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Quantum anomalous Hall (QAH) state in six quintuple layer Cr0.1(Bi0.2Sb0.8)1.9Te3 thin films were studied
through scanning tunneling spectroscopy (STS) and electrical transport measurements. While the surface state is
gapless above the Curie temperature (TC ≈ 30 K), scanning tunneling spectroscopy (STS) of the sample reveals
a topologically nontrivial gap with an average value of ≈13.5 meV at 4.2 K below the ferromagnetic transition.
Nonetheless, areal STS scans of the magnetic topological insulator exhibit energy modulations on the order of
several meV’s in the surface bands, which result in the valence band maximum in some regions becoming higher
than the energy of the conduction band minimum of some other regions that are spatially separated by no more
than 3 nm. First-principles calculations demonstrate that the origin of the observed inhomogeneous energy band
alignment is an outcome of many-body interactions, namely electron-defect interactions and electron-phonon
interactions. Defects play the role of locally modifying the energy landscape of surface bands while electron-
phonon interactions renormalize the surface bands such that the surface gap becomes reduced by more than
1 meV as temperature is raised from 0 to 4.2 K. These many-body interactions at a finite temperature result in
substantial increase of electron tunneling across the spatially separated conduction band pockets even for finite
temperatures well below TC, thus driving the magnetic topological insulator out of its QAH insulating phase into
a metallic phase at a relatively low temperature.
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I. INTRODUCTION

Experimental observations of the quantum anomalous Hall
effect (QAHE) among Cr-doped (Bi, Sb)2Te3, a system of
magnetic topological insulators (MTIs), have been bound to
below sub-Kelvin temperatures [1–3]. Such constraint of the
QAHE to low temperatures is unexpected given that these
MTIs exhibit long-range ferromagnetic ordering at much
higher temperatures [4]. Specifically, transport measurements
of Cr-doped (Bi, Sb)2Te3 have shown bulk Curie temperatures
(TC) ranging from 20–30 K, whereas the appearance of QAHE
has been limited to temperatures below 0.1 K [4].

It has been proclaimed that the bottleneck in the tempera-
ture range of the QAHE is the lack of spatially homogeneous
ferromagnetic ordering such that the region with gapped
topological surface states is beneath the percolation thresh-
old at higher temperatures [5–8]. Nonetheless, significantly
improved magnetic homogeneity using either magnetic mod-
ulation doping in heterostructures [9] or codoping Cr with
V atoms [10] could only raise the threshold temperature for
QAHE to approximately 2 K.

Fundamentally for QAHE to ensue, the effective Zeeman
field emanating from ferromagnetic ordering closes the topo-
logically trivial hybridization gap through band inversion and
opens up a nontrivial magnetic gap, thus creating a Chern

*Corresponding author: ncyeh@caltech.edu

insulator phase characterized by the topological invariant,
C = ±1, referred to as the Chern number. Although some
experiments have reported the presence of the magnetic gap
opening in the surface states of MTIs [7,11–14], there are
contradictory results that indicate otherwise [15,16]. There are
also reports of opening of a topological nontrivial gap being
masked by midgapped impurity states [17,18] or bulk states
[19]. In addition, it has been argued that the Dirac point in
MTIs is degenerate with the bulk valence band, thereby com-
promising the conductivity [20,21]. Hence, the issue regarding
whether magnetic doped (Bi, Sb)2Te3 are true topological in-
sulators has not been settled.

In particular, the lack of general agreement among reports
concerning the electronic structure of these materials is at-
tributed to inadequate distinctions between MTI samples in
the bulk and the two-dimensional (2D) limit. The two are
fundamentally different, given that the QAHE has only been
observed in epitaxial films [6,21,22]. The absence of quan-
tized transport in bulk single crystal is attributed to higher
defect concentration such that the chemical potential falls
outside the surface gap [7,23], and a larger structural inversion
asymmetry that appears to be an obstacle for a topological
phase transition to the Chern insulator state [24]. The lack
of a consensus thus calls for a more thorough investigation
to map out the energies of the surface and bulk electronic
states above and below the topological phase transition tem-
perature in 2D MTI-epitaxial films, which duly exhibit a QAH
phase.
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FIG. 1. Temperature and magnetic field dependence of longitudi-
nal and Hall resistance in Cr0.1(Bi0.2Sb0.8)1.9Te3 (a) The temperature
dependence of Rxy measured at various magnetic fields. A rapid
increase in zero-field Rxy appears around T = 30 K, suggesting the
onset of ferromagnetism. (b) Hysteric behavior in Rxy dependence
of magnetic field (H ) at different temperatures between 30 K and
2 K.(c) σxy and σxx upon field cooling with H = 10 kOe exhibiting
QAHE at T = 100 mK. (d) Magnetic field sweep of Rxy and Rxx at
T = 100 mK.

II. EXPERIMENTAL AND COMPUTATIONAL METHODS

A. Sample growth

Cry(Bi1−xSbx )2−yTe3 thin films with an average thickness
of six quintuple layers (QLs) were grown by molecular beam
epitaxy (MBE) on (111) GaAs substrates in an ultrahigh
vacuum Perkin-Elmer instrument. The details of the method
have been outlined in Ref. [21]. The thickness of the sample
is determined through the oscillation of reflection high-
energy electron diffraction (RHEED) patterns over the growth
process.

Although there are terracelike structures and thickness
variation over different regions of on the thin film [Fig. 2(a)],
the average thickness is determined to be six QLs, which is
sufficiently thick to suppress the hybridization gap between
the bottom and top surface states to ≈5 meV, but still thin
enough to reduce the effect of structural inversion asymmetry
that prevents band inversion to a topological nontrivial phase
[25,26].

