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Building error-corrected quantum computers relies crucially on measuring and modeling noise on can-
didate devices. In particular, optimal error correction requires knowing the noise that occurs in the device
as it executes the circuits required for error correction. As devices increase in size, we will become more
reliant on efficient models of this noise. However, such models must still retain the information required
to optimize the algorithms used for error correction. Here, we propose a method of extracting detailed
information of the noise in a device running syndrome extraction circuits. We introduce and execute an
experiment on a superconducting device using 39 of its qubits in a surface code doing repeated rounds
of syndrome extraction but omitting the midcircuit measurement and reset. We show how to extract from
the 20 data qubits the information needed to build noise models of various sophistication in the form of
graphical models. These models give efficient descriptions of noise in large-scale devices and are designed
to illuminate the effectiveness of error correction against correlated noise. Our estimates are furthermore
precise: we learn a consistent global distribution where all one- and two-qubit error rates are known to
a relative error of 0.1%. By extrapolating our experimentally learned noise models toward lower error
rates, we demonstrate that accurate correlated noise models are increasingly important for successfully
predicting subthreshold behavior in quantum error-correction experiments.
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I. INTRODUCTION

In order to fully realize the potential of quantum devices,
one must execute many highly accurate quantum gates [1–
5]. Current multiqubit devices have single-qubit gates with
average error rates around 10−3 [6–9]; this is orders of
magnitude too high to directly execute the number of oper-
ations required for computations such as integer factoring
[5]. Fault-tolerant quantum error correction overcomes this
by trading more physical qubits for increased logical qubit
fidelity [1,10–12]. Although there are many proposed pro-
tocols for error correction and many recent error-correction
experiments for various small codes [13–17], the most
widely studied proposals are based on the surface code
and variants thereof [18–22]. Recent work has shown a

*Corresponding author: robin.harper@sydney.edu.au

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

decreasing logical error rate in a variant of the surface code
[22] as the distance of the code increases [23].

Error correction can be dramatically improved provided
that one knows certain details of the noise afflicting the
device [22–28] and one tailors the code and decoder
to this noise [22,29–32]. However, most existing noise-
characterization techniques fall into two categories: tomo-
graphic reconstruction or strong noise averaging (e.g.,
randomized benchmarking). Those based on full tomo-
graphic noise reconstruction [33–36] struggle to scale past
a few qubits. Techniques that strongly average the noise
[37–47] attempt to gain scalability but often fail to provide
enough of a nuanced picture of the noise to allow diagnos-
tic conclusions or to suggest improvements to the device.
We review these methods in Appendix A.

Fortunately, there are techniques that reconstruct effi-
cient descriptions of detailed Pauli noise models for large-
scale systems [48,49]. These methods learn the noise in the
form of a graphical model, which is a model that is flexible
enough to provide faithful descriptions of correlated noise
while retaining the desirable properties of being efficient to
learn and allowing the tailoring of codes and decoders to
relevant features of the noise.
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An example of such a graphical model is an Ising model,
where a probability distribution with 2n outcomes—the
equilibrium Gibbs distribution—is specified by a Hamil-
tonian and a temperature. The individual probabilities
of such a model cannot be calculated without knowing
the partition function (which is not generally efficient
to compute). However, ratios of probabilities and certain
conditional probabilities can be calculated efficiently and
they often enjoy efficient sampling algorithms (using, e.g.,
Metropolis sampling). For quantum noise that is described
by such a graphical model, these features are sufficient to
enable detailed modeling and prediction, as well as opti-
mizations such as the creation of minimum weight perfect
matching decoders or tensor network decoders that are tai-
lored to the underlying noise correlations. For instance,
Ref. [50] explores the duality between such graphical mod-
els and tensor networks. Accordingly, such graphical mod-
els can directly instantiate tensor networks, allowing uti-
lization of the contraction methods currently proposed as a
means of decoding syndrome measurements [27,28,51,52].

Here, we experimentally demonstrate learning a com-
prehensive description of the Pauli noise in a 39-qubit
superconducting device running the circuits required to
implement surface-code quantum error correction but
without midcircuit ancilla measurement and reset. The
noise is learned in the form of a graphical model, meaning
this description is efficient and contains a globally con-
sistent description of the errors in the device, including
larger-scale correlations.

Our reconstructed noise estimates are highly accurate.
By way of example, a bootstrap analysis (at the 2σ level)
shows a maximum relative error of ±0.1% on both single-
qubit error and two-qubit error rates. We fit several graph-
ical models having increasing expressive power to these
data to see how correlations affect quantum error correc-
tion. We measure the logical failure rate assuming a code
capacity model (i.e., no measurement and reset errors)
and utilizing an approximate maximum-likelihood decoder
(a tensor network decoder [53] with bond dimension 8).
Even in the absence of measurement and reset error, the
circuit noise translated to a logical error rate of at least
0.166 ± 0.004, which is worse than the observed average
single-qubit error rate of 0.136 ± 0.001.

Our reconstructed noise models allow us to address pre-
viously difficult-to-explore questions of interest for error
correction in this system. For example, given the observed
correlations, how much lower should the single-qubit error
rates be before the logical failure rate is below the single-
qubit bare error rate? To address this, we parametrize
our observed noise as being generated by a continuous-
time evolution evolving for a finite time T; this allows us
to retain the observed correlation structure in a way that
extrapolates smoothly to zero noise as T → 0.

Perhaps surprisingly, the simplest models (which ignore
correlated errors) through to the most complex models

have all given approximately the same pseudothreshold
(the physical error rate equal to the logical error rate of
approximately 0.1). However, simpler models underesti-
mate the logical error rate compared with the global distri-
bution and give widely diverging predictions of the logical
failure rate as the physical error rate extrapolates toward
zero. For instance, with an average physical error rate
of 0.031, the simpler models have predicted logical error
rates of 0.006 ± 0.001, whereas the logical error rate from
the extrapolated global probability distribution, has been
over twice as much (0.0121 ± 0.002). In this regime, mod-
els that capture correlated errors, such as an Ising model,
have given logical error rates of 0.014 − 0.018 that are
commensurate with or higher than the global distribution.

Our conclusion is that models capable of capturing cor-
related errors are indispensable in accurately estimating
the expected logical failure rate of error-correction proto-
cols executed on this device. Our analysis shows that once
physical error rates are low enough such that error correc-
tion might be possible, models that fail to take into account
correlated errors (such as those caused by crosstalk) can
potentially underestimate expected logical failure rates
by a significant fraction. However, models that can cap-
ture such crosstalk provide more reliable estimates of the
performance of the error-correcting circuitry as well as
providing the more nuanced information required to write
custom decoders.

II. SURFACE-CODE PROTOCOL

The surface code is an error-correcting code that appears
to be particularly well suited for two-dimensional grids of
superconducting qubits. Figure 1 shows a typical surface-
code layout and how the abstract code can be mapped to
the gridlike qubit devices used by Google (for more details
of the device, see Appendix B). In this paper, we consider
the standard (Calderbank-Shor-Steane, CSS) surface code
with X - and Z-type stabilizer generators, although we note
that more recent experiments on Google devices [23] used
the closely related XZZX code instead [22]. Our results
could equally be applied in this case.

Error correction is a technique with many moving parts,
all of which have the potential of introducing noise into
the system. Like any complex system, if all the parts
are in action, it can be difficult to diagnose the source
of problems. For this reason, as well as technical limita-
tions of the device, we focus on a simplified analogue of
error-correction circuits. Specifically, we run the circuits
required for nondemolition four-body stabilizer measure-
ments of the data qubits but without actually performing
the ancilla measurements or the resets required in a real
error-correction experiment. We call these circuits stabi-
lizer preparation, since we only prepare to execute, but
do not actually execute, the measurement. Here, we show
how to use efficient protocols introduced in Refs. [48,49]
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(a) (b)

(c)

Z stabilizerX stabilizer

FIG. 1. (a) The standard schematic of a rotated surface code.
In this case, we have a grid of 4 × 5 data qubits, where the data
qubits live on the vertices of the code. The faces represent stabi-
lizer measurements, in this case Z and X stabilizers. In the body
of the code, the stabilizers are weight 4. Boundary conditions
are dealt with by smaller weight-2 stabilizers as shown. (b) The
realization of the code on the Sycamore device. The numbers in
the circles identify the location of the qubit on the device grid.
The ancilla qubits (in gray) reside in the center of each face.
The data qubits are shown in white. The black lines represent
the connections for two qubit gates that will be utilized to per-
form the circuits used to prepare the ancillas so that they can be
measured to perform the stabilizer measurements. (c) In order to
minimize the spread of errors, the ancillas need to be coupled to
the data qubits in a very specific pattern. Here, we show the tim-
ing pattern of two-qubit gate activation for the ancillas used as Z
and X stabilizers. In a complete stabilizer code implementation,
the ancillas would be measured and reset after the completion of
the stabilizer-preparation circuits. Here, we do not do this ancilla
measurement (see text).

to extract comprehensive information about the noise in
the device while the device is running the stabilizer-
preparation circuits.

One of the key realizations we utilize is that two rounds
of stabilizer preparation of the surface code perform an
identity channel on the data qubits. This might not be
immediately obvious given the complexity of the inter-
leaved two-qubit gates but it is easily verifiable using a
Clifford-circuit simulator. In Appendix C, we detail two
rounds of stabilizer preparations.

In an actual surface-code circuit, the ancilla qubits
would be measured and reset after each stabilizer-
preparation round. However, where this is not yet possible
or, indeed, where one wishes to examine the noise inher-
ent in the circuits without introducing the additional noise
that would be caused by measurement and reset, then the
circuit extract shown in Appendix C is an example of the
circuit required. One can also add measurements directly,

although some care must be taken in this case (for more
details, see Appendix C).

To eliminate coherent noise in the circuits, we intro-
duce random Pauli gates into the circuit. These gates
serve to randomize the Pauli frame, which on average
turns the noise into a Pauli channel [54–56]. With Pauli
frame randomization, the number of parameters describing
the noise is, without further reductions, 4d Pauli channel
eigenvalues, where d is the number of data qubits.

