


PRENTICE HALL SIGNAL PROCESSING SERIES

Alan V. Oppenheim, Series Editor

ANDREWS AND HUNT Digital Image Restoration
BRIGHAM The Fast Fourier Tranform
BRIGHAM The Fast Fourier Transform and Its Applications
BURDIC Underwater Acoustic System Analysis, 2/E
CASTLEMAN Digital Image Processing
CoWAN AND GRANT Adaptive Filters
CROCHIERE AND RABINER Multirate Digital Signal Processing
DUDGEON AND MeRseREAU Mulidimensional Digital Signal Processing 
HAMMING Digital Filters, 3/E
HAYKIN, ED. Advances in Spectrum Analysis and Array Processing, Vols. I & II 
HAYKIN, ED. Array Signal Processing
JayaNT AND NoLL Digital Coding of Waveforms
JOHNSON AND DUDGEON Array Signal Processing: Concepts and Techniques 
Kay Modem Spectral Estimation
KINO Acoustic Waves: Devices, Imaging, and Analog Signal Processing
Lea, ED. Trends in Speech Recognition
LIM Two-Dimensional Signal and Image Processing
LIM, ED. Speech Enhancement
LIM AND OPPENHEIM, EDS. Advanced Topics in Signal Processing
MaRPLE Digital Spectral Analysis with Applications
MCCLELLAN AND RaDER Number Theory in Digital Signal Processing 
MENDEL Lessons in Digital Estimation Theory
OPPENHEIM, ED. Applictions of Digital Signal Processing
OPPENHEIM AND NAWAB, ED. Symbolic and Knowledge-Based Signal Processing 
OPPENHEIM, WILLSKY, WITH YOUNG Signals and Systems
OPPENHEIM AND SCHAFER Digital Signal Processing
OPPENHEIM AND SCHAFER Discrete-Time Signal Processing
QUACKENBUSH ET AL. Objective Measures of Speech Quality
RabINER AND GOLD Theory and Applications of Digital Signal Processing
RabINER AND SCHAFER Digital Processing of Speech Signals
ROBINSON AND TREITEL Geophysical Signal Analysis
STEARNS AND DavID Signal Processing Algorithms
STEARNS AND DAVID Signal Processing Algorithms in Fortran and C
STEARNS AND HUSH Digital Signal Analysis, 2/E
TRIBOLET Seismic Applications of Homomorphic Signal Processing 
VAIDYANATHAN Multirate Systems and Filter Banks
WIDROW AND STEARNS Adaptive Signal Processing





Multirate Systems 

and Filter Banks

P.P. Vaidyanathan

Department of Electrical Engineering 
California Institute of Technology, Pasadena

PRENTICE HALL P T R, Upper Saddle River, New Jersey 07458



Library of Congress Cataloging-in-Publication Data

Vaidyanathan, P.P.
MuItirate systems and filter banks ∕ P.P. Vaidyanathan.

p. cm.
Includes bibliographical references (p. ) and index.
ISBN 0-13-605718-7
1. Signal processiong—Digital techniques. I. Title.

TK5102.5. V24 1993 92-6547
621.382'2-dc20 CIP

Editorial/production supervision: Brendan Μ. Stewart
Prepress buyer: Mary McCartney
Manufacturing buyer: Susan Brunke
Acquisitions editor: Karen Gettman

© 1993 by Prentice Hall P T R
Prentice-Hall, Inc.
Upper Saddle River, NJ 07458

The publisher offers discounts on this book when ordered in bulk quantities. For more information, write: 
Special Sales/Professional Marketing, Prentice-Hall, Professional & Technical Reference Division, 
Englewood Cliffs, NJ 07632

All rights reserved. No part of this book may be
reproduced, in any form or by any means, 
without permission in writing from the publisher.