B. Scanning tunneling microscopy/spectroscopy

Scanning tunneling microscopy/spectroscopy (STM/STS)
measurements were performed in a homemade microscope
connected to a RHK R9 controller. To achieve liquid helium
temperatures, small traces of ultrahigh purity He (99.999%)
exchange gas were added to the vacuum chamber. Tunneling
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FIG. 2. STM Topographic images at T = 4.2 K. (a) Images of
terracelike structures were observed over a larger area of (300 nm ×
300 nm) due to the layered nature of Cr0.1(Bi0.2Sb0.8)1.9Te3, obtained
with scanning parameters of It = 100 pA and Vb = 1 V. (b) A smaller
area of (11 nm × 11 nm), where individual atoms were resolved with
scanning parameter of It = 1 nA and Vb = 100 mV. The atomic scale
image is processed through Fourier filtering to improve the signal-to-
noise ratio of the image.

spectroscopy was measured through an ac lock-in amplifier
with a bias modulation of 10 mV amplitude. Mechanically
cleaved Pt-Ir alloy wires were used as the STM tips.

C. Transport measurements

Thin film samples for transport measurements were first
patterned into a Hall bar geometry. Temperature and mag-
netic field dependence of longitudinal and Hall resistance was
measured by using a Physical Property Measurement System
(PPMS) by Quantum Design. Three SRS SR830 Lock-in Am-
plifiers were employed: two were used to monitor the Hall
voltage and the longitudinal voltage, and one was used to
supply a current by applying an ac voltage of Vrms = 10 mV
and frequency between f = 5–15 Hz across a 1 M� reference
resistor.

D. First-principles calculations

Density functional theory (DFT) calculations were per-
formed by QUANTUM ESPRESSO (QE) using a fully relativistic
pseudopotential and setting up noncollinear calculations to
incorporate the effects of spin-orbit coupling [27,28]. For
calculating the electronic structure of the parent compound
Sb2Te3, initially a (4 × 4 × 1) k-point mesh was con-
structed to obtain self-consistent electron densities through
self-consistent field (SCF) calculations followed by non-self-
consistent field (NCF) calculations to obtain eigenvalues of a
finer (40 × 40 × 1) k-point mesh.

Furthermore, to implement and investigate various per-
turbative disorder to topological insulators such as defects,
magnetic dopants, and electron-phonon coupling, which break
translational lattice symmetry, a change from reciprocal-space
to real-space basis is required. This was performed through
using Bloch states obtained from QE to construct a real-space
lattice Hamiltonian by computing maximally localized Wan-
nier functions (MLWFs) via the WANNIER90 package [29]. For
each atom in the unit cell, initial projections were represented
as px, py, and pz orbitals with spin up and down, given that the
p orbitals of (Bi,Sb) and Te are the most relevant bands lying
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close to the Fermi level (EF) [30]. Hence, a three-QL unit
cell consisting of 30 atoms would yield a (90 × 90)-matrix
Hamiltonian, and a (180 × 180)-matrix Hamiltonian for a six-
QL unit cell.

The electronic structures of the doped system were calcu-
lated through construction of supercells with various doping
configurations. The supercell band structures were determined
through SCF and NCF calculations using QE followed by
Wannerization, as with the case for the unit cell calculations.
Since the Brillouin zone (BZ) of the supercell is smaller
than the BZ of the unit cell, an extra step of band unfolding
was necessitated, which was done through the WANNIERTOOLS

postprocessing software [31].
To realize the effects of finite temperatures, electron-

phonon coupling calculations were performed through a
density functional perturbation theory (DFPT) approach. Dy-
namical matrices were computed using the phonon module
in QE for a (3 × 3 × 1) q-point mesh. The electron-phonon
coupling parameters were then calculated up to the lin-
ear response regime through the electron-phonon Wannier
(EPW) code using the dynamical matrices computed from
QE [32].

III. RESULTS

A. Sample characterization

Six-QL Cry(Bi1−xSbx )2−yTe3 thin films investigated in this
work consist of a Cr-doping level of y = 0.10, which is the
optimal doping for ferromagnetic order [21], and a Sb-doping
level of x = 0.80 to tune the Fermi energy (EF) right at the
Dirac point (ED) [1,33]. The presence of bulk ferromagnetic
order due to Cr doping is manifested by the emergence of
a finite Hall resistance (Rxy) across the sample upon zero-
field cooling below TC at approximately 30 K [Fig. 1(a)],
indicative of time-reversal symmetry breaking. The bulk fer-
romagnetism below TC is further verified by the opening of
a hysteresis loop in the field-dependent Hall resistance data
[Fig. 1(b)], which reveals a finite coercive field (HC) that
decreases with increasing temperature and diminishes to zero
at approximately 30 K. At an even lower temperature of T =
100 mK, σxy reaches a quantized value of e2/h, while the lon-
gitudinal resistivity (σxx) is suppressed to zero [Figs. 1(c) and
1(d)], verifying that the sample is indeed a QAH insulator.

Large area STM topographic images indicate that the
sample surface is atomically flat, exhibiting islands with
terracelike features [Fig. 2(a)], whereas atomically resolved
images in smaller areas reveal a triangular lattice pattern,
representative of the crystalline structure of (Bi, Sb)2Te3 in
the ab plane. Noticeably, the unevenness in the topography
over a nm scale represented by the darker color patches in
Fig. 2(b) may be attributed to collective contributions from
Bi/Sb alloying [34], Cr dopants (with an atomic radius much
smaller than those of Bi and Sb atoms), or dilute crystalline
defects, including interstitial and vacancies.

To understand the change in the properties of the samples
across the ferromagnetic transition, where time-reversal sym-
metry is broken, scanning tunneling spectroscopy (STS) was
performed both above TC at liquid nitrogen temperature (77 K)
and below TC at liquid helium temperature (4.2 K).