If instead of an initial round of Paulis, we start every
two-round block with a round of single-qubit Cliffords,
then the analysis in Ref. [57] applies and we locally aver-
age the noise in the sense explored in Ref. [49] and
summarized in Appendix E. This local averaging of the
noise means that we only need to extract 2d Pauli channel
eigenvalues, which can be done in the course of this one
experiment [49]. These 2d parameters can be learned from
extracting only the Pauli-Z-type eigenvalues of the Pauli
noise channel and all of these eigenvalues can be deter-
mined simultaneously since they commute. The ability to
locally average the eigenvalues is what makes this proto-
col highly efficient. The ability to interleave the local twirl
with a Pauli twirl in between instances of the stabilizer-
preparation circuits avoids the need to use multiqubit
Cliffords to terminate the twirls.

With these adjustments in mind, the process follows the
successful core idea of randomized benchmarking [58]:
After initializing in a product state, we take each two-round
block of stabilizer preparation, suitably averaged as above,
and repeat it for m steps for varying lengths m. After an
inversion step at the end, we measure in the computational
basis. The data obtained in this way allow us to separate
the state-preparation-and-measurement (SPAM) errors of
the initial round from the errors of the “unit cell” of the
two-round block of stabilizer extraction circuits. An exam-
ple of this circuit for a single plaquette of the surface code
is shown in Fig. 2. The full description of all of the steps
required is set out in Appendix C and the analysis of the
noise estimation is set out in Appendix D.

III. EXPERIMENTAL IMPLEMENTATION

We have tested these ideas on Google’s Sycamore
device, a 54-qubit superconducting device of the type
described in Ref. [59]. In order to allow correct edge stabi-
lizers, only 39 of the 54 qubits could be utilized, resulting
in a 5 × 4 surface code (i.e., 20 data qubits), set out as
shown in Fig. 1(c). For the Sycamore device, we used
sequence lengths m (measured in double rounds of the sur-
face code) of m = [0, 1, 2, 3, 4, 6, 8]. We ran 1770 different
sequences, with 2000 shots per sequence. The total run
time was around 8 h, in a dedicated 8-h time slot on the
device.

Once we have the data, there are a number of things we
can immediately do in postprocessing. The first is simply
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(a) Step (1): choose an m

(b) Step (2): randomise gates

(c) Step (3): apply inverse

(d) Step (4): run circuit

(e) Step (5): repeat 1 . . . 4

(f) Step (6): postprocess data

FIG. 2. A schematic of the data-acquisition step of the protocol. The boxes representing stabilizer-preparation circuits are one
complete round of stabilizer preparation (without measurement or reset of the ancillas); one such round is detailed in the bottom
schematic. The numbers (top left of the diagrams in the bottom schematic) represent the order of two qubit gates as shown in Fig. 1(c),
the red arrows representing the two-qubit controlled-X (CX) gates. The large-H boxes (left and right subplots of the bottom schematic)
represent Hadamard gates on the covered qubits. As with randomized benchmarking, the circuits are repeated for multiple sequences
over multiple different lengths of circuit. The details of the steps are as follows. (a) We randomly choose a circuit length m from 0
(no stabilizer-preparation circuits) up to the maximum number of times the block in gray is to be repeated. The maximum value for
m will depend on the errors in the device and should heuristically be chosen to be around the inverse of the average error rate of one
block. (b) For an n-qubit system, randomly choose n starting Cliffords (C0...n) and n × m random Cliffords and Paulis [respectively,
(C0...n,k), and (P0...n,k) for k in {1 . . .m}]. These are used to locally average the noise. (c) The random single-qubit Cliffords and
Paulis commute through the circuits in a way that is efficiently computable. Apply the inverse Clifford required to bring each qubit
back into the computational basis. Note that we randomly determine whether a qubit is to be returned to the |0〉 or the |1〉 state
and interpret the results so as to derive the chance of successfully returning to the desired state (i.e., record a 0 if the measurement
accords with the desired state or a 1 if it indicates an error). (d) Run the circuit for a number of shots (2000 in our experiment) and
record the resultant no-error or error bit patterns. (e) Steps (a)–(d) are repeated multiple times so that the results can be averaged. (f)
Once the data are gathered, we can postprocess the results to obtain the required estimates. We describe the data-fitting process in
more detail in Appendix C but, in brief, the data can be fitted to a model where we fit the data to a sequence of single exponential
decays to estimate the relevant eigenvalues for the averaged circuit. The fitting to a decay curve makes the estimates independent of
state-preparation-and-measurement (SPAM) errors.

to marginalize the data to each qubit and fit each such
marginalization as per a standard one-qubit randomized
benchmarking experiment. This gives us the single-qubit
(and two-qubit) average error rates to high precision, with
a maximum relative error of ±0.1%. Second, if all one
desired were the two-body correlations, then the data could
be marginalized for each pair of qubits and the (normal-
ized) correlations between two qubits (X and Y, ρX ,Y),

calculated as

ρX ,Y = E(XY)− E(X )E(Y)
√

E(X 2)− E(X )2
√

E(Y2)− E(Y)2
, (1)

where E is the expected value of the relevant qubit error
rate. An example of these data directly extracted from the
experiment is shown in Fig. 3. As can be seen in Fig. 3,
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Qubit Error

(1,5) 0.080

(2,6) 0.152

(3,7) 0.132

(4,8) 0.105

(2,4) 0.087

(3,5) 0.150

(4,6) 0.114

(5,7) 0.102

(3,3) 0.075

(4,4) 0.168

(5,5) 0.182

(6,6) 0.097

(4,2) 0.197

(5,3) 0.215

(6,4) 0.152

(7,5) 0.108

(5,1) 0.230

(6,2) 0.136

(7,3) 0.140

(8,4) 0.092

FIG. 3. Examples of some of the summary data that can be
captured in a scalable manner directly from these types of exper-
iments. By marginalizing the results, we can build up a table of
the individual error rates, from one round of the surface code
(left-hand side). These error rates represent the probability of
any Pauli error occurring on the relevant qubit during one round
of the stabilizer-preparation circuit. The right-hand side of the
figure shows the two-body correlations between each data qubit
(solid white in the appropriate subgraph) and each other data
qubit in the code. The correlations between the errors on two
qubits X and Y (ρX ,Y) can be calculated in terms of moments as
in Eq. (1). This Hinton diagram has a white square (black for
negative correlations), where the area of the square is in pro-
portion to the size of the correlation. Bootstrapping from the
original measured sequences has been used to plot two-σ error
bars, plotted as the width of the line bordering the square (they
are barely visible in most cases). Of note is that the correlations
between data qubits appear (mainly) to be stronger with local
data qubits (i.e., those close in Manhattan distance according to
the device connections). These local correlations are exactly the
correlations we would expect in the surface code if we have noisy
two-qubit gates (see Appendix D). There are, however, longer-
range correlations that cannot be explained purely by noisy gates
and must be caused by some form of crosstalk not accounted for
in a circuit-level analysis.

there are correlated errors in the device that mostly cluster
locally, although some significant longer-range correla-
tions are present. While the experiment is only designed
to identify and characterize errors rather than identify their
cause, it is possible that the long-range two-body correla-
tions noted in the figure and the multiqubit errors identified
by the experiment are symptoms of the leakage errors

in such Sycamore devices, as more fully explained in
Ref. [60].

What is the impact of nonzero correlation on quantum
error correction? If we know a particular qubit has an
error (say, by a syndrome measurement), then the proba-
bility of the correlated qubit also having an error changes
in a fashion that is computable, in expectation, by this
correlation. A naive decoder assumes that the error rate
on each qubit is independent of whether or not an error
has occurred on a different qubit. Thus, these correla-
tions can inform a decoder of the changed average error
probabilities, improving average performance. The inclu-
sion of such correlations is, in fact, necessary to obtain
near-optimal performance [23,61].

However, we can do much more. Where the number
of qubits is relatively low (no more than, say, 30 data
qubits), then it is also possible to extract the entire prob-
ability distribution of errors in the device, which includes
all larger-scale correlations. Here, the limiting factor is
that the probability distribution will have 2n elements and
will rapidly become too large to store. The details in
Appendix C show how to do this. Since we are inter-
ested in characterizing even larger-scale devices, we need
to address this exponential growth in the full probability
distribution. The experiment itself remains tractable but
if we want to extract the full probability distribution, the
postprocessing scales as O(2n). In principle, knowledge
of this full distribution is required for optimal decoding
but the prohibitive complexity makes obvious the need for
approximations of this full distribution.

The rest of the paper explores ways to obtain a useful
estimate of the noise without reconstructing the full prob-
ability distribution. For instance, graphical models of the
distribution that represent the noise in a more compact
form might give a sufficiently accurate description of the
noise for decoding or other purposes, without such severe
limits on complexity. In Sec. IV, we construct such models
from our experiments and in Sec. V, we answer the ques-
tion of whether such models allow faithful predictions of
device performance.

IV. BUILDING AND TESTING NOISE MODELS

To go beyond brute-force descriptions of global prob-
ability distributions, we briefly review the notion of a
graphical model, specialized for locally averaged Pauli
noise. A locally averaged noise model on n qubits can be
thought of as a probability distribution on n-bit strings,
where the presence or absence of an error (either of X , Y, or
Z) on the ith bit is denoted by a 0 or 1, respectively. Under
the mild assumption that every error event has nonzero
probability, this probability distribution can be described
by a Hamiltonian H(x) on bit strings x, where the Hamil-
tonian can be chosen to be H(x) = log p(x), the log of the
probability of x.
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In this picture, an “energy shift” by a constant factor cor-
responds to changing the normalization of the probability
distribution, which can often be neglected for sampling or
modeling purposes. There is no need to invoke the physi-
cal concept of temperature since this is a formal mapping.
We are interested in modeling a probability distribution as
a graphical model the Hamiltonian of which has only a
bounded number of interactions per qubit, each among a
bounded number of other qubits, in order to keep learning
tractable.

