chosen from a Gaussian distribution with c = 1 and σ = 1. For commensurate driving frequencies ω1/ω2 = 2/3,
the system explores a closed periodic path � through the Floquet zone, drawn by black dashed lines. In all cases, the Chern number of the band
is C = 0.

have C = 1, while in the high class it rises to 66%, indicating
that topological models have a higher representation in the
high efficiency class. Mean value of initial time Hamiltonian
norm is H̄mean

0 = 1.25 (1.33) for low (high) class.
We employ four machine-learning classifiers, namely, ran-

dom forest, logistic regression, support vector machines, and
gradient-boosted trees, and assess their performance based
on commonly used metrics such as P precision, R recall,
and A accuracy [41]. Among them, the gradient-boosted trees
model classifier can model nonlinear interactions between the
features and the target and has the highest performance with
A = 0.96, P = 0.91, and R = 0.88. The model is trained
on 80% of all data and the rest are used as a test set
for validation. Class imbalance is treated by adjusting the
weight w assigned to each class to w = 1 for the majority
class (low) and w = 3 for the minority class (high). The
gradient-boosted trees model is a machine-learning method
that makes predictions by combining a sequence of weak
decision-tree classifiers based on a gradient-boosting pre-
dictive performance [52]. Once we construct our model,
we extract the relative feature importance I, which reflects

how often a feature is used in the split points of a deci-
sion tree, averaged over the tree ensemble. We find I (η0) =
24.1%, I (ηz

2) = 15.9%, I (ηz
1) = 13.6%, I (ηx

1) ≈ 12.6% ≈
I (ηx

1), I (φi) = 10.6%, and I (C) = 0.01%. Our findings sug-
gest that the uniform z component of the magnetic field is
most valuable in achieving high conversion efficiency and, in
this limit, the physics related to the topological pumping is
less important.

To complete the description, we must also examine the
effect of the choices made while constructing the binary clas-
sification problem. Since Ē is a continuous variable, we are
led to consider difference decision boundaries Ēd ∈ [0.4, 0.6]
and also employ a multiclass approach where data are di-
vided into three classes (low, intermediate, and high), visually
explained in Fig. 12. In all cases, we arrive at models with sim-
ilar performances and the same relative feature importance.

APPENDIX C: BERRY CURVATURE

In this Appendix, we explore geometric aspects of
the energy pumping encoded in the Berry curvature of

FIG. 14. Berry curvature B(θ1, θ2 ) of the quasienergy state of Hamiltonian Eq. (1) plotted over the Floquet zone θi ∈ [0, 2π ) for
Hamiltonian parameters chosen from a spherical distribution with ρ = 1.5. For commensurate driving frequencies ω1/ω2 = 2/3, the system
explores a closed periodic path � through the Floquet zone, drawn by black dashed lines. In all cases, the Chern number of the band is C = 0.
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FIG. 15. Berry curvature B(θ1, θ2) of the quasienergy state of the random temporal BHZ Hamiltonian Eq. (2) plotted over the Floquet zone
θi ∈ [0, 2π ) for Hamiltonian parameters chosen from a Gaussian distribution with c = 1 and σ = 1. For commensurate driving frequencies
ω1/ω2 = 2/3, the system explores a closed periodic path � through the Floquet zone, drawn by black dashed lines. The model has several
topological realizations with C = 1.

the quasienergy state for various Hamiltonian ensembles.
The Berry curvature is defined as follows:

B(θ1, θ2) = 〈∂θ2�(θ1, θ2)|∂θ1�(θ1, θ2)〉
− 〈∂θ1�(θ1, θ2)|∂θ2�(θ1, θ2)〉, (C1)

where θi = ωit + φi is the phase angle of drive i and the
quasienergy state �(θ1, θ2) is an eigenstate of Hamiltonian
H (θ1, θ2) given in Eq. (1), and use ω1/ω2 = 2/3. In Figs. 13–
15, we present B(θ1, θ2) plotted over the Floquet zone θi ∈
[0, 2π ) with Hamiltonians parameters chosen from (i) a Gaus-
sian ensemble with c = 1 and σ = 1 (see Fig. 13), (ii) a
spherical ensemble with ρ = 1.5 (see Fig. 14), and for (iii)
the random temporal BHZ model of Eq. (2) with parameters
chosen from a Gaussian with c = 1 and σ = 1 (see Fig. 15).
The first two models correspond to a linear polarization be-

tween the two drives with a vanishing Chern number given
by C = 1/(2π )

∫
FZ dθ2B(θ1, θ2). For the random temporal

BHZ model, the Chern number can take nonvanishing integer
values (|C| = 1), depending on the Hamiltonian parameters.

We note that for commensurate frequencies, the system
does not sample over the whole Floquet zone but rather ex-
plores a closed periodic path � depicted by dashed lines in
Figs. 13–15 [10,18]. Within the adiabatic picture, one ex-
pects the pumping effect Ē to be roughly the integral of
the Berry curvature along the path �, Ē ∝ C�ω1ω2, with
C� = 1/(2π )

∫
�

dθ2B(θ1, θ2). From the results presented in
Figs. 13–15 and explicit calculation of C� , we conclude
that this naive approximation breaks down in the considered
nonadiabatic regime and that further effects beyond the local
geometrical characteristics of quasienergy states should be
taken into account.
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