FIG. 3. Scanning tunneling spectra taken with different tunneling
resistance at T = 77 K. (a) Schematic representation of tip-sample
distance changing as a consequence of changing the tunneling re-
sistance from 100 M� to 1 G�. The higher the tunneling current,
the closer the tip-sample distance in which the point spectra were
measured. (b)–(e) Tunneling resistance-dependent point spectra were
obtained with a fixed bias of Vb = 100 mV and variable tunneling
currents of It = 300 pA, It = 600 pA, It = 800 pA, It = 1000 pA.
The horizontal dotted lines are the baselines, which indicate the
minima of each spectrum. The insets exhibit the low-energy region
of the spectra with the corresponding Dirac point.

B. STM investigation above the Curie temperature

Information associated with the local density of states
(LDOS) is acquired by conducting differential conductance
(dI/dV ) spectroscopy, in which the height of the STM tip
relative to the sample surface is kept constant while measuring
the tunneling current (It) as a function of the bias voltage
(Vb) between the sample and the tip with a lock-in ampli-
fier. The spatial separation between the tip and the sample is
determined by the tunneling resistance (RG = Vb/It), where
a higher RG corresponds to a larger tip-sample separation
[Fig. 3(a)]. Figures 3(b)–3(e) exhibit the tunneling spectra
obtained from an atomically flat surface area at 77 K with
varying RG. With RG = 333 M� (It = 300 pA, Vb = 100
mV), a V-shaped energy dependence was evident from the
dI/dV spectrum, which was representative of the Dirac sur-
face states with the minimum dI/dV appearing at the ED

[Fig. 3(b)], and the finite LDOS at and around ED indicates a
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FIG. 4. Calculated electronic structure of (Bi, Sb)2Te3 from
DFT. (a) The band structure and (b) the DOS of Sb2Te3 with a bulk
configuration and a six QL slab configuration. (c) Crystalline ab
plane of a 2 × 2 × 1 supercell for the parent compound, Sb2Te3, and
the doped compound, (Bi0.1Sb0.9)2Te3. The dashed lines represent the
supercell and the solid lines represent the unit cell. (d) The unfolded
band structure of both Bi-doped and parent bulk supercell structure.

virtually gapless surface state as expected above TC. Remark-
ably, ED nearly coincides with the Fermi level (corresponding
to E = 0 in the tunneling spectrum) [33], which is in stark
contrast to most single-crystal samples with ED more than
100 meV above EF [7,23,35].

As RG is reduced such that the STM tip is brought closer
to the sample surface, the dI/dV curve loses its V-shaped
spectrum and exhibits kinklike features [Figs. 3(c)–3(e)].
Particularly, at low energies near EF, an energy region of
vanishing LDOS is recognizable. This energy region of van-
ishing LDOS corresponds to the bulk band gap (�b) [30],
as suggested by band structure obtained by first-principles
calculations (Fig. 4). When reducing the tunneling resistance,
the STM tip is sufficiently close to the sample surface, such
that electron tunneling is no longer restricted exclusively be-
tween the tip and the surface states, but also between the
tip and the bulk states that are only a few atomic layers
below the surface. Tuning RG, accordingly, allows selectively
probing either (both) the surface or (and) bulk states in the
Cr0.1(Bi0.2Sb0.8)1.9Te3 thin films of our investigation [36].

Notably, the Dirac point is located within �b [Fig. 3(d)],
and the value of �b quantified through STS is on the same
energy scale as that calculated from first principles for the
parent compound, Sb2Te3 as well as that of the doped
(Bi0.1Sb0.9)2Te3 compound [Fig. 4(d)]. Comparing the bulk
band structure of Sb2Te3 and (Bi0.1Sb0.9)2Te3, we note that
the EF value of the Bi-doped bulk band structure is 70 meV
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FIG. 5. Spatial distribution of ED(�r) and �b(�r) at 77 K. (a) The
spatial map of ED(�r) measured at 77 K, (b) with the corresponding
histogram. (c) The spatial map of �b(�r) measured at 77 K, (d) with
the corresponding histogram.

higher than the EF of the bulk band structure of the parent
compound, owing to electron donation from the Bi atoms.
Otherwise, the bulk band structures of the two compounds are
nearly identical, with a consistent �b.

Moreover, we address the issue of the absence of spectral
evidence for the edge states near the step edges shown in
Fig. 2(a). We attribute the lack of spectral characteristics of
the edge state to local wave-function hybridization between
the surface states above and below the step edge, similar to
the finite-size effect encountered in the ultrathin film (< six
QL) limit, which hinders the manifestation of spectral charac-
teristics of the edge states at a step edge.

To evaluate the spatial distribution of ED(�r) and �b(�r), the
tunneling resistance was tuned to 167 M� (It = 600 pA, Vb =
100 mV), such that information from both the surface and the
bulk are probed. With this fixed resistance, the dI/dV spec-
tra were taken over a (30 nm × 30 nm) area. The resulting
distributions are depicted in Fig. 5. The average Dirac point
lies at 〈ED(�r)〉 = (9.45 ± 7.52) meV, where the uncertainty
here and henceforth represents the first standard deviation of
the spatial variation. In this nm-scale scanned area, ED(�r) has
a narrow distribution, tightly bound to around EF [Figs. 5(a)
and 5(b)], further signifying how well the Bi/Sb doping was
tuned in our samples to its ideal energy location to optimize
the QAHE. In addition, the magnitude of the mean bulk
band gap was at 〈�b(�r)〉 = (62.7 ± 16.5) meV [Figs. 5(c) and
5(d)], with the mean energies of the bulk valence band max-
ima and the bulk conduction band minima being 〈Eb,V(�r)〉 =
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FIG. 6. Spatial distribution of �s(�r) at 4.2 K. (a) Representative
STS measured at 4.2 K in which the tip’s position was fixed with
the bias voltage set at Vb = 100 mV and tunneling current set to
(a) It = 1000 pA, and (b) It = 200 pA. The inset reveals a zoomed
in spectra of the low-energy region. The horizontal dotted line is the
baseline which indicates the minima of the spectra. (c) A histogram
depicting the distribution of valence band maximum and conduction
band minimum of the surface and bulk bands. (d) A histogram
representing the distribution of �s(�r) and �b(�r). The inset exhibits
the spatial map of �s(�r).