The simplest example of this mapping is where a
single nonidentity Pauli error occurs with probability p
and otherwise no error occurs. Then, H(0) = log(1 −
p) and H(1) = log(p). This Hamiltonian can be written
as H(x) = f + hx, where h = log(p/(1 − p)) and where
f = log(1 − p) controls the (often optional) normaliza-
tion. For n qubits and general independent noise, one
would have the Hamiltonian H(x) = ∑

k hkxk (here and
henceforth, we drop normalizations). The special case of
identically distributed noise occurs when hk = h for all k.
To generate interesting correlations, we need to add cou-
pling terms to the Hamiltonian, and one is naturally led to
models with Hamiltonians of the form

H(x) =
∑

k

hkxk +
∑

j ,k

Jj ,kxj xk + . . . . (2)

The simplest nontrivial case might contain only nearest-
neighbor two-body correlations, for example.

For these models, learning the entire probability dis-
tribution is equivalent to learning the couplings of the
associated Hamiltonian. Examples of such models are
given in Fig. 4. In Fig. 4(a), we assume independent and
identically distributed (IID) noise only (so that H(x) =
h
∑

k xk). In Fig. 4(b), we keep independence but relax
to nonidentically distributed (IND) noise, corresponding
to H(x) = ∑

k hkxk. Figure 4(c) shows the simplest model
of nearest-neighbor correlation, an Ising-style model with
H(x) = ∑

k hkxk + ∑
〈j ,k〉 Jj ,kxj xk, where the second sum

is over nearest neighbors. Finally, we consider a model
that coarse grains the device into a one-dimensional (1D)
array. This allows arbitrary correlations along one row of
the device but limits vertical correlations to those between
qubits in adjacent rows; this is shown in Fig. 4(d). The
associated coarse-grained 1D (CG1D) model Hamiltonian
has up to eight-body coupling terms.

The choice of which graphical models to examine is
well motivated. The “Ising-style” model is relevant as the
long-range spread of errors from one data qubit to another
should be limited in the device, the gates coupling the data
qubits to the ancillas acting as a type of “one-way” gate for
Z and X errors [62]. Indeed, in Appendix H, we show how
the data confirm that (for this device) the Ising model is
a good choice compared with other potential decomposi-
tions of equivalent expressive power. Similarly motivated,

(a)

(b)

(c) (d)

FIG. 4. Various graphical models used for modeling the
observed error distribution. Sites connected by “factors” ψi can
be correlated by arbitrary Hamiltonian couplings supported adja-
cent to the factors. (a) A typical model used for decoder testing.
All the qubits are assumed to have identical independent depo-
larizing noise, so there is only one node. (b) Here, the qubits
are still independent but each has their own error rate (here, the
error rate shown in Fig. 3). This model requires n parameters, i.e.,
one for each data qubit—in this case 20. (c) Here, we model the
noise with an Ising model where the only factors ψi are between
neighboring qubits. (d) This model is referred to in the text as
the CG1D model, where we have reduced the surface code to a
one-dimensional (1D) graph.

the CG1D model is also able to capture longer correlations,
albeit at the cost of exponential scaling in the width of one
dimension. While problematic for larger systems, it might
still be a valid methodology in systems with highly biased
noise, where the proposed grid would be rectangular rather
than square [63,64]. Here, as our device has a slight asym-
metry (a height of 5 and a width of 4), we have chosen to
use the width dimension—although in this particular case
nothing turns on this choice save for the computational
complexity of modeling and sampling the network.

While these models attempt to match the correlation
structure in the device, some model error is inevitable. For
instance, the Ising model assumes local interactions (which
we imagine arising from gate errors) but there are many
other noise mechanisms that can cause errors to spread
from one qubit to another. Examples include energy-state
leakage [60], leakage of control signals, and qubit fre-
quency crowding. Model error in this case will indicate
such processes at work.

One method of measuring model error is to use the rel-
ative entropy or, more flexibly, the smoothed symmetrized
version of it, the Jensen-Shannon divergence (JSD) [65].
One can measure the JSD as between the global dis-
tribution and the distribution encapsulated in the model
to quantify the model error. Here, we have all the data
required to make this calculation. However, to do so in
general requires the full distribution and therefore this is
not a scalable solution. Another potential method might
be to form the covariance matrices embodied in each of
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TABLE I. The metrics for the observed error distribution (D)
compared with the distributions embodied in the various models
(M ). The two error metrics are the norm between the respec-
tive correlation matrices and the Jensen-Shannon distance (JSD)
(see the main text for definitions). The models are identical
independently distributed (IID) errors [Fig. 4(a)], independent
nonidentically distributed (IND) errors [Fig. 4(b)], Ising, with
nearest-neighbor two-qubit correlations only [Fig. 4(c)], and the
coarse-grained 1D (CG1D) distribution shown in Fig. 4(d).

Model JSD (D‖M ) ‖�D −�M ‖
IID 0.229 0.124
IND 0.192 0.090
Ising 0.167 0.056
CG1D 0.148 0.019

the distributions—this can be done in a scalable manner.
(Obviously, the models shown in Figs. 4(a) and 4(b) have
no interqubit correlations.) These covariance matrices only
capture the two-body correlations in the distributions and
technically only form a lower bound on the total variational
distance (TVD) of the distributions (Appendix G) but are
usable as a guide in most nonpathological cases. We set out
these calculations in Table I. Unsurprisingly, as can be seen
from Table I, the richer the model, the more complexity we
can capture in the correlations between the qubits.

The question then arises not as to whether these more
sophisticated models can capture characteristics of the
noise that cannot be captured by the simpler models but
whether those additional characteristics are important in
determining and/or predicting error-correction properties
in the device. We now address this question, focusing on
the logical error rate of the device.

V. LOGICAL-ERROR-RATE ANALYSIS

In order to generate counterfactual error distributions
that are less noisy but still contain similar correlation struc-
tures, we consider the following one-parameter family of
error channels associated with a probability distribution
p on bit strings. The error probabilities p can be related
to the eigenvalues λ of the superoperator representation
of the channel using W, the Walsh-Hadamard transforma-
tion [48,49,67]. In fact, we have λ = Wp and this map is
invertible to obtain p = W−1λ. If this superoperator with
eigenvalues λ was generated by a continuous-time pro-
cess, then we could generate the family of channels with
eigenvalues

λ(t) = exp(t log λ(1)), λ(1) = Wp . (3)

When t = 0, this is the identity channel and t = 1 gives
back the original noise-channel eigenvalues. We can study
the error rates of this distribution by considering

p(t) = W−1λ(t) (4)

for various values of t ≥ 0, with smaller values corre-
sponding to less noise but with a qualitatively similar
correlation structure as the true channel p(1). Note that
larger integer values t = 2, 3, . . . correspond to multiple
applications of noise.

There is an important subtlety: not every input p is
“divisible” into a continuous-time process, even in the sim-
ple case of Pauli noise channels. We therefore add an extra
step of projecting p(t) defined by Eq. (4) to the nearest
point on the probability simplex. For more discussion and
analysis of the probability distributions obtained by this
method, see Appendix I.

To summarize: our experiment gives us the observed
distribution of the actual noise in the device and our graph-
ical models have given us estimates of this noise in a
convenient and scalable format. By making the additional
assumption that the noise is generated by a continuous-
time process, we use Eqs. (3) and (4) to generate counter-
factual theoretical noise distributions that are estimates of
the noise that would exist in the device if the noise channel
were “less” noisy but retained the correlation features of
the observed noise channel. We can also construct models
of this counterfactual noise.

The following calculations of the logical error rate are
based on two additional important assumptions. First, as
mentioned previously, this experiment omits the measure-
ment and reset of ancillas required for true quantum error
correction. These will, undoubtedly, introduce complex-
ity, noise, measurement errors, and timing issues in any
final circuit. The numbers obtained and discussed below
must be regarded with this caveat in mind. Second, by
using a generic decoder, we are not attempting to utilize
our knowledge of the noise to improve the decoding pro-
cess. The decoder utilized is a generic decoder provided
by QECSIM [66]. Finally, we note that we only have knowl-
edge of the locally averaged errors (e.g., for a particular
qubit, we only know the average of the Pauli-X , -Y and
-Z errors)—not their individual rates. For the purposes of
the discussion below, we have assumed that where an error
occurs, it is equally likely to be any one of these three
Pauli errors. If one wanted to accurately predict the logi-
cal error rate for a particular device, such knowledge could
be important.

While there is much work yet to be done to work out
if actual knowledge of the noise can improve decoding
success rates [31], this is not what we do here—rather,
the analysis below might be seen as setting out the base
success rate, which such decoders might seek to improve
on. Writing such decoders is the subject of ongoing
work.

With this in mind, we can now calculate the logical error
rate of both the observed and constructed noise channels
and we can determine if the more sophisticated models of
that noise are better able to predict the likely logical error
rate than their primitive counterparts. If so, then it is likely
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(a)

(b)

FIG. 5. A plot of the logical error rate of various physical error distributions, where we have used a generic QECSIM [66] decoder (a
tensor network decoder with bond dimension χ = 8) to decode the error syndromes. The process involved is as follows. (1) Measuring
the empirical global distribution using the procedures discussed in this paper. (2) Constructing counterfactual global error distributions
with smaller error rates (reconstructed distributions). The methodology for this step is discussed in the text and in Appendix I. (3) For
each of these distributions (observed and reconstructed), each model of interest (see Fig. 4) is constructed. (4) The relevant distributions
and each of the models are then sampled to provide a sample of the errors given by each of them. For each sample, we use the QECSIM
decoder to determine whether a successful decoding of the error syndrome would be made. (To enable the sampled locally averaged
errors to simulate a full Pauli distribution, we assume an Pauli-X, -Y, or -Z error, with equal probability for every affected site.) (5)
Sufficient samples are taken of each distribution and each model of that distribution to allow the estimation of a logical error rate for
that distribution or model of the distribution. (6) Steps (4) and (5) are repeated 10 times to generate the reported bootstrap error bars.

that they are capturing essential elements of the noise that
the simpler models cannot.