Printed in the United States of America
10

ISBN 0-13-60S71fi-7

Prentice-Hall International (UK) Limited, London
Prentice-Hall of Australia Pty. Limited, Sydney
Prentice-Hall of Canada, Inc., Toronto
Prentice-Hall Hispanoamericana, S. A., Mexico
Prentice-Hall of India Private Limited, New Delhi
Prentice-Hall of Japan, Inc., Tokyo
Pearson Education Asia Pte. Ltd., Singapore
Editora Prentice-Hall do Brasil, Ltda., Rio de Janeiro



to 
my Parents 

and 
my wife Usha





Contents

Preface xi

PART 1 INTRODUCTORY CHAPTERS

1 Introduction 1
1.1 Major Developments 3
1.2 Scope and Outline 8

2 Review of Discrete-Time Systems 12
2.0 Introduction 12
2.1 Discrete-Time Signals 12
2.2 Multi-Input Multi-Output Systems 24
2.3 Notations 28
2.4 Discrete-Time Filters (Digital Filters) 31

Problems 39

3 Review of Digital Filters 42
3.0 Introduction 42
3.1 Filter Design Specifications 42
3.2 FIR Filter Design 45
3.3 IIR Filter Design 60
3.4 Allpass Filters 71
3.5 Special Types of Filters 83
3.6 IIR Filters Based on Two Allpass Filters 84
3.7 Concluding Remarks 91

Problems 93

4 Fundamentals of Multirate Systems 100
4.0 Introduction 100
4.1 Basic Multirate Operations 100
4.2 Interconnection of Building Blocks 118
4.3 The Polyphase Representation 120
4.4 Multistage Implementations 134
4.5 Some Applications of Multirate Systems 143
4.6 Special Filters and Filter Banks 151
4.7 Multigrid Methods 168

Problems 178

Contents vii



PART 2 MULTIRATE FILTER BANKS

5 Maximally Decimated Filter Banks 188
5.0 Introduction 188
5.1 Errors Created in the QMF Bank 191
5.2 A Simple Alias-Free QMF System 196
5.3 Power Symmetric QMF Banks 204
5.4 M-channel Filter Banks 223
5.5 Polyphase Representation 230
5.6 Perfect Reconstruction (PR) Systems 234
5.7 Alias-Free Filter Banks 245
5.8 Tree Structured Filter Banks 254
5.9 Transmultiplexers 259

5.10 Summary and Tables 266
Problems 272

6 Paraunitary Perfect Reconstruction (PR) Filter Banks 286
6.0 Introduction 286
6.1 Lossless Transfer Matrices 288
6.2 Filter Bank Properties Induced by Paraunitariness 294
6.3 Two Channel FIR Paraunitary QMF Banks 298
6.4 The Two ChanneI Paraunitary QMF Lattice 302
6.5 M-channel FIR Paraunitary Filter Banks 314
6.6 Transform Coding and the “LOT” 322
6.7 Summary, Comparisons, and Tables 326

Problems 333

7 Linear Phase Perfect Reconstruction QMF Banks 337
7.0 Introduction 337
7.1 Some Necessary Conditions 337
7.2 Lattice Structures for Linear Phase FIR PR QMF Banks 339
7.3 Formal Synthesis of Linear Phase FIR PR QMF Lattice 347

Problems 351

8 Cosine Modulated Filter Banks 353
8.0 Introduction 353
8.1 The Pseudo QMF Bank 354
8.2
8.3

Design of the Pseudo QMF Bank 363
Efficient Polyphase Structures 370

8.4 Deeper Properties of Cosine Matrices 373
8.5 Cosine Modulated Perfect Reconstruction Systems 377

Problems 392

PART 3 SPECIAL TOPICS

9 Quantization Effects 394
9.0 Introduction 394
9.1 Types of Quantization Effects 394
9.2 Review of Standard Techniques 397

viii Contents



9.3 Noise Transmission in Multirate Systems 405
9.4 Noise in Filter Banks 408
9.5 Filter Bank Output Noise 412
9.6 Limit Cycles 416
9.7 Coefficient Quantization 418

Problems 424

10 Multirate Filter Bank Theory and Related Topics 427
10.0 Introduction 427
10.1 Block Filters, LPTV Systems and Multirate Filter Banks 427
10.2 Unconventional Sampling Theorems 436

Problems 454

11 The Wavelet Transform and its Relation to Multirate Filter Banks 457
11.0 Introduction 457
11.1 Background and Outline 458
11.2 The Short-Time Fourier Transform 463
11.3 The Wavelet Transform 481
11.4 Discrete-Time Orthonormal Wavelets 500
11.5 Continuous-Time Orthonormal Wavelet Basis 510
11.6 Concluding Remarks 536