(−13.6 ± 16.5) meV and 〈Eb,C(�r)〉 = (48.8 ± 12.9) meV, re-
spectively. The spatial distribution maps of Figs. 5(a) and
5(c) reaffirm the statistical homogeneity on the nanometer
scale.

C. STM investigation below the Curie temperature

Figures 6(a) and 6(b) exhibit representative dI/dV spectra
within experimental resolution taken at a single point on an
atomically flat surface at 4.2 K with two different tunneling
resistances. As Rt is ramped from 100 M� [Fig. 6(a)] to 500
M� [Fig. 6(b)], the dI/dV spectrum evolves from displaying
dominantly bulk states, to mainly the surface states, with
traces of bulk-derived features at higher energies. In contrast
to a linear dependence of the LDOS as seen in the spectrum
taken at 77 K [Fig. 3(a)], the low-energy region of the spec-
trum in Fig. 6(b) (inset) reveals a small energy range with zero
LDOS. Such a zero-conductance energy region in the surface
bands is a characteristic of a gap formation. The appearance
of the gap at 4.2 K, which was absent above TC, advocates that
the gap formation associated with the topologically nontrivial
surface states is a consequence of global ferromagnetic order
perpendicular to the ab plane [24].

To assess the spatial variations of the topological sur-
face gap, a dI/dV scan over a (30 nm × 30 nm) area
was measured with tunneling parameters, It = 200 pA and

Vb = 100 mV. All dI/dV spectra at this tunneling resistance
revealed features from both the bulk and surface states con-
sistently throughout the area as represented in Fig. 6(b). The
average bulk band gap measured in this area is 〈�b〉 (�r) =
(75.2 ± 8.94) meV, with 〈Eb,V(�r)〉 = (−39.3 ± 28.6) meV
and 〈Eb,C(�r)〉 = (45.8 ± 31.7) meV [Figs. 6(c) and 6(d)]. The
results obtained in this area at 4.2 K are consistent with those
obtained in a different area at 77 K, except that the magnitude
of the bulk gap at 4.2 K are marginally greater than that
at 77 K, which is to be expected, due to reduced thermal
smearing at lower temperatures.

The surface gap is quantified through placing a baseline
at each spectrum. The two energies at which the lock-in
amplifier current begins to rise above the background dark
current of the STM (Idark = 1 pA) from the baseline establish
the upper and lower bounds of the surface gap. Such careful
analysis reveals that the average surface band gap on this area
is �s(�r) = 13.5 meV and the region is gapped throughout
the area with no gapless sections [Figs. 6(c) and 6(d)]. The
highly homogeneous long-range ferromagnetic order in this
scanned area of the MBE-grown MTI thin film investigated
here is therefore in stark contrast to the findings reported
in Ref. [8], where a weakly interacting superparamagnetic
domain of nanometer scale was observed. The surface gap
values derived in this work are consistent with those reported
in Refs. [37,38].

To further support the distinction made between the sur-
face and the bulk gaps, momentum-dependent information is
extracted from the dI/dV spatial maps by taking the tunneling
conductance at a constant bias voltage for each pixel and then
mapping out the conductance over a two-dimensional (2D)
area. The top panels of Fig. 7 exemplify a constant bias LDOS
maps at selected energies of E = −150 meV, −100 meV,
−50 meV, 0 meV, 50 meV, and 100 meV. Noting that the
local fluctuations in the LDOS at a constant energy repre-
sented standing waves of quasiparticle interferences induced
by impurity scatterings from dopants and defects, 2D Fourier
transformation of the LDOS spatial maps at constant energies
yielded information about the impurity scattering wave vec-
tors of quasiparticle interference (QPI) images in momentum
space. The QPI images associated with the constant energy
LDOS maps are shown in the bottom panels of Fig. 7, each
exhibiting a single bright spot in the � point and six spots
around it in the M direction.

For a full understanding of the correspondence between
the scattering wave vectors and the patterns the QPI images,
all possible scattering vectors on the Fermi surface, not only
the intraband surface state scattering wave vectors (�q) but
also the interband scattering wave vectors ( �Q) between the
surface and the bulk states, must be considered, given that
spectral features associated with both the bulk and surface
states were present in the dI/dV spectra (Fig. 6). In general,
the prominent scattering vectors observed in QPI images are
those scattering between pairs of momentum regions on the
Fermi surface with high LDOS [39–42].

Figures 8(a)–8(g) indicate the theoretical momentum (�k)-
dependent constant energy LDOS maps of six-QL Sb2Te3,
which is a good approximation to six-QL (Bi0.2Sb0.8)2Te3,
obtained through density functional theory (DFT) calcula-
tions. There are three possible intraband scattering wave
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vectors among the high LDOS regions on the surface
band, which are denoted as �q1, �q2, and �q3, as shown in
Figs. 8(c) and 8(f).

The scattering across the opposite nodes on the Dirac cone,
�q3, is prohibited by Kramer’s rule, and so can be excluded.
Moreover, a previous STS study presented in Ref. [40] has
indicated the absence of �q2 and found �q1 to be the prominent
dominant intraband scattering in the surface bands. The diam-
eter of the Dirac cone at 100 meV below ED is approximately

0.05 Å−1 for Sb2Te3 as indicated by the DFT calculations
[Fig. 8(c)] as well as the angle resolved photoemission spec-
trum (ARPES) measurements [43,44]. The scattering wave
vector from the adjacent nodes of the hexagonal Dirac cone of
the surface state at E = −100 meV is therefore approximately
�q1 = 0.03 Å−1 from Fig. 8(c). Hence, considering the scale of
the scattering wave vectors, we associate the spots clustered
around the � point along the �-M direction in the QPI image
with the �q1 scattering wave vectors [Fig. 7(c)].
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By stacking up dI/dV maps of each bias voltages and
taking a slice across the E -q plane, an energy-dependent
contour map is obtained [Fig. 8(h)]. The energy dependence
of | �q1| can be derived from this E -q contour plot across the
M-�-M direction. Evidently, | �q1| in the M direction contracts
as the energy evolves from below EF and then expands as the
energy increases above EF, which is in accordance with the
energy dependence of the radius of the surface-state Dirac
cone [Fig. 8(g)], thus, further verifying the identification of
the �q1 scattering wave vector of the QPI maps.