Figure 5 shows the results of these logical-error-rate
estimates for the different noise models. In each case,
10 000 error samples were taken to estimate the logical
error rate, repeated 10 times to provide the error bars. Of
interest in the plot is the behavior when the average per-
qubit physical error rate is approximately 0.136 [point (a)
in the plot]. This is the measured noise in the device. At
that point, the logical error rate is larger than this (0.176)
but notably there is very little difference in the logical error
rate between the various models (from the most primitive
IID model to the CG1D distribution) and the full observed
distribution. At this point in the spectrum of noise chan-
nels, the simple IID noise model is as good as any [point
(a) in the figure].

However, as we use higher-fidelity reconstructed dis-
tributions, a clear difference emerges. By the time we hit
point (b) in the figure, the simpler models result in an esti-
mated logical error rate that is significantly lower than
the logical error rate predicted by the full reconstructed

distribution. The correlated errors have an impact in this
regime, curtailing the ability of the generic decoder to
correct for errors. (Again, we note that a decoder tailored
for these noise characteristics might perform much bet-
ter.) This accords with beliefs that correlated noise in a
machine will have an impact on logical error rates. Inter-
estingly, even in this regime, the CG1D model is within
error bars of predicting the same logical error rate as the
full reconstructed distribution.

The Ising model is pessimistic in its predictions (pre-
dicting a higher logical error rate). Our belief is that this
is due to the Ising model not being able to correctly
capture longer-range correlations that happen to exist in
this device. The parametrization of the Ising model there-
fore incorporates these longer-range correlations into the
short-range correlations it can model, resulting in a model
that has stronger short-range correlations than the full
distribution.

In this small (low-distance) surface-code implementa-
tion, it is these stronger short-range correlations that have
the largest impact on the logical error rate. Despite this
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limitation, as we show in Appendix H, if we constrain the
model to use only a limited number of two-qubit factors,
the Ising model is still the optimal model of such distri-
butions, minimizing model error (and possibly avoiding
overfitting). On these data, one could be confident that if an
Ising model of the distribution, populated from data from
the device, was below threshold, the actual device would
also be likely to be below threshold.

VI. CONCLUSIONS

We have presented and implemented a method of
characterizing an important part of the surface code,
namely, the stabilizer-preparation portion of an error-
correction circuit. We have shown how one can use random
benchmarking-style experiments to measure the locally
averaged noise and the Pauli noise on the data qubits used
in the code. We have shown how to create graphical mod-
els of the noise that continue to be tractable as surface-code
sizes increase. These models allow us to explore important
questions related to the ability to run error correction on
the device. Finally, we have presented empirical evidence
that shows how these more sophisticated models appear
to be increasingly necessary if one wishes to accurately
predict the errors in the device as error rates get lower
and correlations shorter range. The importance of taking
such errors into account is highlighted by the data that
we extrapolate from the device, providing support to the
belief that decoders that take into account the actual noise
of the device could potentially lead to higher threshold
implementations of error-correcting codes.

All code and data are available upon reasonable request.
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APPENDIX A: NOISE CHARACTERIZATION

Many characterization techniques have been developed
to understand noise in quantum devices. Traditionally,

full-characterization techniques such as process tomogra-
phy have been used when devices are in their infancy. For
small devices, the qubits can be fully characterized with a
view to gaining insight into the underlying causes of noise.
Process tomography [33] and its variants [34–36] remain
important tools in the characterization arsenal. However,
such methods are limited in that they can only be applied to
a small number of qubits. Where we have more than a few
qubits, scalablity issues render the techniques impractical.

Strong noise averaging or partial characterization is a
way to overcome the scalability issues of full charac-
terization. A popular partial-characterization technique is
randomized benchmarking and its variants [37–46]. These
techniques define a natural measure of a “block” of noise
over which the noise in the device is averaged. By defin-
ing a block of noise that is well behaved through multiple
applications, simple decay curves can used to estimate
parameters in a way that eliminates SPAM errors and pro-
vides small error bars [68]. Importantly, these protocols
average the noise in the device and this multiple-run aver-
age turns the noise into the equivalent of a Pauli channel,
removing coherent effects of the noise. Depending on the
protocol, the Pauli noise itself may be additionally aver-
aged, often reducing the noise to a single value, the fidelity
of the overall channel. The conversion to a Pauli channel is
justified as the noise in the device can itself be converted
into a Pauli channel during the operation of a device by
using techniques such as Pauli frame randomization [54–
56]. The subsequent strong averaging is a characterization
convenience.

Rather than seeking to measure the average noise of the
entire Pauli channel, further advances have shown how to
harness the power of simultaneous single-qubit measure-
ments to extract much more information about the noise
[48,49,69–73]. Recently, it has been shown that one can
estimate Pauli noise channels from error-correction syn-
drome measurements [74], although in the case of surface-
code style error correction, this is limited to a maximum
of two-body correlations, irrespective of the size of the
code. Here, we will use techniques that allow the extraction
of the global error distribution [48,49] on devices running
error-correcting circuits and show how to tame this expo-
nentially large amount of data by constructing appropriate
models of the noise.

APPENDIX B: DEVICE CHARACTERISTICS

The device used in these experiments is the exactly the
same 54-qubit Sycamore processor as in Ref. [59]. We
operate 39 qubits selected from a 53-qubit grid, with idle
and interaction frequencies chosen to be optimized for on-
resonance

√
(iSWAP) and Sycamore gates; while running

circuits on these 39 qubits, the unused qubits in the 53-
qubit grid idle at their normal operating frequencies and
are not biased to low frequencies. Automated calibrations
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(a)

(b)

(c)

FIG. 6. (a) Typical (left) qubit T1 lifetimes (in µs) and their frequency and (right) single-qubit (“1Q”) cross-entropy benchmarking
(XEB) Pauli errors (×100). (b) Isolated (left) and parallel (right) two-qubit (“2Q”) XEB Pauli errors per cycle (×100). (c) Isolated
(left) and simultaneous (right) measurement errors (×100). In all cases, for further details, see Appendix B.

were performed and control parameters updated just three
times a week with minimal manual intervention. Insta-
bilities in coherence times and electronics drift were not

compensated for in the intervening time. Most data pre-
sented in this paper were acquired approximately 60 h after
the previous calibration and control-parameter update.
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Immediately following each automated calibration
cycle, gate and readout fidelities were characterized to pro-
vide representative device-performance characteristics as
summarized in Fig. 6. Figure 6(a) shows typical qubit T1
lifetimes at their idle frequencies and Fig. 6(b) plots single-
qubit Pauli errors for π/2 gates characterized with isolated
cross-entropy benchmarking (XEB), where isolated oper-
ation is defined as applying gates to a single qubit with
the remaining 52 idling at their idle frequency. On this
processor, we have observed only a modest increase in
single-qubit gate errors during simultaneous operation (see
Ref. [59, Fig. 2])but significant differences are present for
isolated and simultaneous readout and two-qubit gate oper-
ations. Since the precise mechanisms of crosstalk are not
well understood, we assume that performance is dependent
on exactly which set of qubits are operated simultaneously.
To provide a representative estimate of these crosstalk
effects, in Figs. 6(b) and 6(c) we provide isolated and
simultaneous measurements of Sycamore gate fidelity and
readout error. Note that Sycamore gate fidelity is charac-
terized in four layers to characterize gates using each of
the (up to) four couplers connected to each qubit. Finally,
we note again that the procedure we describe is robust to
SPAM errors, although high SPAM errors will reduce the
signal and therefore increase the number of measurements
needed to achieve the same accuracy.

While Appendix C describes the circuits run in terms
of Clifford gates, natively the Sycamore device runs
Sycamore gates for its two-qubit gates. The controlled-X
(CX) gates are translated into two rounds of Sycamore gates

SYC =

⎡

⎢
⎣

1 0 0 0
0 0 −i 0
0 −i 0 0
0 0 0 e−iπ/6

⎤

⎥
⎦ ,

with appropriate single-qubit rotations. The single-qubit
rotations (being the random single-qubit Cliffords, the
Sycamore gate corrections, the random Paulis, and the
required Hadamard gates) can also be combined into
single-phased XZ gates, defined as

PhXZ(x, z, a)

=
[

eiπx/2 cos(πx/2) −ieiπ(x/2−a) sin(πx/2)
−ieiπ(x/2+z+a) sin(πx/2) eiπ(x/2+z) cos(πx/2)

]
.

This is done automatically by using the appropriate CIRQ
functions to optimize the circuits for the Sycamore device.

An extract of the circuit for a particular selection of
random Cliffords and Paulis is shown in Fig. 7(b).

APPENDIX C: DESCRIPTION OF THE
EXPERIMENTS

As with most SPAM-robust protocols that measure inco-
herent noise rates, the experiment design utilizes many of

the features of randomized benchmarking. We use single-
qubit Clifford gates to locally average the noise, with
additional Pauli frame randomization where we cannot
easily use Clifford gates to remove coherent noise between
iterations of the surface-code circuits.

An overview of the design and the related circuit
extract is shown as Fig. 7. The full procedure is as
follows:

(1) Choose a non-negative integer m.
(2) For each qubit, randomly decide whether to leave

the state invariant or to map it to an orthogonal state
in order to eliminate a nuisance-model parameter
(see, e.g., Refs. [68,75,76]).

(3) Create m applications of the following circuit:

(a) random single-qubit Clifford gate on each qubit
(b) apply one round of the stabilizer-preparation

circuits
(c) apply a random Pauli gate on each qubit
(d) apply one round of the stabilizer-preparation

circuits

Note that if m is 0, then still apply the single-qubit
Clifford gate and the inverting gate in step (4).

(4) Choose the random single-qubit Clifford gate
needed to return each particular qubit to the state
chosen in step (2).

(5) Run the circuit created in steps (2)–(4) a number of
times (in the experiment, we chose 2000), measur-
ing all the qubits. Record the bit patterns from the
measurements.