Problems 539

12 Multidimensional Multirate Systems 545
12.0 Introduction 545
12.1 Multidimensional Signals 546
12.2 Sampling a MultidimensionaI Signal 555
12.3 Minimum Sampling Density 568
12.4 Multirate Fundamentals 572
12.5 Alias-Free Decimation 597
12.6 Cascade Connections 603
12.7 Multirate Filter Design 608
12.8 Special Filters and Filter Banks 623
12.9 Maximally Decimated Filter Banks 627

12.10 Concluding Remarks 641
Problems 650

PART 4 MULTIVARIABLE AND LOSSLESS SYSTEMS

13 Review of Discrete-Time Multi-Input Multi-Output LTI Systems 660
13.0 Introduction 660
13.1 Multi-Input Multi-Output Systems 661
13.2 Matrix Polynomials 661
13.3 Matrix Fraction Descriptions 665
13.4 State Space Descriptions 669
13.5 The Smith-McMillan Form 687
13.6 Poles of Transfer Matrices 699
13.7 Zeros of Transfer Matrices 703
13.8 Degree of a Transfer Matrix 707

Contents IX



13.9 FIR Transfer Matrices 708
13.10 Causal Inverses of Causal Systems 711

Problems 715

14 Paraunitary and Lossless Systems 722
14.0 Introduction 722
14.1 A Brief History 723
14.2 Fundamentals of Lossless Systems 724
14.3 Lossless Systems with Two Outputs 727
14.4 Structures for M × M and M × 1 FIR Lossless Systems 731
14.5 State Space Manifestation of Lossless Property 740
14.6 Factorization of Unitary Matrices 745
14.7 Smith-McMillan Form and Pole-Zero Pattern 754
14.8 The ModuIus Property 758
14.9 Structures for IIR Lossless Systems 759

14.10 Modified Lossless Structures 763
14.11 Preserving Lossless Property Under Quantization 768
14.12 Summary and Tables 771

Problems 775

APPENDICES

A Review of Matrices 782
A.0 Introduction 782
A.1 Definitions and Examples 782
A.2 Basic Operations 783
A.3 Determinants 786
A.4 Linear Independence, Rank, and Related Issues 787
A.5 Eigenvalues and Eigenvectors 790
A.6 Special Types of Matrices 793
A.7 Unitary Triangularization 798
A.8 Maximization and Minimization 798
A.9 Properties Preserved in matrix products 799

Problems 800

B Review of Random Processes 803
B.0 Introduction 803
B.1 Real Random Variables 803
B.2 Real Random Processes 806
B.3 Passage Through LTI Systems 810
B.4 The Complex Case 811
B.5 The Vector Case 812

C Quantization of Subband Signals 816
C.0 Introduction 816
C.1 Quantizer Noise Variance 816
C.2 The Ideal Subband Coder 818
C.3 The Orthogonal Transform Coder 826
C.4 Similarities and Differences 833

X Contente



C.5 Relation to Other Methods 839
Problems 845

D Spectral Factorization Techniques 849
D.0 Introduction 849
D.1 The Complex Cepstrum 849
D.2 A Cepstral Inversion Algorithm 853
D.3 A Spectral Factorization Algorithm 854

Problems 858

E Mason’s Gain Formula 859

Glossary of Symbols 866

List of Important Summaries (Tables) 867

List of Important Summaries (Figures) 868

Bibliography 869
Alphabetical List of References Cited in the Book 869
Some References by Topic 888

Index 891

Contents xi





Preface

Multirate digital signal processing techniques have been practiced by engineers for 
more than a decade and a half. This discipline finds applications in speech and 
image compression, the digital audio industry, statistical and adaptive signal pro­
cessing, numerical solution of differential equations, and in many other fields. It 
also fits naturally with certain special classes of time-frequency representations such 
as the short-time Fourier transform and the wavelet transform, which are useful in 
analyzing the time-varying nature of signal spectra.