Although the QPI maps also show clear defect-mediated
surface-to-bulk scattering at energies of 100 meV above and
below EF, the absence of �Q1 close to EF asserts that quasipar-
ticles are largely confined to within the surface near EF, and
bulk states are well separated from the Fermi level. We can
consequently rule out the possibility of significant bulk states
contributing to the impairment of quantized transport.

IV. DISCUSSIONS

A. Role of defects in spatial modulations of �s

Both point spectroscopy and QPI analyses suggest that the
bulk bands are well separated from the surface bands, granting
direct thermal excitation of electrons either from bulk to bulk
or from bulk to surface states on a local scale energetically
unfavorable at least at 4.2 K. Rather than being inherent in the
magnitude of �s, spatial map of �s indicates that the problem
of vanishing QAHE at slightly elevated temperature lies in
its spatial alignment of energy bands. Given that the average
surface gap of the sample is approximately 13.5 meV, local
modulations in the sample due to inhomogeneous doping,
defects, or impurities of a few meVs lead to misalignment of
the surface energy bands, allowing for tunneling of electrons
from the surface valence band of a particular point to the
surface conduction band of another separate point. Indeed, it
is found that the energy of the surface conduction band in one
region can be lower than the surface valence band in another
region as shown in Fig. 9(c).

To discern the origin of the observed energy modulation,
the spatial distribution of Es,V was compared with the posi-
tions of defects, revealed from the constant bias conductance
map presented in Fig. 7(a). Given that quasiparticles experi-
ence scattering off defects, these defects induce modulations
in the conductance map, facilitating their detection, as de-
picted in Fig. 9(a). By cross referencing the locations of
defects with the distribution of Es,V measured from the same
area [Fig. 9(b)], a clear correlation emerges: the positions of
defects align with distinct energy levels of Es,V. Notably, the
regions populated with defects coincide with lower-energy
levels, as indicated by the green patches in Fig. 9(b).

This correlation strongly suggests that the observed modu-
lations in local chemical potentials are a direct consequence
of the inherent defects within the system, yielding a spa-
tially modulated gap, as outlined in the schematic diagram of
Figs. 9(d) and 9(e).

As means of verifying the presence of a leaky current
running along the surface state due to the energy modulation
of bands, the tunneling probability of electrons across the
topological surface as a function of disorder is numerically
investigated in a finite superlattice Hamiltonian of pristine

FIG. 9. Spatial profile of the topological surface gap. (a) A con-
stant bias conductance map corresponding to an energy of E =
−150 meV. The arrows point to representative defect locations found
in this area. (b) A spatial distribution map of Es,V with respect to its
average, 〈Es,V〉 in the same area of (a). The arrows indicate local
minima in the 〈Es,V〉 and the approximate defect location of the
defects labeled in (a). (c) Projection of a surface plot depicting the
spatial profile of the topography and (b) its corresponding spatial
profile of Es,V and Es,C obtained from STS scans over a 30 nm region
at T = 4.2 K. Although the average surface gap at each point in the
area is 13.5 meV, the spatial profile exhibits an effectively smaller
gap owing to the energy modulations. Schematic diagram illustrating
(d) an ideal case in which the surface gap through space are all
aligned, and for (e) the case in which spatial modulations in Es,V and
Es,C can allow indirect gap hopping, yielding an effectively gapless
metallic phase on a nanoscale range at T = 4.2 K.

Sb2Te3. Although there are various forms of defects in the
sample including Sb/Te vacancies, antisites, typically in MBE
grown samples, the concentration of such is 10−4 nm2 [36],
which is significantly dilute than the concentration of dopant
atoms. For this reason, the main source of disorder within
a nanometer scale region comes from Cr and Bi dopants,
which have vastly different atomic mass and orbital characters
from atoms in Sb2Te3 compound [45]. The effect of disorder
generated by the dopant atoms are incorporated by emulating
the shift in the local chemical potential [δμα , (α = Cr, Bi)]
introduced through Sb-site substitution. Since each Sb-site
orbital has six orbitals (three p orbitals for each spin config-
uration), each dopant shifts the chemical potential for all six
orbitals at each Sb site.

Assuming an RKKY interaction, in this model each or-
bital of the Cr dopant contributes to a z component in flux
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density with a Bz ∝ r−3 dependence from its Wannier center
in the radial direction [46]. Given that the Wannier orbitals
of Cr dopants substitute a total of NCr number of Sb-site
orbitals located at �Ri, each Cr-dopant orbital can be approx-
imated to collectively contribute to a superposition of flux
density,

Bz(�r) = Bz0

NCr∑
i

(
1 − e−|(�r− �Ri )/r0|3

|(�r − �Ri )/r0|3
)

r̂, (1)

where Bz0 is the maximum flux density induced by a single
local spin polarization and r0 is the range of the magnetic
exchange interaction, which is set to be r0 = 15 nm [46]. A
single dopant therefore creates a nearly uniform field, given
that r0 is substantially longer than the lattice parameter, span-
ning over 30 times the width of a unit cell. The magnetic
field coming from Cr dopants has two effects: (i) induces
spin-energy splitting through Zeeman interaction, as well as
(ii) altering the electron motion through a Peierl’s substitu-
tion. Not only contributing to magnetization, Cr dopants also
have an effect of altering the Fermi level with respect to the
Dirac point, which is reflected in the theoretical model as
a shift in the on-site energy (εii). For Cr dopants, this shift
is approximately δμCr(�r) = +150 meV, as revealed through
ARPES and STS studies [45,47]. Furthermore, to enforce a
ferromagnetic insulating state [48], hopping to Cr dopants are
prohibited in the model. All in all, the change in Hamiltonian
owing to magnetic dopants is