(6) Repeat steps (1)–(5) for various values of m. In the
current experiment, we chose m ∈ [0, 1, 2, 3, 4, 6, 8].
Reference [68] provides guidance but, in general,
you want the largest m to be large enough that
most qubits have a marginalized survival rate that
is approximately 60%.

(7) For each distinct m chosen, repeat steps (1)–(6)
sufficient times to obtain reasonable statistics (in
the reported experiment, we ran each m over 1700
times but far fewer runs are actually required for
reasonable error bars).

If the number of data qubits (n) is such that the 2n is a
tractable number:

(1) For each m, marginalize the bit patterns to the data
qubits and use these reduced bit patterns to create
a 2n-outcome empirical probability distribution. It
is not a concern that not all possible bit patterns
will have been observed. These values are 0 in the
empirical probability distribution.

(2) Walsh-Hadamard transform each of these m prob-
ability distributions, forming m eigenvalue vectors
(each eigenvalue vector having 2n entries).
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(a)

(b)

PhXZ(a = 0.414, x = 0.5, z = 0) PhXZ(a = –0.253, x = 0.0863, z = 0) PhXZ(a = 0.583, x = 0.477, z = 0) PhXZ(a = 2.25, x = 0.477, z = 0) PhXZ(a = –0.173, x = 0.5, z = 0)

PhXZ(a = –0.253, x = 0.0863, z = 0)

PhXZ(a = 0.583, x = 0.477, z = 0)

PhXZ(a = 0.164, x = 0.0863, z = 0)

PhXZ(a = –0.5, x = 0.5, z = 0)PhXZ(a = 1.25, x = 0.477, z = 0)

PhXZ(a = –1.09, x = 0.477, z = 0)

PhXZ(a = –0.0833, x = 0.477, z = 0)

PhXZ(a = –1.5, x = 0.477, z = 0)

PhXZ(a = –0.33, x = 0.477, z = 0)PhXZ(a = –0.58, x = 0.0863, z = 0)

PhXZ(a = 0.164, x = 0.5, z = 0)

PhXZ(a = –0.75, x = 0.477, z = 0)

PhXZ(a = –0.253, x = 0.5, z = 0)PhXZ(a = –0.997, x = 0.477, z = 0)

PhXZ(a = –0.0833, x = 0.477, z = 0)

PhXZ(a = –0.914, x = 0.5, z = 0)

PhXZ(a = 0.458, x = 1, z = 0)

PhXZ(a = 0, x = 0.586, z = 0)

Two-Qubit Gates

FIG. 7. (a) An example of the circuits that we measure. These are the same circuits as used to prepare the ancilla qubits, so as to
allow syndrome extraction. We show only the gates for one ancilla (qubit 4,5). (We have included “shadows” of other gates just to
remind the reader that many other two-qubit gates are being executed simultaneously with the gates shown; these “shadow” gates are
in gray.) The inclusion of random Pauli gates ensures Pauli frame randomization, which when averaged over many runs means that the
statistics gathered are as if the noise channel we are measuring were a Pauli noise channel. If we replace the first round of Pauli gates
with random single-qubit Clifford gates, then we can locally average the noise in a sense made more precise in the text. The circuit
extract shown here is a round of gates. Each round returns the qubits to the computational basis, subject to a random single-qubit Pauli
(or Clifford) on the qubits. This is easily tracked and inverted just prior to readout. By preparing and measuring sequences for circuits
with varying lengths (i.e., varying m in the above graphic), we are able to transform observed probabilities into eigenvalues and fit
to a decay curve (see Refs. [48,49]). Reference [48] proves the convergence properties of such circuits to estimate the probability
distribution of the average noise in the system. In this case, the noise measured is the average noise while running exactly the type
of circuit in which we are interested. (b) The native two-qubit gates on the device are the Sycamore gates. Two Sycamore gates (and
some single-qubit gates) are required to implement a CX. Here, we show most of one round of the above circuit extract (with some
randomly chosen single-qubit Clifford gates), detailing the gates actually executed on the device. Where a Sycamore gate connects to
a qubit not shown in this extract, only a single leg is shown.

(3) For each of the m eigenvalue vectors, for i in
2 . . . 2n, extract the ith eigenvalue (λ̄i) and fit to the
following equation:

λ̄i(m) = Af m
i . (C1)

Record each fi from the fitting procedure.

(4) Form a new eigenvalue vector [1, f2 . . . f2n]. If
desired, Walsh-Hadamard transform this to a proba-
bility distribution and project onto the nearest point
in the probability simplex.

If 2n is not a tractable number, marginalize the bit pat-
terns to tractable chunks and use the resultant marginal

040311-12



LEARNING CORRELATED NOISE... PRX QUANTUM 4, 040311 (2023)

probability distributions to determine the parameters of
a chosen model. Connection of the (empirical) marginal
probabilities to the model parameters of an undirected
graphical model to the model parameters is discussed at
length in Ref. [48, Sec. VII] and we describe how to do
this parameter estimation for our models in more detail in
Appendix F.

Measurements of the ancilla qubits can be included by
expanding the circuits where it is desired to include ancilla
measurement and reset. Some care is required, however, as
such measurement and reset must only be done after two
rounds of stabilizer preparation (unlike actual execution
of the surface code, where measurement and reset occurs
after each round of stabilizer preparation). Performing the
experiment on a circuit without measurement and reset and
then with measurement and reset will allow the noise asso-
ciated with the measurement and reset to be extracted in a
similar way to interleaved benchmarking.

APPENDIX D: ANALYSIS OF THE DATA

The main idea behind applying the analysis to stabilizer-
preparation circuits is that we can leverage the self-
inverting nature of a round of these circuits to implement
the protocol described in Ref. [57]. As stated in that paper,
the protocol is applicable to any “gate” A, where A2 and
APA† are elements of the Clifford group (here, P is a
Pauli). In this case, a round of stabilizer-preparation cir-
cuits, which can be thought of as a large multiqubit gate
(being composed of Clifford gates), satisfies those condi-
tions. In more detail, let S represent a round of stabilizer-
preparation circuits and let 	S represent the noise on such
a round. We use a tilde (“∼”), as in S̃ , to represent a
noisy “gate”; here, a noisy implementation of a round of
stabilizer-preparation circuits. Given this, we have

S̃ = S	S (D1)

SS = I =⇒ S = S† (D2)

where, in the first line, we have arbitrarily written the noise
on the on the right-hand side of the gate. (Nothing depends
on this.)

We use Cj to represent a series of n single-qubit gates,
the suffix representing the j th draw of a set of single-qubit
Cliffords and n being the number of qubits used to imple-
ment a round of the surface code (both data and ancilla
qubits). C represents the set of all possible instantiations
of C and |C| is the size of this set. Similarly, Pj repre-
sents n single-qubit Paulis and P and |P| have analogous
meanings.

In this notation, a round of the protocol looks like

〈0|⊗nCinv . . .Cj +1S̃Pj +1S̃Cj S̃Pj S̃ . . . |0〉⊗n. (D3)

There are three further things to note. (1) We have ignored
the noise on the rounds of Paulis and single-qubit Clif-
fords, they will be trivial compared to a full round of the
surface-code and stabilizer-preparation circuits and, where
possible, the transpiler will compile them into the physi-
cally realized gates. (2) Paulis commute through a round of
the stabilizer-preparation circuits into other Paulis (since it
is comprised of Clifford gates), i.e.,

PS = SP′. (D4)

(3) The sequence PS , being a round of perfect Paulis fol-
lowed by a perfect round of stabilizer-preparation circuits,
is a unitary-1 design. This means that conjugating a noise
channel with PS , averaged over all Paulis, will remove the
coherence in the noise, reducing it to a Pauli channel, i.e.,

1
|P|

∑

P∈P
P S̃ P′ S = = 1

|P|
∑

P∈P
P S 	S S P (D5)

= 1
|P|

∑

P∈P
(P S) 	S(P S)† (D6)

= 	PS , (D7)

where in Eq. (D5), P′ has been chosen so that it com-
mutes through S to become P and in Eq. (D6), we have
used the fact that for both the Paulis and for a round
of the stabilizer-preparation circuits they are their own
inverse [see Eq. (D2)]. Here, 	PS represents the Pauli-
twirled noise channel on a single round of the surface code,
being a Pauli channel. Note that although the Pauli twirls
themselves do not permute the eigenvalues, the stabilizer-
preparation circuits (S) will. Because the circuits contain
two-qubit gates, these gates, if noisy, will serve to spread
errors between qubits—which will be seen as correlations
in the protocol. We discuss this more at the end of this
appendix.

With this is hand, we can now analyze the proposed pro-
tocol. The repeating portion of the protocol is as follows:

Cj +1S̃ Pj +1 S̃ Cj = Cj +1 S 	SPj +1S 	S Cj . (D8)

Now, we can let P′ be defined as Pj +1S = SP′ and define
C′

j +1 as Cj +1 = C′
j +1P′, noting that if Cj +1 was chosen

randomly, C′
j +1 is also a random Clifford. Then,

Cj +1 S 	SPj +1S 	S Cj (D9)

= C′
j +1 P′ S 	SPj +1S 	S Cj (D10)

= C′
j +1 (P

′S) 	S (SP′) 	S Cj . (D11)

Finally, we can write C′
j +1 as C′′

j +1C†
j :

C′′
j +1(Cj )

†[ (P′S) 	S(SP′)	S
]
Cj , (D12)
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which gives us a Pauli twirl of the noise, embedded in a
Clifford twirl of the noise (when averaged over sufficient
sequences). The exact nature of this twirl is analyzed in
detail in Ref. [57]. A question might be asked as to why
we should not just use rounds of single-qubit Cliffords
to locally average the noise, rather than the alternating
Clifford and Pauli rounds analyzed above. The reason is
that while single-qubit Cliffords can indeed be commuted
through an odd number of rounds of the surface code,
the resulting Clifford is no longer in the group of simul-
taneous single-qubit Cliffords but, rather, is a number of

FIG. 8. Expected correlations on a 4 × 5 surface code. The
simulation was carried out using STIM [77] with depolarizing
noise on the two-qubit gates and the single-qubit gates and X -
flip noise on the measurements. Only the data qubits are shown.
As before, The full white square represents the qubit being exam-
ined in the each subplot. The data qubits are laid out in the same
“grid”-like pattern in which they appear in the surface code, i.e.,
neighboring data qubits are next to each other. For any particu-
lar qubit, the “X ” ancilla could correlate errors between it and
the three other data qubits it touches. In addition, the “Z” ancilla
could spread correlations between that qubit and up to three other
data qubits. Consequently, we would not expect to see any data
qubit have correlated errors with a nonadjacent qubit. That is the
case.

multiqubit Clifford gates. Chasing this through the circuits
results in a multiqubit inversion gate at the end, which will
substantially reduce the signal being measured.