Over the last decade, there has been a tremendous growth of activity in the 
area of multirate signal processing, perhaps triggered by the first book in this field 
[Crochiere and Rabiner, 1983]. Particularly impressive is the amount of new litera- 
ture in digital filter banks, multidimensional multirate systems, and wavelet repre- 
sentations. The theoretical work in multirate filter banks appears to have reached a 
level of maturity which justifies a thorough, unified, and in-depth treatment of these 
topics. This book is intended to serve that purpose, and it presents the above men­
tioned topics under one cover. Research in the areas of multidimensional systems 
and wavelet transforms is still proceeding at a rapid rate. We have dedicated one 
chapter to each of these, in order to bring the reader up to a point where research 
can be begun.

I have always believed that it is important to appreciate the generality of 
principles and to obtain a solid theoretical foundation, and my presentation here 
reflects this philosophy. Several applications are discussed throughout the book, 
but the general principles are presented without bias towards specific application- 
oriented detail.

The writing style here is very much in the form of a text. Whenever possible I 
have included examples to demonstrate new principles. Many design examples and 
complete design rules for filter banks have been included. Each chapter includes a 
fairly extensive set of homework problems (totaling over 300). The solutions to these 
are available to instructors, from the publisher. Tables and summaries are inserted 
at many places to enable the reader to locate important results conveniently. I 
have also tried to simplify the reader’s task by assigning separate chapters for more 
advanced material. For example, Chap. 11 is dedicated to wavelet transforms, and 
Chap. 14 contains detailed developments of many results on paraunitary systems. 
Whenever a result from an advanced chapter (for example, Chap. 14) is used in an 
earlier chapter, this result is first stated clearly within the context of use, and the 
reader is referred to the appropriate chapter for proof.

The text is self-contained for readers who have some prior exposure to digi- 
tal signal processing. A one-term course which deals with sampling, discrete-time 
Fourier transforms, z-transforms, and digital filtering, is sufficient. In Chap. 2 and 
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3 a brief review of this material is provided. A thorough exposition can be found 
in a number of references, for example, [Oppenheim and Schafer, 1989]. Chapter 3 
also contains some new material, for example, eigenfilters, and detailed discussions 
on allpass filters, which are very useful in multirate system design.

A detailed description of the text can be found in Chap. 1. Chapters 2 and 
3 provide a brief review of signals, systems, and digital filtering. Chapter 4, which 
is the first one on multirate systems, covers the fundamentals of multirate building 
blocks and filter banks, and describes many applications. Chapter 5 introduces 
multirate filter banks, laying the theoretical foundation for alias cancelation, and 
elimination of other errors. The first two sections in Chap. 4 and 5 contain material 
overlapping with [Crochiere and Rabiner, 1983]. Most of the remaining material in 
these chapters, and in the majority of the chapters that follow, have not appeared 
in this form in text books.

Chapters 6 to 8 provide a deeper study of multirate filter banks, and present 
several design techniques, including those based on the so-called paraunitary matri- 
ces. (These matrices play a role in the design of many multirate systems, and are 
treated in full depth in Chap. 14.) Chapters 9 to 12 cover special topics in multirate 
signal processing. These include roundoff noise effects (Chap. 9), block filtering, 
periodically time varying systems and sampling theorems (Chap. 10), wavelet trans- 
forms (Chap. 11) and multidimensional multirate systems (Chap. 12). Chapters 
13 and 14 give an in-depth coverage of multivariable linear systems and lossless (or 
paraunitary) systems, which are required for a deeper understanding of multirate 
filter banks and wavelet transforms.

There are five appendices which serve as references as well as supplementary 
reading. Three of these are review-material (matrix theory, random processes, and 
Mason’s gain formula). Two of the appendices contain results directly related to 
filter bank systems. One of these is a technique for spectral factorization; the other 
one analyzes the effects of quantization of subband signals.

Many of these chapters have been taught at Caltech over the last three years. 
This text can be used for teaching a one, two, or three term (quarter or semester) 
course on one of many possible topics, for example, multirate fundamentals, mul- 
tirate filter banks, wavelet representation, and so on. There are many homework 
problems. The instructor has a great deal of flexibility in ch∞sing the topics, but 
I prefer not to bias him or her by providing specific course outlines here.

In summary, I have endeavored to produce a text which is useful for the class- 
room, as well as for self-study. It is also hoped that it will bring the reader to a point 
where he/she can start pursuing research in a vast range of multirate areas. Finally, 
I believe that the text can be comfortably used by the practicing engineer because 
of the inclusion of several design procedures, examples, tables, and summaries.
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