ĤCr( �B) =
N∑
i

g||μBBz(�r)ψ†
i σzψi +

NCr∑
i′

δμCr(�r)ψ†
i′ ψi′

+
NCr∑
i′

N∑
i 	= j

ti j · ei
i j (ψ†
i ψ j + ψ

†
j ψi )(1 − δii′ ), (2)

where g|| is the Landè g factor parallel to the crystal c axis,
which is approximately 25 generally for 3D topological insu-
lators [49,50], ti j is the hopping energy, and 
i j is the Peierl’s
phase, given by


i j = h

e

∫ �Rj

�Ri

�r × �B
2

· d�r. (3)

For the case of Bi dopants, which do not contribute to magne-
tization, only the on-site energies are altered and the hopping
terms are left untouched

ĤBi(�r) =
NBi∑
i′

δμBi(�r)ψ†
i′ ψi′ . (4)

Here NBi represents the number of Wannier orbitals of the Sb
site substituted with the Wannier orbitals of the Bi dopants,
and the shift in the on-site energy is δμBi = −100 meV, de-
termined through ARPES measurements [33].

Figure 10 exhibits the band structures of Sb2Te3 in the
limit where there is uniform magnetic field threaded through
the lattice and in the case in which there are no disorder.
As the magnetic field increases, degeneracy of the bands are
lifted and a band inversion occurs at around a flux density
of B = 6 T [Figs. 10(a) and 10(c)], thus giving rise to a
magnetic gap at higher fields. This critical field at which a

FIG. 10. Surface gap dependence of magnetic field in six QL
Sb2Te3. (a) The evolution of the lowest two conduction bands and the
highest two valence bands as a function of magnetic field. The cor-
responding band structure of six QL Sb2Te3 along the K-�-M path
at (b) B = 0 T, (c) B = 6 T, where the gap closes, and (d) B = 22 T
where a topologically nontrivial magnetic gap is observed. The inset
exhibits a blowup of the low-energy region, in which the vertical
axis scales from −50 to 50 meV and the horizontal axis scales from
−0.01 Å−1 to 0.01 Å−1.

band inversion occurs is consistent to the order of magnitude
of the critical field BC ≈ 20 meV/(25 μB) ≈ 10 T computed
by a four-band model of 5QL Bi2Se3 topological insulator thin
film [48]. With a field reaching B ≈ 22 T, the magnetic gap
is ≈15 meV, which is approximately about the magnitude of
�s experimentally seen at 4.2 K. Notably, even with extreme
magnetic fields of 100 T, the magnetic gap only reaches as
high as ≈40 meV.

Likewise, three-QL Sb2Te3 also shows a band inversion but
at a higher field of B = 40 T owing to larger hybridization gap
that necessitates a larger Zeeman splitting (Fig. 11). The size
of the surface gap is smaller in general compared to the six-QL
case. At a higher field of 50 T, the gap reaches a magnitude
≈10 meV, however, the surface bands are less separated from
the bulk bands [Fig. 11(d)]. Thus, incorporating a field within
a window larger than B = 40 T, but less than B = 50 T ensures
a QAH-phase in the three-QL system in which the surface is
well separated from the bulk states. Given the correspondence
between the three-QL and the six-QL systems, the effects of
disorder and phonon coupling can therefore be estimated in
the QAHE-phase of a three-QL system and then compared to
experimental results of six-QL samples to maintain reasonable
computational costs.

Effects of disorder were implemented to a finite (10 ×
10 × 1) superlattice three-QL system consisting of 1500
atoms (N = 9000 total orbitals) and randomly replacing the
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FIG. 11. Surface gap dependence of magnetic field in 3 QL
Sb2Te3. (a) The evolution of the lowest two conduction bands and
the highest two valence bands as a function of magnetic field. The
corresponding band structure of 3 QL Sb2Te3 along the K-�-M path
at (b) B = 0 T, (c) B = 40 T, where the gap closes, and (d) B = 50 T
where a topologically nontrivial magnetic gap is observed. The inset
exhibits a blowup of the low-energy region, in which the vertical
axis scales from −50 to 50 meV and the horizontal axis scales from
−0.01 Å−1 to 0.01 Å−1.

orbitals of Sb sites with 108 Bi dopants (x = 0.8, NBi = 648)
and 60 Cr dopants (y = 0.1, NCr = 360), where each Cr or-
bital contributes to a flux density of B0 = 0.125 T (such that
the average total flux density 〈Bz〉 ≈ 45 T). To assess the
effects of modulations in local chemical potential owing to
the dopants to the chiral edge states, we compare the spatial
distribution of the surface state probability density in the finite
lattice of two cases, (i) nondoped QAH-phase: no dopants
(NBi = NCr = 0, yet in the QAH state by turning on magne-
tization with Bz = 45 T), and (ii) doped QAH phase the case
with both Bi and Cr dopants matching the stoichiometry of
Cr0.1(Bi0.2Sb0.8)1.9Te3.