Finally, we look at the expected correlations if the
stabilizer-preparation circuits are carried out using noisy
two-qubit gates that otherwise behave as per the cir-
cuit model. These circuits are designed to be fault toler-
ant—i.e., to limit the spread of errors. Errors can spread
from data qubits to ancillas (X or Z depending on the pla-
quette) and from ancillas to the surrounding data qubits
(Z or X —again depending on the plaquette). This should
result in no data qubit having correlated errors other than
with respect to the (up to) eight other data qubits with
which it shares ancillas. If we simulate the protocol using
STIM [77], we see this expected pattern (Fig. 8).

APPENDIX E: LOCALLY AVERAGED NOISE
CHANNEL

The meaning of a locally averaged noise channel is
fully explored in Ref. [49], which builds on the proofs
in Ref. [48]. However, for the sake of completeness, we
summarize the results here. It is well known that averag-
ing observed distributions over sequences of gates drawn
from particular groups eliminates coherence and will aver-
age the noise in a way that is dependent on the groups
in question. This is colloquially known as “twirling” the
noise. Reference [43] explores this in detail. If the group
in question is the Pauli group, then the noise being twirled,
when averaged over repeated randomized sequences, is the
equivalent to a Pauli noise channel, i.e., the noise with
all of its coherence removed. When the group is the full
Clifford group, then the noise becomes a quantum depolar-
izing channel with the same fidelity as the original channel
[78]; this is one of the essential ingredients of randomized
benchmarking [39]. Twirling the noise with single-qubit
Clifford gates averages the noise, such that the number of
distinct eigenvalues of an n-qubit noise channel is reduced
from the 4n distinct eigenvalues of a Pauli channel to 2n

distinct values. It does this by averaging the Pauli noise
locally. For example, in a two-qubit channel, the Paulis
IX , IY, and IZ are averaged, the Paulis XI , YI , and ZI
are averaged and the remaining nine two-qubit Paulis are
averaged. In this case, the four distinct eigenvalues (22)
can be recovered by measuring the eigenvalues of the
Paulis II , IZ, ZI , and ZZ. This can be done by observing
the appropriate measurements (which form a probability
distribution over four outcomes) and applying a Walsh-
Hadamard transform on that probability distribution. The
Walsh-Hadamard transform is a form of Fourier transform
that moves from a probability distribution (which may be
sparse) to the dense eigenvalue basis of the channel and
vice versa (for details, again see Ref. [48]).
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APPENDIX F: PARAMETER ESTIMATION FOR
THE FACTORS

Here, we give the intuition behind the scalable creation
of a Markov network such as the Ising model using the
locally averaged noise distribution. As mentioned previ-
ously, for a device with n data qubits, this is just a classical
probability distribution of size 2n. Consider such a dis-
tribution over n bits x = x1x2 . . . xn, which we can write
as p(x). We are looking to efficiently represent this dis-
tribution. One well-known approach is to model it as an
undirected graphical model or Gibbs random field [79].
Here, the probability distribution is associated with vari-
ables that live on the “variable” nodes of a factor graph
and the interactions live on the “factor” nodes that describe
how to couple the variables, as we now detail.

The underlying assumption behind such a graphical
model is the global Markov property, which is contained
in the structure of each particular factor graph G. In such
a graph [see, e.g., Fig. 9(a)], we associate each variable
xj with a data qubit, which we also label xj . The “fac-
tor” nodes connect these variables and are labeled by the
factors, here ψi. These describe the correlations that are
possible in p according to the global Markov property.

To define the global Markov property, let us assume that
there is a separating set S of vertices with variables xS
between two sets of variables xA and xB (i.e., every path
in G between A and B goes through at least one vertex in
S). Then, the global Markov property asserts that

p(xA, xB|xS) = p(xA|xS)p(xB|xS) (F1)

for every A and B and any separating set S. That is, that
the marginal distribution over xA and xB is conditionally
independent given the values on the separating subset xS.
We illustrate this with examples in Fig. 9.

The Hammersley-Clifford theorem [79] says that every
strictly positive probability distribution that obeys the
global Markov property for a factor graph G factorizes
over the factor nodes of G, such as the graph shown in
Fig. 9(a). That is, p(x) = 1/Z

∏
k ψk, where ψk are the fac-

tor functions, Z is a normalization, and the factors ψk for
each factor node are positive functions.

Because the functions ψk are positive, they can be (and
often are) reparametrized as ψk = exp(Hk), where Hk is a
real-valued function (an abstract “Hamiltonian”) that is a
function only of the variables in a neighborhood of at most
one factor. In that case, the normalizing factor Z takes on
the interpretation of the partition function of the Gibbs dis-
tribution of the total Hamiltonian H = ∑

k Hk at an inverse
temperature β = 1. This physics language is helpful but
we gently remind the Ising-model aficionados that the vari-
ables here are bits, x ∈ {0, 1}, so some intuitions coming
from spin variables can be misleading in this context.

A particularly convenient form for the Hamiltonian H is
to express it as a sum of products of the variables nodes via

(a) (b)

FIG. 9. An illustration of the Markov-blanket assumption built
into the Ising-model factor graph and the CG1D graph. As dis-
cussed in the text, the errors on each qubit are independent of all
other qubits if one is given the qubits that share a factor with the
qubit in question. The variables are the data qubits and are asso-
ciated with the circular “variable” nodes in the graphs, labeled 1
through 20. The square (diagonal) nodes represent the “factor”
nodes. On the graphs, we have color coded some of the qubits to
aid with identification in the discussion below. (a) Qubit 1 (dark
gray) has two factors (ψ1 and ψ3) that touch it. The only other
qubits that these factors touch are qubits 2 and 5 (red). There-
fore, the assumption is that the errors on qubit 1 are independent
of the other qubits (excluding qubits 2 and 5), given the errors
on qubits 2 and 5. Similarly, the Markov blanket on qubit 15
(light gray) is formed from qubits 11, 14, 16, and 19 (black).
This means that the assumption built into the model is that the
distribution on qubit 15 is independent of the other qubits, if one
knows the errors on qubits 11, 14, 16, and 19. There are 31 factors
required in this graph and each factor specifies a 22 distribution,
meaning that the model requires 124 parameters. (b) This model
is referred to in the text as the CG1D model, where we have
reduced the surface code to a 1D graph. In this case, the indepen-
dence assumptions can be read from top to bottom and we have
that qubits 1, 2, 3, and 4 (light gray) are independent of qubits
9 through to 20, given qubits 5, 6, 7, and 8 (orange). There are
only four factors in this model, but each factor has a distribu-
tion of 28, meaning that this model requires 1024 parameters to
be fully specified. This is the only model with exponential scal-
ing; it scales exponentially in the width of the grid. We note that
the choice between width and height factorization is arbitrary; in
this case, we have chosen the width because the factors would
be smaller. In practice, it makes little difference to the results
presented.

the following construction. For every factor k in the factor
graph, we can replace the factor node and its neighborhood
by the local complement in the graph. That is, all the vari-
able nodes connected to the factor k are connected into a
complete graph (since they were previously nonadjacent)
and the factor is disconnected from the graph. We call this
modified factor graph (with the disconnected factor nodes
now discarded) G′. Finally, let C be the set of all cliques
in G′, i.e., the set of all complete induced subgraphs. We
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(a)

(b)

FIG. 10. An illustration of the conversion of a factor graph into
the set of relevant cliques for two different types of factor graph.
In the first step, each node touching a factor is connected to the
nodes also touching that factor and the factor is removed. In the
second step, we create a set of all of the induced subgraphs.

illustrate the transformation from G to G′ and the set of
cliques C in Fig. 10. With this notation, we have, for some
real numbers Jb, the general form

H(x) = −
∑

b∈C

Jb

∏

a∈b

xa. (F2)

The minus sign in front is purely a convention. Each of
these terms functions as a local “coupling” that is local to
the clique b and that lowers the energy by Jb whenever all
variables in b are equal to 1.

We can also see from this mapping that H(0) = −J∅ is
a constant “energy shift.” Having already defined a par-
tition function, this factor is redundant and could be set
to zero. With that convention, we have the result that
p(0) = 1/Z

∏
k exp(H(0)) = 1/Z. Alternatively, we could

omit the partition function (setting Z = 1) and keep J∅ =
− log p(0) as the “free energy” of the Gibbs ensemble.
This second convention is sometimes useful for bookkeep-
ing in calculations. Either way, this normalizing factor is
likely hard to compute in general given the Jb. However,
for the very small error rates in quantum computers, it
might be possible to obtain a direct estimate of p(0) from
sampled data. Unfortunately, as the system size becomes
large enough, this eventually becomes exponentially small,
and therefore impractical to estimate through sampling.

Because of this, we relax our goal to specifying the
entire probability distribution p(x) up to normalization and
this is now equivalent to specifying the values of the cou-
pling constants Jb, one for each nonempty clique b in G′. If
there are at most f factors with neighborhoods in G of size
at most d, then the entire probability distribution is speci-
fied by at most f 2d real numbers, which is much less than
2n in the regime of interest, where f is linear in n and d is
constant.