Specifically, this is visualized by plotting the probability
density of all the edge eigenstates (|ψe|2) within an energy
window of ±5 meV from EF,

|ψe(�ri )〉 =
∑

|En−E F|
<5meV

|ψn(�ri )〉 . (5)

In the lattice without any dopants, states within this 10 meV
energy frame where the topological gap is located is predom-
inantly clustered near the edge and virtually no states towards
the center of the crystal (Fig. 12). As defects are incorporated
[Fig. 12(b)], patches of substantial |ψe|2 are observed in the

FIG. 12. A bubble chart depicting the edge state probability den-
sity |ψe|2 in a (10 × 10 × 1) 3 QL finite lattice at their corresponding
Wannier centers projected along the crystal ab plane (a) without
any defects (i.e., NBi = NCr = 0 but in the QAH state by turning on
magnetization with Bz = 45 T), and (b) 108 Bi dopants and 60 Cr
dopants (i.e., NBi = 648 and NCr = 360 with 〈Bz〉 ≈ 45 T).

interior of the crystal. Therefore, dopants play a role in mod-
ulating energies of eigenstates close to EF.

B. Role of phonon mediated band renormalization

The theory of topological insulators has been built upon
a noninteracting quasiparticle framework. However, when
putting into consideration effects of finite temperature, which
cannot be neglected in experiments, there is no escape from
recognizing many-body interactions [51]. In particular, at
finite temperatures, electron-phonon (e-p) interactions are
dominant scattering mechanism of the surface state Dirac
electrons [52]. Inclusion of an e-p term in the Hamiltonian
of the system can consequently renormalize the electronic
band structure in topological insulators [53]. Although there
is no consensus on the e-p coupling strength between phonons
and the topological surface states due to its experimental
difficulties [51–60], experimental methods including ARPES
have directly observed phonon scattering in the surface states
[51,52,59,60].

Figure 13 exhibits the phonon spectrum of the bulk and
slab geometry of Sb2Te3. Since there are five atoms in a
primitive unit cell, there are 15 phonon modes, in which three
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(a) bulk Sb2Te3 (b)  3QL Sb2Te3slab

FIG. 13. Phonon spectrum along the K-�-M path of Sb2Te3 for
(a) a primitive cell and (b) a 3 QL slab geometry.
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are low-energy acoustic modes, and 12 are higher-energy op-
tical modes. To study the e-p interactions among the surface
states, phonons were calculated for a three-QL slab geometry
[Fig. 13(b)]. In a three-QL slab, there are a total of 15 atoms,
resulting in a sum of 45 phonon modes. There are numer-
ous acoustic modes that extend below zero frequency, which
reflect imaginary phonon modes emerging from anharmonic-
ity. Usually, the existence of imaginary modes is associated
with dynamical instabilities such as the Jahn-Teller instability.
However, the rise of imaginary phonon modes in this specific
case can be considered a result of phonon anharmonicity with
the presence of a vacuum above and below the slab geometry
in which the phonon modes were calculated.

The electron-phonon interaction to the first order is ex-
pressed as

Ĥep(�r) = 1

M
√

N

∑
�k �q

∑
mnν

gmnν (�k, �q)c†
m,�k+�qcn,�kxqν, (6)

where xq,ν = aν,−�q + a†
ν,−�q is the bosonic displacement op-

erator [61]. Moreover, M is the total number of bands, N
is the number of unit cells, c† and c (a† and a) are the
associated fermionic (bosonic) creation and annihilation op-
erators for electrons (phonons), respectively. Notably, this is
a single-phonon absorption/emission process in which mo-
mentum is conserved and the amount of energy transfer
between the electron and phonon is denoted by the coupling
matrix gmnν .

Through a change of basis by Fourier transforming cre-
ation/annihilation operators into field operators,

c†
m, �k′ = 1√

N

∑
i

ψ†
m(�ri)e

+i(�k+�q)· �ri (7)

cn,�k = 1√
N

∑
j

ψn(�r)e−i�k· �r j , (8)

the real-space Hamiltonian is represented as

Ĥ ep(�r) = 1

MN
√

N

∑
i, j

∑
mnν

gmnν (�ri, �r j )ψ
†
m(�ri )ψn( �r j ), (9)

where the electron-phonon coupling matrix element in the
lattice representation is

gmnν (�ri, �r j ) =
∑
�k �q

gmnνei�k·(�ri− �r j )+i �q· �ri�xqν . (10)

Given that the linear component of electron-phonon in-
teractions is irrelevant to band renormalization [62], we
consider that in thermal equilibrium the phonon interaction
rather coming from phonon displacement xqν , emanates from

the variance �xqν =
√

〈x2〉 − 〈x〉2 = √
h̄ωphnBE, thereby ac-

counting for fluctuations in atomic displacement. Here, nBE =
1/(eh̄ωph/kBT + 1) is the Bose-Einstein distribution function,
expressing the phonon population. Using the e-p cou-
pling constant gmnν obtained through DPFT calculations,
temperature-dependent effects on the surface states were
computed.

As the temperature of the system increases from 0 to 10 K,
a recognizable reduction of meV order in �s is observed
(Fig. 14). Within this temperature range, �s remains gapped,

FIG. 14. Effects of e-p renormalization on the surface state band
structure. (a) The temperature dependence of surface valence and
conduction bands of 3 QL Sb2Te3 with a magnetic field of 45 T to
create a QAH phase. (b) The temperature dependence of �s. The
inset shows the surface state band structure around the � point for
T = 0 K and T = 6 K.

implying that at liquid-4He temperature of 4.2 K, QAH phase
is present (Fig. 14). Nonetheless, such renormalization effect,
which induces a gap reduction, augments vulnerability of the
system to rise of leaky currents due to disorder-induced spatial
energy modulations of the eigenstates.

C. Combined effects of electron-phonon interaction
and disorder on surface band renormalization

In experimental reality, finite-temperature effects and dis-
order are simultaneously present. To take both into account,
Eq. (6) and Eq. (2) are introduced as perturbations, such that
the fully integrated Hamiltonian is

Ĥ ( �B, T ) =
N∑
i, j

εiiψ
†
i ψi + ĤCr( �B) + ĤBi(�r) + Ĥ ep(T ),

(11)

which is implemented to study the collective effects of disor-
der and e-p interactions on a (5 × 5 × 1) finite superlattice of
three-QL Sb2Te3.

Whether electrons can tunnel through inhomogeneous pud-
dles of states that form inside the topological surface gap
owing to such many-body interaction is assessed through cal-
culating the transfer matrix TI,II for electrons from one edge (I)
reaching to the opposite edge (II), as illustrated in Fig. 15(a).
For both the nondoped QAH phase and doped QAH phase,
the transfer matrix TI,II is given by

TI,II = Tr[ρ̂(t )ρII] = Tr[Û ρ̂IÛ
†ρ̂II]. (12)

Here the density operators, ρ̂I and ρII, express the edge state
of surface-state orbitals on edge I and edge II,

ρ̂I = 1

NI

∑
|En−E F |
<5meV

∑
I

|ψn(�rI )〉 〈ψn(�rI )| (13)

ρ̂II = 1

NII

∑
|En−E F|
<5meV

∑
II

|ψn( �rII )〉 〈ψn( �rII )| , (14)
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FIG. 15. Effects of e-p renormalization on the surface state band
structure. (a) TI,II as a function of temperature with no dopants yet in
the QAHE state owing to application of magnetization of Bz = 45 T
and incorporation of 15 Bi dopants and 27 Cr dopants with 〈Bz〉 =
45 T to emulate the stoichiometry of Cr0.1(Bi0.2Sb0.8)1.9Te3. The
inset illustrates a schematic diagram of the (5 × 5 × 1) superlattice
for calculating probability that an electron can be transmitted across
the crystal from edge I to II. (b) A schematic diagram illustrating
quantized transport at T = 0 K, and (c) compromised quantized
transport at finite temperatures as a consequence of both defect and
phonon mediated metal transition.

where Ûn = e−iEnt/h̄ |ψn〉 〈ψn| is the unitary time-evolution
operator of the nth eigenstate. The time scale t is set to a value
large enough to allow for TI,II to saturate to its maximum for
all temperature ranges. Figure 15(a) exhibits that by exclud-
ing dopants, the transmission probability across the device
is virtually unchanged with increasing temperatures. In other
words, the role of e-p interactions by itself is not sufficient for
granting surface state mediate leakage of electron from edge
I to edge II. Intriguingly, upon incorporating defects into the
system, a considerable gain in transmission from edge I to
edge II is attained at finite temperatures, implying that both
defects and e-p interactions are necessary ingredients for the
deterioration of quantized transport in Cry(Bi1−xSbx )2−yTe3

[Figs. 15(b) and 15(c)].

V. CONCLUSION

There are three echelons of dimensionality in transport
in MTIs: bulk (3D), surface (2D), and edge (1D) modes,
in which the 1D edge states are responsible for the QAHE.
Lack of quantized transport either proceeds from destruction
of the edge modes, and/or leakage of current from the bulk
and/or surface. Observation of a topological nontrivial gap
above sub-Kelvin temperature rules out the possibility of an-
nihilation of chiral edge states being the culprit, which also
has been demonstrated by prior transport studies [19,63,64].
Moreover, since STS measurements indicate that the bulk
states are energetically well separated from the edge states,
such circumstance is unlikely as well. Thus, our detailed STS
studies narrow down the perpetrator to be the leakage within
the surface states.

We have revealed in this work that there are spatial mod-
ulations in surface conduction and valence bands on the
meV scale. Given that the two bands are only separated by
≈13.5 meV (at 4.2 K), slight spatial modulations in bands
can give rise to regions in which the valence band maximum
is higher than the conduction band minimum at a different
point separated by <3 nm distance within the sample. The
presence of energy misalignment in �s is a facet of both
(i) disorder particularly owing to Bi and Cr dopants in the
Sb2Te3 system and (ii) electron-phonon interaction of the
surface states. Numerical calculations presented here indicate
that although increasing the number of Bi and Cr dopants
alone result in an increase in transmission of electrons across
the spatially modulated surface bands, there is a further surge
when incorporating the effects electron-phonon interactions.
Such detrimental effect of e-p interactions emanates from its
renormalization effect to the surface band such that the magni-
tude of �s is reduced at finite temperatures. Consequently, the
effects of disorder-induced spatial band modulations intensify,
yielding a higher degree of leaky current to tunnel across
the gap. Notably, the effects of phonons alone are not strong
enough to generate an effective gapless state without the role
of disorder. Only when combining both effects together, an
effectively gapless phase is created, which results in leakage
currents throughout the surface state along with the existing
edge states, thus shrouding the QAHE. Although we have
numerically simulated the effects of Bi and Cr dopants, we
can expect the same for V dopants, as they also induce a shift
in the local chemical potential.

In other words, suppressing either one of disorder or e-p
interactions would allow for QAHE at elevated temperatures.
Unfortunately, owing to the futility of attempting to engineer
e-p interactions for a known crystalline structure, a method
of growing samples with a spatially highly uniform Dirac
point and a perfect alignment of the Fermi energy with the
Dirac point will be necessary to align the topological sur-
face gap spatially so as to improve the quantum transport
properties of MTIs, at least for the Cry(Bi1−xSbx )2−yTe3 sys-
tem. With the recent development of the capability of an
intrinsic antiferromagnetic topological insulator, MnBi2Te4,
to exhibit quantized transport at a temperature of 1.4 K at
zero field in a five septuple layer sample without the need
of any doping [65], moreover with a larger surface gap of
60–85 meV [66,67], MnBi2Te4 can be considered as a com-
pelling platform. Yet, up to date, QAHE in these materials
have been limited to exfoliated nanoflakes due to the lack
of capability in growing well-engineered MBE thin films.
Efforts towards synthesizing thin films of MnBi2Te4 that ex-
hibit quantized transport at elevated temperatures are still
needed towards realistic technological applications based on
the QAHE [68–70].
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