How might one instantiate these factors, i.e., learn the
parameters Jb given knowledge (or an assumption) about
the factor graph G? First, consider a set of variables xr,
where r ∈ C. Suppose that we consider an event where
every variable outside of r, denoted xrc , is zero. Then, any
product of xa that involves a variable outside of r vanishes.
That is, if b �⊆ r, then

∏
a∈b xa contains at least one 0. The

log probability then greatly simplifies to

− log p(xr, 0rc) =
∑

b∈C

Jb

∏

a∈b

xa

∣∣∣∣
xrc=0

(F3)

=
∑

b⊆r

Jb

∏

a∈b

xa. (F4)

This gives a set of linear equations that relate the log
probabilities with the coupling constants when we enumer-
ate over the 2|r| bit strings xr. To illustrate, suppose that
|r| = 2, and write p(x1x2, 0) for p(xr, 0rc). Then, we would
have the four equations

− log p(00, 0) = J∅,
− log p(01, 0) = J∅ +J01,
− log p(10, 0) = J∅ +J10,
− log p(11, 0) = J∅ +J01 +J10 +J11.

(F5)

Here, we have adopted the convention that the label for the
subset b is just the bit string with 1 as the indicator function
for set membership.

We now make two important simplifications to this
problem. The probabilities p(xr, 0rc) will be extremely
small in general, even for independent noise. These can-
not be efficiently learned from sampling, even if |r| is
a small constant, since they decay exponentially in n,
the total number of bits. We therefore note that we can
use our relaxed goal of learning modulo the normaliza-
tion to add log p(0rc) to both sides. By Bayes’ theorem,
we have p(xr, 0rc) = p(xr|0rc)p(0rc), so the left-hand side
becomes a conditional probability, − log p(xr|0rc). Let us
write ∂r for the set of nodes in the neighborhood of
r. Then, ∂r forms a separating set and using the global
Markov property implies that the left-hand side simpli-
fies further to − log p(xr|0∂r). This boundary set ∂r will
have bounded size if each of the factors have bounded
size and if each variable participates in a bounded num-
ber of factors. Thus, the left-hand side becomes conditional
probability distributions over a bounded number of vari-
ables, for which an empirical estimation can be done with
reasonable efficiency. To balance the right-hand side, the
term J∅ = − log p(0) transforms to J0r := − log p(0r|0∂r).
Note that J0r does not appear anywhere in our Hamilto-
nian [Eq. (F2)], so our estimate of this is in some sense a
nuisance parameter.

To summarize, we now have an equivalent system of
equations where the quantities on the left-hand side allow
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reasonable empirical estimates, given in illustration for
|r| = 2 by

− log p(00|0∂r) = J00,
− log p(01|0∂r) = J00 +J01,
− log p(10|0∂r) = J00 +J10,
− log p(11|0∂r) = J00 +J01 +J10 +J11.

(F6)

We have only to solve these equations for the Jxr for xr �=
0r.

With this binary ordering, we define a matrix

A =
(

1 0
1 1

)⊗|r|
, (F7)

so that in general our equations have the simple form

− log p(xr|0∂r) = AJxr . (F8)

Note that A is invertible, with inverse

A−1 =
(

1 0
−1 1

)⊗|r|
. (F9)

Therefore, a general solution for the couplings in the subset
r is given by

Jxr = −A−1(log p(xr|0∂r)
)
. (F10)

By replacing the conditional probabilities by empirical
estimates of conditional probabilities, we directly obtain
empirical estimates for the coupling constants in any given
clique r.

We need to comment on the theoretical precision of this
estimation procedure. First, the condition number of A is(
3 + √

5/2
)|r| ≈ 2.61|r|, so the linear inversion becomes

poorly conditioned for large |r|. Second, a useful estimate
of − log p requires an estimate of p to relative precision
p(1 ± ε) in order for the error to remain tolerable after
the logarithm. This is expensive when p is small. Despite
these challenging theoretical limitations, we empirically
observe quite favorable performance of this procedure. We
leave the search for even better estimators with improved
guarantees open to future work.

The estimation problem substantially simplifies in the
case where the factor graph is 1D or, as in the case of
Fig. 9(b), is 1D up to some coarse graining. In that case,
one only needs to estimate the marginals (as opposed
to conditional marginals) on nearest neighbors along the
1D geometry. This follows from a repeated application
of Bayes’ theorem together with the global Markov prop-
erty, as we now show. Consider a chain of variables x1:n =
x1x2 . . . xn, which need not be binary as they may have

arisen from some coarse graining. By applying Bayes’
theorem followed by the global Markov property, we have

p(x1:n) = p(x1|x2:n)p(x2:n)

= p(x1|x2)p(x2:n)

= p(x1, x2)

p(x2)
p(x2:n).

We can now recursively apply this idea to the rest of the
chain starting at x2 and we find

p(x1:n) =
n−1∏

k=1

p(xk, xk+1)

p(xk+1)
× p(xn).

In this way, the case of a 1D structure allows some addi-
tional efficiency in estimating the model parameters, since
they can now be reconstructed from (estimates of) only
nearest-neighbor marginals.

In the case of the type of model proposed for the sur-
face code, calculation of any particular factor will involve
a maximum of eight qubits. As previously discussed, for
locally averaged noise, the joint distributions for all possi-
ble eight-qubit groupings can be ascertained with a single
“RB-style” experiment. While this calculation is predi-
cated on the fact that the underlying probability distribu-
tion does indeed obey the global Markov global property
(which will not necessarily be the case for the actual noise
in the device), Ref. [80] shows (and our numerics indi-
cate in an experimental setting) that the process degrades
gracefully, i.e., the calculated approximation will indeed
approximate the underlying probability distribution. Note
that although we can populate the factors, calculating the
partition function (needed to normalize the graph so that it
forms a probability distribution), still requires a calculation
that scales exponentially. This is, however, not a problem
when we do not need to know the probabilities but just the
relative probabilities. Importantly, this means that we can
sample from the model in a scalable fashion in most cases
of interest.

APPENDIX G: COVARIANCE BOUNDS

Suppose that we have two finite probability distribu-
tions, p and q. Now consider a random variable X , which
is a real vector that is distributed according to either p or
q. Let the covariance matrix of X and the mean of X with
respect to the distribution p be

�p = Ep
[
(X − μp)(X − μp)

T]

= Ep
[
XX T] − μpμ

T
p , (G1)

μp = Ep [X ]. (G2)

We would like to prove an upper bound on the operator
norm of the difference, ‖�p −�q‖, in terms of a distance

040311-17



ROBIN HARPER and STEVEN T. FLAMMIA PRX QUANTUM 4, 040311 (2023)

between p and q and some notion of the length of the Xj .
We have the following theorem.

Theorem 1.—Let C = conv{Xj |j ∈ S} be the convex
hull of the vectors Xj in S = supp(p − q), the support
of p − q. Let D = diam(C) be the diameter of C in the
Euclidean distance and let T = T(p , q) = 1

2‖p − q‖1 be
the statistical (1-norm) distance between p and q. Then,
we have

‖�p −�q‖ ≤ T
(
D2 − 1

4‖μp − μq‖2). (G3)

Moreover, the scaling TD2 cannot be sharpened by any
constant factor.

Proof.—We introduce some new variables,

m = p + q
2

, (G4)

μ = Em[X ] = μp + μq

2
, (G5)

δ = μp − μq

2
, (G6)

Yj = Xj − μ, (G7)

so that μp = μ+ δ, μq = μ− δ, and Em[Y] = 0. In terms
of these variables, we have

�p −�q

= Ep
[
(Y − δ)(Y − δ)T

] − Eq
[
(Y + δ)(Y + δ)T

]

=
∑

j

(pj − qj )Yj YT
j −

∑

j

(pj + qj )(δYT
j + Yj δ

T)

+
∑

j

(pj − qj )δδ
T

=
∑

j

(pj − qj )Yj YT
j . (G8)

In the last step, the middle terms vanish because Em[Y] =
0 and the last term vanishes identically because

∑
j (pj −

qj ) = 0. Now, we split the sum into two sets, given by

j+={j : pj > qj }, j−={j : pj < qj }, (G9)

so that taking norms of both sides, we have

‖�p −�q‖

=
∥∥∥∥
∑

j

(pj − qj )Yj YT
j

∥∥∥∥

=
∥∥∥∥
∑

j ∈j+
|pj − qj |Yj YT

j −
∑

j ∈j−
|pj − qj |Yj YT

j

∥∥∥∥

= ‖M+−M−‖. (G10)

In the last equality, the matrices M± that we introduce are
both positive semidefinite, M± ≥ 0, since they are positive

sums of positive semidefinite matrices. But for any two
positive semidefinite matrices M±, we have

‖M+−M−‖
= max

v:‖v‖=1
|vT(M+−M−)v| ≤ max{‖M+‖, ‖M−‖}.

(G11)

We will assume without loss of generality that ‖M+‖ ≥
‖M−‖. Because both p and q are probability distributions,
we have

∑

j+
|pj − qj | =

∑

j−
|pj − qj | = 1

2
‖p − q‖1 = T(p , q).

(G12)

Using the inequality from Eq. (G11), the triangle inequal-
ity, Hölder’s inequality, and Eq. (G12), we have

‖�p −�q‖ ≤ max{‖M+‖, ‖M−‖} (G13)

≤
∑

j ∈j+
|pj − qj |

∥∥Yj YT
j

∥∥ (G14)

≤
∑

j ∈j+
|pj − qj | max

k∈S

∥∥YkYT
k

∥∥ (G15)

= T max
k∈S

∥∥Xk − μ
∥∥2. (G16)

Geometrically, maxk∈S
∥∥Xk − μ

∥∥ is the maximum distance
between the vectors Xk and some point μ that must
be inside C, their convex hull. This distance is clearly
bounded by D, the diameter of C, and leads to the weaker
bound of ‖�p −�q‖ ≤ D2T.

To obtain the sharper statement of the theorem, we
need one more observation. Define X � = Xk� , where k� =
arg maxk∈S

∥∥Xk − μ
∥∥ is the index of any maximizer (if

there is more than one, we choose one arbitrarily). Because
the diameter of C is D, we must also have rp := ‖X � −
μp

∥∥ ≤ D and rq := ‖X � − μq
∥∥ ≤ D. But the distance

‖μp − μq‖ is fixed, so the distance of interest, r := ‖X � −
μ‖, cannot be as large as D unless p = q, as the distance
to the midpoint will generally be shorter. The maximizing
distance will, in fact, be the median of the triangle formed
by the three points μp , μq, and X �. Elementary geometry
shows that this squared distance is then bounded as follows

r2 = ‖X �−μ‖2

= 2r2
p + 2r2

q − ‖μp − μq‖2

4
≤ D2 − ‖μp − μq‖2

4
.

(G17)

This completes the proof of the stronger inequality.
To show that the upper bound cannot be strengthened

to c TD2 for any constant c < 1, consider the following
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example. For the probability distributions p = (1, 0), q =
(1 − a, a) (with 1 ≥ a ≥ 0), we have

T = 1
2‖p − q‖1 = a. (G18)

If we consider the scalar random variables X0 = 0, X1 =
D, then the covariance with respect to each probability dis-
tribution is just the variance. Only q yields a nontrivial
variance given by D2a(1 − a), so the bound is indeed tight
to leading order in a. �

In the case of reconstructing the (n × n) Pauli covari-
ance matrix, we have guaranteed convergence in the 1-
norm between p and an estimate q of p and the vectors Xj
have diameter D = √

n, where n is the number of qubits.
So the covariance estimate that we report using the initial
density estimate is consistent, though it may have some
bias. Moreover, the scaling of the upper bound proven in
the theorem is most likely an artifact in that case, for the
following reason. Both pj and qj get smaller when j labels
higher-weight errors, so ‖Xj ‖ gets suppressed for those
values in the sum. The bound is worst case and is not sensi-
tive to this. It only takes a 1/w dependence with the weight
to remove the scaling with n, so it is very likely that the n
dependence is not there in practice.

Finally, we note it is not possible to upper bound
the total variation distance between two finite probabil-
ity distributions on bit strings by a function only of the
covariance matrix of the random variable.

Consider q being the uniform distribution on all strings
of length n = 2k and p being uniform on the 2n strings that
come from the rows of a Hadamard matrix and its com-
plement. The TVD between p and q is easily computed to
be 1 − n21−n. But the covariance between p and q is iden-
tically 0. In fact, the first and second moments are both
zero.

APPENDIX H: JUSTIFYING THE ISING MODEL
WITH DATA

As noted in the main text, for this specific device, the
Ising model is unable to capture some of the longer-range
correlated errors that appear to exist in the device. This
begs the question: is there another type of two-factor graph

that we can draw (say, by way of example) connecting
qubits 1 and 9 rather than 1 and 2) that might better
represent the underlying probability distribution?

Given that we have access to the full distribution this is,
in fact, a question we can attempt to answer.

For (classical) random variables X and Y , the condi-
tional entropy (CE) of Y given X is defined as

H(Y |X ) = −
∑

x∈X ,y∈Y
p(x, y) log

p(x, y)
p(x)

(H1)

and quantifies the amount of information needed to
describe the outcome of random variable Y given that we
have knowledge of the value of X . We can use this mea-
sure to determine the optimal qubits to link together in
our graph. The lower the conditional entropy of Y , the
“stronger” the link to X . If we specify a maximum number
of links (n) which are allowed to any particular qubit (q).
Then, for each candidate qubit (q), we can search to see
which group of n qubits will give us the lowest conditional
entropy. Those are the qubits we might consider linking in
our graph.

If we decide to limit the number of “linked” qubits to
be the same as in the Ising model (e.g., for a corner qubit
we want to draw a link to two other qubits, for a middle
qubit we will allow it to link to four other qubits), then
a brute-force search for the best qubits to link together is
quite tractable in the current device.

Carrying out this procedure, we find that the extracted
data confirm that the Ising-model links are the strongest
links with three exceptions, which are set out in Table II.
Even in those exceptional cases, the “optimal” links are
extremely close to the Ising-model links, differing in all
cases by only one qubit and a conditional entropy of less
than 0.5% from the Ising-ansatz conditional entropy. This
process was repeated 100 times with different distributions,
bootstrapped from the original data (which gives us the
confidence level described in the table). The results were
consistent, providing a large degree of confidence that the
Ising-model ansatz based on qubit physical location is a
sensible ansatz to use.

TABLE II. For each of the data qubits in the device (labeled in the order shown in Fig. 4), the qubits that are linked to the qubit in
question under the Ising model have been read from the graph. All possible combinations of the same number of data qubits have been
assessed using conditional entropy (CE) and the qubits with the lowest value have been found. Other than as listed above, they are the
same as for the Ising-model ansatz. We note that even in those cases, all but one of the qubits in each “optimal” blanket are the same
as in the Ising model and that the difference in the CE between the optimal qubits and the Ising ansatz is, in all cases, less than 0.5%.
The use of a bootstrap methodology to ascertain error bars shows us that the 95% confidence level in all cases is less than ±2 × 10−5.

Data qubit Alternative qubits CE alternative CE Ising Ising qubits

6 [5, 7, 10, 11] 0.8166 0.8167 [5, 7, 2, 10]
13 [9, 14, 18] 0.874 0.875 [9, 14, 17]
18 [13, 14, 17] 0.797 0.799 [14, 17, 19]
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(a)

(b)

IID

Weight-0 errors
Weight-1 errors
Weight-2 errors
Weight-3 errors
Weight-4 errors
Weight-5 errors
Weight-6 errors

IID IID

FIG. 11. (a) Hinton plots for the correlation (top row) and covariance (second row) matrices for some example reconstructed noise
channels (see Appendix I). The qubits are set out as data qubit 0 → data qubit 19. The value of the correlation and/or covariance is
related to the area of the square. For the correlation matrices, a full square has the value of 1. For instance, all squares on a diagonal
are 1 (a full white square), as each qubit is correlated with itself. White represents positive correlations, black negative ones. For the
covariance matrices, the scale is kept constant at a value of a full square = 0.18 (which is the largest value in all three example plots).
The first example, 	t= 1

2
, shows the correlation matrix for the noise channel representing a single round of the stabilizer-preparation

circuits. The title for each diagram also shows the average of the marginalized data qubit error rates (the number used in the simple
IID model). The other diagrams show the same data for different values of t, e.g., the 	t=1/4 diagram represents the correlation matrix
for the reconstructed channel that, if applied twice, would result in the same channel as 	t=1/2. As can be seen, while the average
qubit error rate decreases as t → 0, the correlation pattern of each channel remains reasonably consistent and, importantly, retains the
interesting noise features of the device. As might be expected, the raw value of the covariance between the qubits decreases as the
fidelity of the channel increases but the patterns remain consistent. (b) The total probability for errors with specific “weights,” i.e.,
affecting the specified number of qubits. The plot shows the prevalence of high-weight errors with different noise maps. As can be
seen, as t decreases, there are fewer high-weight errors. This is as anticipated, since as these higher-fidelity maps are applied multiple
times, lower-weight errors can combine to form higher-weight errors. The noise on the device is such, though, that errors with weights
≥ 3 are still prevalent even on the least noisy maps.
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APPENDIX I: RECONSTRUCTED NOISE
CHANNELS

As discussed in the main text, the Walsh-Hadamard
transform can be used to move between the observed error-
probability domain and the Pauli channel eigenvalues (or,
as here, the locally averaged channel eigenvalues). Using
this transform, it is trivial to calculate the effect of mul-
tiple applications of the channel, even when one starts
from an observed probability distribution. For instance,
two applications of the channel are calculated by squar-
ing the eigenvalues. It is exactly this property that is used
in fitting decay curves in randomized benchmarking.

Similarly, one can easily model the effect of “partial”
applications of the channel; e.g., by taking the square
root of the eigenvalues, one can calculate a channel that
if applied twice would result in the original observed
channel. This is most easily seen if one recalls that a super-
operator representation of a Pauli channel (in a Pauli basis)
is a diagonal matrix, with the diagonal elements being the
Pauli eigenvalues of the channel. Taking the square root
of these diagonal elements results in a channel that when
applied twice (multiplied by itself) results in the original
channel.

We can make this more precise if one assumes that the
noise is generated by a continuous-time process. In that
case, let p be the probability distribution measured by
our protocol and let W be the Walsh-Hadamard transform.
Then, combining Eqs. (3) and (4) we have

p(t) = W−1 exp(t log(Wp)). (I1)

As noted in the main text, not every noise channel, includ-
ing Pauli noise channels, is divisible in this fashion. The
issue is that the object constructed in the manner of
Eq. (I1) might not correspond to a completely positive
trace-preserving map. Indeed, in practice, especially given
the size of the channels and numeric imprecision, the raw
transformed channel tended to have a number of small neg-
ative “probabilities.” As a practical matter, we then took
the step of projecting the resulting distributions onto the
nearest probability simplex. It should be restated that the
purpose of this exercise is not to generate channels that
represented something achievable in the device but, rather,
to “construct” counterfactual theoretical channels that have
lower error rates than the observed distribution but that
also, so far as possible, retain all the “interesting” fea-
tures and correlations of the original measured noise. For
instance, Fig. 11(a) shows that these theoretical channels
contain two-body correlations that appear broadly similar
to the original observed channel and to each other.

Finally, we would anticipate that the higher-fidelity
noise maps (which represent partial applications of the
observed noise map) would have fewer high-weight errors
as a percentage of the total probability “budget.” This

is because as they are applied multiple times, smaller-
weight errors can combine into larger-weight errors, e.g.,
an IX error and XI error will combine to an XX error.
Figure 11(b) shows the prevalence of errors by weight in
the various noise maps, confirming this behavior.

Where our observed channel might not be below thresh-
old (i.e., the logical error rate is above the physical
error rate), this will allow one to explore where (or if)
the threshold is crossed, given the characteristics of the
noise.
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